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Q7 i?2 Q#D2+iBp2 H2MbX U#V CQBMi 2biBK�iBQM Q7 QTiB+�H }2H/ �M/ TmTBH �#2``�iBQMb-
+QKT�`BM; ;`QmM/ i`mi?- 6SJ �M/ .S* K2�bm`2K2MibX U+V 1``Q`b 7Q` +QKTH2t@
}2H/ �M/ �#2``�iBQMb �i 2�+? Bi2`�iBQMX X X X X X X X X X X X X X X X X X X X X X X X je

jXj U�V 1tT2`BK2Mi�H 6SJ �M/ .S* K2�bm`2K2Mib 7Q` /Bz2`2Mi G1. bQm`+2 T�ii2`MbX
wQQK2/ `2;BQMb �i /Bz2`2Mi Q`B2Mi�iBQMb 7Q` +Q?2`2Mi BHHmKBM�iBQM �`2 K�`F2/ BM
+v�M �M/ TBMF #Qt2b- `2bT2+iBp2HvX U#V Zm�MiBi�iBp2 T?�b2 Q7 � bi�` i�`;2i mbBM;
6SJ �M/ .S*- �HQM; rBi? R. +miHBM2b 7Q` 6SJ U`2/V �M/ .S* U#Hm2V �HQM; i?2
/�b?2/ HBM2bX U+V _2+QMbi`m+i2/ r�p27`QMi 2``Q` 7mM+iBQM �M/ i?2 r2B;?ib Q7 2�+?
w2`MBF2 KQ/2 mT iQ i?2 4th `�/B�H /2;`22X X X X X X X X X X X X X X X X X X X X X X X j3
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jX9 U�V Zm�MiBi�iBp2 T?�b2 `2+QMbi`m+iBQMb Q7 � la�6 RN8R `2bQHmiBQM i�`;2i �i p�`B@
Qmb /27Q+mb /Bbi�M+2b rBi? �M/ rBi?Qmi �#2``�iBQM +Q``2+iBQM- �M/ i?2 +Q``2bTQM/@
BM; `2+Qp2`2/ �#2``�iBQMbX U#V wQQK2/@BM `2+QMbi`m+iBQMb �i /27Q+mb Q7 10µmX U+V
EMQrM �M/ 2tT2`BK2Mi�HHv@2biBK�i2/ /27Q+mb p�Hm2b 7`QK i?2 4th w2`MBF2 KQ/2
Qp2` iBK2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

jX8 U�V _2+QMbi`m+i2/ �#bQ`TiBQM- T?�b2 �M/ bT�iB�HHv@p�`vBM; �#2``�iBQMb U`2+Qp2`2/
TmTBH r�p27`QMib 7Q` /Bz2`2Mi `2;BQMb Q7 i?2 }2H/@Q7@pB2rVX U#V *QKT�`BbQM Q7
`2bmHib rBi? �M/ rBi?Qmi TmTBH 2biBK�iBQM 7Q` +2Mi`�H �M/ 2/;2 `2;BQMb Q7 i?2
}2H/@Q7@pB2rX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

9XR j. .Bz2`2MiB�H S?�b2 *QMi`�bi U.S*V KB+`Qb+QTvX h?2 b2imT Bb � KB+`Qb+QT2
2[mBTT2/ rBi? G1. �``�v BHHmKBM�iBQM �M/ �M �tB�H KQiBQM bi�;2X h?`Qm;?@
7Q+mb BMi2MbBiv bi�+Fb �`2 +�Tim`2/ mbBM; 9 bQm`+2 T�ii2`Mb UiQT- #QiiQK- `B;?i-
�M/ H27i ?�H7@+B`+H2bVX h?2 BMi2MbBiv /�i� Bb `2H�i2/ iQ i?2 j. _A /Bbi`B#miBQM #v
BHHmKBM�iBQM@/2T2M/2Mi i`�Mb72` 7mM+iBQMb- �++Q`/BM; iQ i?2 1st "Q`M �TT`QtBK�@
iBQMX � /2+QMpQHmiBQM �H;Q`Bi?K i?2M `2+Qp2`b i?2 j. +QKTH2t _AX X X X X X X X X 9j

9Xk U�V �#bQ`TiBQM UHImV �M/ T?�b2 UHReV j. i`�Mb72` 7mM+iBQMb 7Q` i?2 #`B;?i}2H/
�M/ .S* bi�+FbX h?2 NA Q7 #Qi? BHHmKBM�iBQM �M/ /2i2+iBQM Bb yXe8X U#V G�i2`�H
�M/ �tB�H `2bQHmiBQM UK2�bm`2/ #v 6Qm`B2` #�M/rB/i? MQ`K�HBx2/ iQ mMBib Q7 L�V
BKT`Qp2 �b i?2 NA BM+`2�b2bX :`�v +B`+H2b BM/B+�i2 i?2 +�b2 b?QrM BM U�VX X X X X 9e

9Xj j. _A `2+QMbi`m+iBQMb Q7 � RyµK /B�K2i2` TQHvbiv`2M2 #2�/ BKK2`b2/ BM QBH Q7 _A
RX8N U9y× yXe8 NA Q#D2+iBp2 H2MbVX U�V *`Qbb@b2+iBQM�H pB2rb Q7 j. #`B;?i}2H/ �M/
.S* K2�bm`2K2MibX U#V �#bQ`TiBQM �M/ U+V T?�b2 `2+QMbi`m+iBQMb rBi? ℓ2 �M/
ho `2;mH�`Bx�iBQMX U/V R. +`Qbb@b2+iBQMb Q7 `2+Qp2`2/ _A rBi? ho `2;mH�`Bx�iBQMX 9N

9X9 *QKT�`BbQM Q7 `2+Qp2`2/ j. _A Ue µK TQHvbiv`2M2 #2�/bV rBi? ky× yX9 NA �M/
9y× yXe8 NA Q#D2+iBp2bX G�`;2` NA T`QpB/2b #2ii2` H�i2`�H �M/ �tB�H `2bQHmiBQMX 8y

9X8 *QKT�`BbQM #2ir22M k. T?�b2 `2+QMbi`m+iBQMb UhA1 �M/ k. .S*V �M/ k. bHB+2b
Q7 j. .S* _A `2+QMbi`m+iBQM 7Q` � ?mK�M K�KK�`v 2TBi?2HB�H J*6Ry� +2HHX U�V
hA1 �M/ k. .S*- M2ti iQ i?`22 bHB+2b Q7 i?2 `2+Qp2`2/ _A 7`QK j. .S* �i i?`22
/Bz2`2Mi /2Ti?bX U#V j. pB2r Q7 i?2 `2+Qp2`2/ BM/2tǶb j. 6Qm`B2` bT2+i`mKX U+V
j. `2M/2`BM; Q7 i?2 `2+Qp2`2/ _A /Bbi`B#miBQMX X X X X X X X X X X X X X X X X X X X 8R

9Xe _2+QMbi`m+i2/ j. _A Q7 2K#`vQ +2HHbX UG27iV 6mHH }2H/@Q7@pB2r �i � bBM;H2 7Q+mb
TH�M2X U_B;?iV j �tB�H bHB+2b 7Q` `2;BQMb BM i?2 #Hm2 /�b?2/ �M/ Q`�M;2 #Qt2bX X 8k

8XR S`QTQb2/ j. T?�b2 BK�;BM; 7`�K2rQ`FX AMi2MbBiv K2�bm`2K2Mib rBi? bT�iB�HHv
+Q?2`2Mi BHHmKBM�iBQMb 7`QK /Bz2`2Mi �M;H2b �`2 +�Tim`2/ QM �M QTiB+�H KB+`Q@
b+QT2 �M/ 72/ BM �b BMTmib iQ i?2 j. T?�b2 iQKQ;`�T?v �H;Q`Bi?KX "v bQHpBM; �
MQMHBM2�` QTiBKBx�iBQM T`Q#H2K rBi? JG" b+�ii2`BM; KQ/2H- j. _A Q7 � KmHiBTH2@
b+�ii2`BM; Q#D2+i +�M #2 `2+Qp2`2/X X X X X X X X X X X X X X X X X X X X X X X X X X 89
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8Xk �++m`�+v Q7 BK�;2 7Q`K�iBQM rBi? � j. +2HH T?�MiQK mbBM; i?2 1st "Q`M- _viQp-
Ja- �M/ JG" b+�ii2`BM; KQ/2HbX U�V :`QmM/ i`mi? Q7 7Q`r�`/ �M/ #�+Fr�`/
b+�ii2`2/ �KTHBim/2 U}`bi `QrV rBi? QM@�tBb �M/ Qz@�tBb BHHmKBM�iBQMb- �M/ i?2
2``Q` K�Tb 7Q` �HH KQ/2Hb U#QiiQK `QrbVX U#V �++m`�+v Q7 2�+? KQ/2H r?2M i?2
K�tBKmK T?�b2 rBi?BM 2�+? H�v2` BM+`2�b2bX X X X X X X X X X X X X X X X X X X X X ey

8Xj *QKT�`BbQM Q7 j. _A `2+QMbi`m+iBQMb mbBM; i?2 1st "Q`M- _viQp- Ja- �M/ JG"
b+�ii2`BM; KQ/2Hb �M/ i?2 T`QTQb2/ BMp2`b2 �H;Q`Bi?K jX UhQT `QrV aBKmH�i2/
K2�bm`2K2Mib +Q``2bTQM/ iQ 8 /BbiBM+i �M;H2b Q7 BM+B/2M+2X U"QiiQK `QrbV x− y
�M/ x − z +`Qbb b2+iBQMb Q7 i`m2 _A /Bbi`B#miBQM Q7 i?2 +2HH T?�MiQK �b r2HH �b
i?2 j. `2+QMbi`m+iBQM `2bmHibX h?2 Ja1b �`2 H�#2H2/ �i i?2 HQr2` `B;?i +Q`M2` Q7
2�+? x− y +`Qbb b2+iBQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR

8X9 Zm�MiBi�iBp2 +QKT�`BbQM Q7 `2+Qp2`2/ _A mbBM; /Bz2`2Mi b+�ii2`BM; KQ/2HbX U�V
hrQ 2t�KTH2b Q7 i?2 MQ`K�HBx2/ i`�MbKBii2/ �KTHBim/2 Q7 #Qi? HQr �M/ ?B;? +QM@
i`�bi TQHvbiv`2M2 #2�/bX U#VĜU+V *QKT�`BbQM #2ir22M Q`i?Q;QM�H bHB+2b Q7 j. _A
`2+QMbi`m+iBQMb Q7 HQrf?B;? +QMi`�bi TQHvbiv`2M2 #2�/b 7`QK /Bz2`2Mi b+�ii2`BM;
KQ/2HbX R@. +`Qbb b2+iBQMb �HQM; i?2 #H�+F /Qii2/ HBM2b �`2 THQii2/ QM i?2 `B;?iX ej

8X8 j. _A `2+QMbi`m+iBQM Q7 � jhj +2HH mbBM; i?2 JG" b+�ii2`BM; KQ/2HX U�V P`@
i?QMQ`K�H pB2rb Q7 i?2 `2+Qp2`2/ jhj +2HHX U#V j. `2M/2`BM; Q7 _A `2+QMbi`m+iBQMX
U+V wQQK2/@BM +QKT�`BbQM #2ir22M .S*- [m�MiBi�iBp2 T?�b2- �M/ bHB+2 Q7 j. _A
Q7 i?2 jhj +2HH �i irQ /Bz2`2Mi /2Ti?b rBi?BM ;`22M �M/ #Hm2 #Qt2b BM U�VX X X X e8

8Xe UhQTV hrQ 2t�KTH2b Q7 K2�bm`2/ BMi2MbBiB2b �M/ i?2B` bT�iB�H 7`2[m2M+v bT2+@
i`mK Q7 � 9@+2HH bi�;2 KQmb2 2K#`vQ mM/2` i?2 G1. �``�v KB+`Qb+QT2- b?QrBM;
i?2 2tBbi2M+2 Q7 KmHiBTH2@b+�ii2`BM; 2p2MiX U"QiiQKV hrQ H�v2`b Q7 j. _A `2+QM@
bi`m+iBQM Q7 � 9@+2HH bi�;2 KQmb2 2K#`vQ mbBM; i?2 1st "Q`M- _viQp- Ja- �M/ JG"
b+�ii2`BM; KQ/2Hb- `2bT2+iBp2HvX X X X X X X X X X X X X X X X X X X X X X X X X X X X ee

8Xd j. _A `2+QMbi`m+iBQMb Q7 �M 2MiB`2 �/mHi ?2`K�T?`Q/Bi2 *X 2H2;�Mb rQ`KX h?2
BMb2ib b?Qr xQQK2/@BM +QKT�`BbQM #2ir22M Q`i?QMQ`K�H +`Qbb@b2+iBQMb Q7 `2+Qp@
2`2/ _Ab mbBM; i?2 1st "Q`M- Ja- �M/ JG" K2i?Q/b- BM/B+�i2/ BM i?2 r?Bi2 #Qt
`2;BQM i?�i BM+Hm/2b i?2 KQmi? �M/ T?�`vMt Q7 i?2 *X 2H2;�MbX X X X X X X X X X X ed

�XkXRJG" #�+Fr�`/ b+�ii2`BM; KQ/2HX AM 2�+? H�v2`- i?2 b+�ii2`2/ HB;?i 7`QK #Qi?
7Q`r�`/ BM+B/2Mi }2H/ �M/ #�+Fr�`/ BM+B/2Mi }2H/ BM −z /B`2+iBQM b2`p2b �b i?2
#�+Fr�`/ BM+B/2Mi HB;?i iQ i?2 T`2pBQmb H�v2`X X X X X X X X X X X X X X X X X X X X 39
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�+FMQrH2/;K2Mib

Ai ?�b #22M � rQM/2`7mH DQm`M2v bBM+2 i?2 bi�`i /�i2 Q7 Kv S?. T`Q;`�K }p2 v2�`b �;QX A
722H Hm+Fv iQ #2 � K2K#2` BM i?2 q�HH2` G�#- r?2`2 A ?�p2 �++QKTHBb?2/ K�Mv +QQH T`QD2+ibX
qBi?Qmi �HH i?2 ?2HT 7`QK T2QTH2 A K2i �HQM; Kv �+�/2KB+ +�`22`- MQM2 Q7 i?2b2 rQ`Fb
rQmH/ ?�p2 #22M TQbbB#H2X 6B`bi- A rQmH/ HBF2 iQ i?�MF Kv �/pBbQ`- S`Q7X G�m`� q�HH2`-
r?Q H2/ K2 BMiQ i?2 }2H/ Q7 +QKTmi�iBQM�H BK�;BM;X a?2 ;�p2 K2 � HQi Q7 7`22/QK iQ
2tTHQ`2 TQi2MiB�H `2b2�`+? iQTB+b- �M/ ?�b �Hr�vb 2M+Qm`�;2/ K2 iQ +?�HH2M;2 Kvb2H7 mTQM
M2r QTTQ`imMBiB2bX A H2�`M2/ K�Mv BKTQ`i�Mi i?BM;b mM/2` ?2` +QMbi`m+iBp2 ;mB/�M+2 �M/
i?2 �r2bQK2 H�# 2MpB`QMK2Mi b?2 #mBHiX A 2MDQv2/ ?�pBM; ;`2�i +QMp2`b�iBQMb rBi? Kv Zm�H
+QKKBii22b- S`Q7X .�pB/ �iirQQ/- S`Q7X a?BKQM JB+?�2H GmbiB;- �M/ S`Q7X s�pB2` .�`x�+[-
�M/ �TT`2+B�i2 i?2B` bm;;2biBQMb i?�i TQBMi2/ K2 iQr�`/ � `B;?i /B`2+iBQMX 1bT2+B�HHv- A �K
;`�i27mH iQ JBFB 7Q` ?�pBM; K2 �b � :aA Q7 11Rkj- BM r?B+? A ;�BM2/ K�Mv M2r 2tT2`B2M+2b
�M/ r�b BMbTB`2/ #v i?2 T�bbBQM ?2 ?�b �#Qmi 2p2`vi?BM;X A rQmH/ �HbQ HBF2 iQ i?�MF �HH i?2
K2K#2`b- pBbBiBM; b+?QH�`b �M/ �HmKMB 7`QK i?2 q�HH2` G�#X AM T�`iB+mH�`- S`Q7X wBDB GBm
�M/ S`Q7X G2B hB�M T`2T�`2/ K2 iQ ;2i Kv ?�M/b /B`iv QM +QKTmi�iBQM�H KB+`Qb+QTv- �M/
CBM;b?�M w?QM; i�m;?i K2 ?Qr iQ /Q QTiBKBx�iBQMX Jv �r2bQK2 T22`b- GB@>�Q u2? �M/ LB+F
�MiBT�- bm`T`Bb2/ K2 bQ K�Mv iBK2b rBi? i?2B` +QQH B/2�b �M/ b?Qr2/ K2 ?Qr `2b2�`+? +�M
#2 /QM2 BM /Bz2`2Mi r�vbX A ?Bi i?2 D�+FTQi #v K22iBM; w�+?�`v 6X S?BHHBTb- rBi? r?QK r2
};m`2/ Qmi KmHiBTH2 T`QD2+ib- rQM � 72HHQrb?BT- �M/ 7QmM/2/ � bi�`imT iQ ?2HT Qmi `2b2�`+?
Q`;�MBx�iBQMb �`QmM/ i?2 rQ`H/X Ai r�b 2t+BiBM; iQ rQ`F rBi? Kv Qi?2` +Q@�mi?Q`b �M/
+QHH�#Q`�iQ`b �i "2`F2H2v- BM+Hm/BM; >bBQm@um�M GBm- 1K`�? "Qbi�M- a?r2i�/rBT *?Qr/?m`v-
.�pB/ _2M- _2;BM� 1+F2`i- JB+?�2H E2HHK�M- �M/ LB+QH2 _2TBM�X Jv S?. bim/v rQmH/MǶi
#2 �b T`Q/m+iBp2 rBi?Qmi i?2B` bmTTQ`ibX �Hi?Qm;? Bi /B/MǶi #2+QK2 Kv K�BM `2b2�`+? 7Q+mb-
A �+FMQrH2/;2 ai27�MQ J�`+?2bBMB �M/ .mH� S�`FBMbQM 7Q` mb27mH /Bb+mbbBQMb �M/ �HHQr2/
K2 iQ i`v Qmi +QKTmi�iBQM�H BK�;BM; K2i?Q/b rBi? ?�`/ s@`�vb mbBM; i?2 �/p�M+2/ GB;?i
aQm`+2 7�+BHBivX A ;2MmBM2Hv i?�MF E`BbiBM� JQM�F?Qp�- >2M`v SBMF�`/- �M/ :�mi�K :mMD�H�
7Q` T`QQ7`2�/BM; Kv /Bbb2`i�iBQM �M/ T`QpB/BM; 722/#�+FX

S`Q7X uB@>bBM GBM �M/ S`Q7X *?vQM;@>m� *?2M ?�/ ;`2�i BM~m2M+2b QM Kv 2�`Hv `2b2�`+?
+�`22`- �M/ 2M+Qm`�;2/ K2 iQ �TTHv 7Q` � S?. T`Q;`�KX A rQmH/ �HbQ HBF2 iQ +`2/Bi Kv
T`2pBQmb H�#K�i2 >mM;@a?�M *?2M- r?Q Bb �Hr�vb �M �K�xBM; 7`B2M/ �M/ b?�`2/ ?Bb bTB`Bi
Q7 2Mi`2T`2M2m`b?BTX

�HH Q7 i?2 ;`2�i 2tT2`B2M+2b A ?�/ �i "2`F2H2v rQmH/MǶi ?�TT2M rBi?Qmi Kv HQpBM; 7�KBHvX
�b �M QMHv +?BH/- A �K bQ Hm+Fv iQ ?�p2 �HH Kv +QmbBMb �++QKT�Mv 2p2`v bi�;2 BM Kv HB72X
h?2v TH�v K�Mv `QH2b 7`QK Kv T2`bT2+iBp2- bm+? �b BMbi`m+iQ`b- 7`B2M/b �M/ +?22`H2�/2`b- �M/
�Hr�vb ;2i Kv #�+FX �i i?2 b�K2 iBK2- A �K i?�MF7mH i?�i Kv mM+H2b �M/ �mMib pB2r K2 �b
i?2B` QrM bQM �M/ bmTTQ`i Kv /2+BbBQMbX Jv KQK- um@*?�M; qm- Bb i?2 `2�H rQM/2` rQK�M
BM Kv rQ`H/X A bBM+2`2Hv �TT`2+B�i2 ?2` b2H~2bb 2zQ`ib �M/ +QmMiH2bb iBK2b bT2Mi QM K2- �M/
2MDQv2/ 2p2`v KQK2Mi r2 b?�`2/ H�m;?b �M/ i2�`b iQ;2i?2`X 6BM�HHv- A rQmH/ HBF2 iQ i?�MF
Kv rB72- E�M@umM hm- 7Q` #2BM; Kv #2bi T�`iM2`X a?2 i`2�ib Kv HB72 �b BKTQ`i�Mi �b ?2`b-
�M/ ?�b �Hr�vb #22M i�FBM; +�`2 Q7 K2X LQr- A �K `2�/v iQ bi�`i i?2 M2ti +?�Ti2` BM Qm`
HBp2b �M/ HQQFBM; 7Q`r�`/ iQ i?2 mMFMQrM �?2�/ Q7 mbX



R

*?�Ti2` R

AMi`Q/m+iBQM

RXR PTiB+�H JB+`Qb+QTv
PTiB+�H KB+`Qb+QT2b ?�p2 #22M mb2/ 7Q` +2Mim`B2b iQ 2tTHQ`2 72�im`2b �i `2bQHmiBQMb M2�` i?2
r�p2H2M;i? Q7 i?2 HB;?i b+�ii2`2/ #v i?2 Q#D2+ibX LQr�/�vb- T2QTH2 `2Hv QM i?2b2 iQQHb BM
K�Mv �TTHB+�iBQMb- bm+? �b r�72` K2i`QHQ;v �M/ BMbT2+iBQM BM b2KB+QM/m+iQ` BM/mbi`v- T?�b2
+QMi`�bi �M/ ~mQ`2b+2M+2 KB+`Qb+QTv 7Q` #BQHQ;B+�H `2b2�`+?- �M/ /Bb2�b2b /B�;MQbBb rBi? ?Bb@
iQHQ;vX .m2 iQ i?2 /Bz`�+iBQM Q7 HB;?i �M/ i?2 }MBi2 r�p2H2M;i? U?mM/`2/b Q7 M�MQK2i2`bV-
QTiB+�H KB+`Qb+QTv ?�b HBKBi2/ +QMi`�bi- `2bQHmiBQM �M/ /2Ti?@Q7@}2H/ U.Q6V- r?B+? T`2p2Mi
mb 7`QK /B`2+iHv T2`+2BpBM; +QKTH2i2 BM7Q`K�iBQM Q7 i?2 b�KTH2X >Qr2p2`- Bi Bb TQbbB#H2
iQ K�MBTmH�i2 i?2 +QMi`�bi- #`2�F i?2 /Bz`�+iBQM HBKBi �M/ �+?B2p2 KmHiB/BK2MbBQM�H BK�;@
BM; #v KQ/B7vBM; i?2 BK�;BM; bvbi2K �M/ /B;Bi�HHv T`Q+2bbBM; i?2 �+[mB`2/ K2�bm`2K2MibX
"v �//BM; � T?�b2 K�bF Q` BMbi�HHBM; TQH�`Bx�iBQM QTiB+b- w2`MBF2 T?�b2 +QMi`�bi US?*V (R)
�M/ /Bz2`2MiB�H BMi2`72`2M+2 +QMi`�bi U.A*V (k) KB+`Qb+QTv +QMp2`i i?2 T?�b2 /2H�v BMiQ BM@
i2MbBiv +QMi`�bi- r?B+? Bb 2ti`2K2Hv mb27mH r?2M BK�;BM; i`�MbT�`2Mi Q#D2+ibX hQ `2bQHp2
72�im`2b bK�HH2` i?�M i?2 /Bz`�+iBQM HBKBi- bmT2`@`2bQHmiBQM ~mQ`2b+2M+2 BK�;BM; i2+?MB[m2b
UBX2X S�GJ (j- 9)- ahP_J (8)- �M/ aAJ (e)V `2+Qp2` ?B;? 7`2[m2M+v +QMi2Mi Q7 i�`;2i2/
Q#D2+ib pB� BK�;2 T`Q+2bbBM;X GB;?i }2H/ KB+`Qb+QTv (d) mb2b � KB+`QH2Mb �``�v iQ 2M+Q/2
HB;?i bB;M�H QmibB/2 i?2 Q`B;BM�H .Q6- �M/ �+?B2p2b j. BK�;BM; +QKTmi�iBQM�HHv 7`QK bBM;H2
k. +�Tim`2X h?2 �#Qp2 2t�KTH2b b?Qr ?Qr +QKTmi�iBQM�H BK�;BM;- i?2 BK�;2 `2biQ`�iBQM
7`�K2rQ`F i?�i DQBMiHv /2bB;Mb i?2 QTiB+b �M/ TQbi@T`Q+2bbBM; �H;Q`Bi?Kb- 2M�#H2b �TTHB+�@
iBQMb i?�i +QmH/MǶi #2 `2�HBx2/ #v ir2�FBM; ?�`/r�`2 Q` bQ7ir�`2 �HQM2X a?�`BM; i?2 b�K2
bTB`Bi- i?Bb /Bbb2`i�iBQM T`QpB/2b b2p2`�H T`�+iB+�H +QKTmi�iBQM�H KB+`Qb+QTv K2i?Q/b iQ `2@
p2�H KmHiB/BK2MbBQM�H [m�MiBi�iBp2 T?�b2 BM7Q`K�iBQM Q7 #`Q�/ ivT2b Q7 Q#D2+ibX

�Hi?Qm;? i?2 [m�HBiv Q7 QTiB+�H +QKTQM2Mib ?�p2 /`�biB+�HHv BKT`Qp2/ Qp2` iBK2- /m2
iQ BKT`Qp2/ K�i2`B�Hb �M/ QTiB+�H /2bB;Mb- i?2 #�bB+ /2bB;M Q7 KB+`Qb+QT2 bvbi2Kb `2K�BMb
bBKBH�` iQ i?2 Q`B;BM�H- �b b?QrM BM 6B;X RXRX �M QTiB+�H KB+`Qb+QT2 +QMbBbib Q7 � HB;?i
bQm`+2- BHHmKBM�iBQM T�i?- Q#D2+iBp2 H2Mb- �M/ K�;MB7vBM; QTiB+�H bvbi2K- BM i?�i Q`/2`X h?Bb
;2M2`B+ /2bB;M Bb � M�im`�H `2bmHi Q7 i?2 T?vbB+b Q7 HB;?i b+�ii2`BM; �M/ r�p2 T`QT�;�iBQMX AM
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Q`/2` iQ 7m`i?2` BKT`Qp2 i?2 BK�;2 [m�HBiv Q` 2M�#H2 M2r +�T�#BHBiB2b QM � KB+`Qb+QT2- Bi Bb
BKTQ`i�Mi iQ mM/2`bi�M/ i?2 i?2Q`v #2?BM/ i?2 BK�;2 7Q`K�iBQM T`Q+2bbX AM i?2 7QHHQrBM; bm#@
b2+iBQMb- r2 b2T�`�i2 i?2 BK�;BM; T`Q+2bb BMiQ irQ T�`ib, BMi2`�+iBQMb rBi? i?2 b�KTH2 UHB;?i
b+�ii2`BM;V- �M/ BK�;BM; bvbi2K +QKTQM2MibX q2 /2b+`B#2 K�i?2K�iB+�HHv i?2 T`QT�;�iBQM Q7
HB;?i 7`QK i?2 bQm`+2- i?`Qm;? i?2 b�KTH2- iQ i?2 BK�;2 TH�M2 �i i?2 2M/ Q7 i?2 KB+`Qb+QT2X
h?Bb rQ`F 7Q+mb2b QM T�`iB�HHv +Q?2`2Mi BK�;BM;- r?B+? mb2b � /Bz2`2Mi BK�;2 7Q`K�iBQM
KQ/2H i?�M BM+Q?2`2Mi BK�;BM; U2X;X ~mQ`2b+2M+2 KB+`Qb+QTvVX

6B;m`2 RXR, 1pQHmiBQM Q7 QTiB+�H KB+`Qb+QT2b bBM+2 ReyybX UG27iV _Q#2`i >QQFǶb KB+`Q@
b+QT2 (3)X U_B;?iV JQ/2`M w1Aaa �tBQ P#b2`p2` j BMp2`i2/ KB+`Qb+QT2X

GB;?i b+�ii2`BM;
q?2M HB;?i 2M+QmMi2`b +?�M;2 Q7 `27`�+iBp2 BM/2t U_AV BM bT�+2- /Bz`�+iBQM �M/ `2~2+iBQM
T?2MQK2M� `2bmHi BM HB;?i b+�ii2`BM; 7`QK Bib Q`B;BM�H T`QT�;�iBQM /B`2+iBQMX h?2 T?vbB+�H
KQ/2H Q7 HB;?i b+�ii2`BM; #2HQr ?2HTb mb mM/2`bi�M/ ?Qr HB;?i BMi2`�+i rBi? �M �`#Bi`�`v j.
Q#D2+iX "�b2/ QM b+�H�` r�p2 i?2Q`v- �Mv +Q?2`2Mi bi2�/v@bi�i2 2H2+i`QK�;M2iB+ }2H/ Q#2vb
i?2 >2HK?QHix 2[m�iBQM (N)X AM �M 2MpB`QMK2Mi rBi? mMB7Q`K #�+F;`QmM/ _A- T`QT�;�iBQM Q7
i?2 BM+B/2Mi }2H/ UUinV BM 7`22@bT�+2 Bb /2b+`B#2/ #v � ?QKQ;2M2Qmb >2HK?QHix 2[m�iBQM,

∇2Uin(r) + k2
on

2
bUin(r) = 0, URXRV

r?2`2 ∇2 Bb i?2 G�TH�+B�M QT2`�iQ`- r `2T`2b2Mib i?2 j. bT�iB�H +QQ`/BM�i2b- ko = 2π
λ Bb i?2

r�p2 MmK#2`- λ Bb i?2 r�p2H2M;i? Q7 i?2 BM+B/2Mi }2H/- �M/ nb Bb � +QMbi�Mi #�+F;`QmM/ _A
Q7 i?2 ?QKQ;2M2Qmb K2/BmK /Bbi`B#mi2/ BM i?2 j. bT�+2X q?2M i?2`2 2tBbib �M Q#D2+i rBi?
bT�iB�HHv@p�`vBM; _A- n(r)- �b b?QrM BM 6B;X RXk- T2`im`#�iBQM Q7 i?2 BM+B/2Mi }2H/ rBi?BM i?2
Q#D2+i +�mb2b b+�ii2`2/ HB;?i BM �HH /B`2+iBQM �M/ i?2 iQi�H +QKTH2t }2H/- Utot- BM j. b�iBb}2b
i?2 7QHHQrBM; 2[m�iBQM,

∇2Utot(r) + k2
on

2(r)Utot(r) = 0. URXkV
hQ bQHp2 i?Bb /Bz2`2MiB�H 2[m�iBQM- r2 KQp2 i?2 b2+QM/ i2`K BM 1[X URXkV iQ i?2 `B;?i ?�M/
bB/2 Q7 i?2 2[m�iBQM- �// � +QKKQM i2`K- k2

on
2
bUtot- QM #Qi? bB/2b- �M/ bm#i`�+i 1[X URXRVX
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6B;m`2 RXk, AHHmbi`�iBQM Q7 j. HB;?i b+�ii2`BM;X GB;?i Bb b+�ii2`2/ BM �HH /B`2+iBQMb #v �M
Q#D2+i rBi? �M BM?QKQ;2M2Qmb `27`�+iBp2 BM/2t U_AV /Bbi`B#miBQMX

�b � `2bmHi- i?2 `2Q`;�MBx2/ 7Q`KmH� #2+QK2b �M BM?QKQ;2M2Qmb >2HK?QHix 2[m�iBQM,

∇2Uscat(r) + k2
on

2
bUscat(r) = V (r)Utot(r), URXjV

r?2`2 Uscat /2MQi2b i?2 }2H/ b+�ii2`2/ #v i?2 Q#D2+i mM/2` i?2 +Q?2`2Mi BM+B/2Mi }2H/ �M/
V = k2

o (n
2
b − n2) Bb i?2 b+�ii2`BM; TQi2MiB�HX 6`QK 1[X URXjV- i?2 T`Q/m+i Q7 b+�ii2`BM; TQ@

i2MiB�H �M/ iQi�H }2H/ b2`p2 �b KmHiBTH2 +Q?2`2Mi +QMi`�bi bQm`+2b i?�i 2KBi i?2 b+�ii2`2/ }2H/
7`QK i?2 Q#D2+iX 1�+? TQBMi bQm`+2 ;2M2`�i2b � bT?2`B+�H r�p2- G(r) = −eikonb∥r∥2/(4π∥r∥2)-
r?B+? Bb i?2 bQHmiBQM U:`22MǶb 7mM+iBQMV iQ � bT2+B�H BM?QKQ;2M2Qmb >2HK?QHix 2[m�iBQM,

∇2G(r) + k2
on

2
bG(r) = δ(r). URX9V

h?2`27Q`2- i?2 +QMpQHmiBQM `2bmHi #2ir22M i?Qb2 +QMi`�bi bQm`+2b �M/ i?2 :`22MǶb 7mM+iBQM
;Bp2b `Bb2 iQ i?2 b+�ii2`2/ }2H/X qBi? i?2 /2}MBiBQMb Q7 j. +QMpQHmiBQM QT2`�iQ` ⊗3D- i?2
iQi�H }2H/ +�M #2 r`Bii2M �b i?2 bQHmiBQM Q7 i?2 GBTTK�MM@a+?rBM;2` 2[m�iBQM (Ry),

Utot(r) = Uin(r) +Uscat(r) = Uin(r) +G(r)⊗3D

(
V (r)Utot(r)

)
. URX8V

AM +QMb2[m2M+2- i?2 iBK2@BM/2T2M/2Mi iQi�H }2H/ Bb �M BMi2`72`2M+2 `2bmHi #2ir22M i?2 BM+B/2Mi
}2H/ �M/ i?2 b+�ii2`2/ }2H/- �M/ Bi Bb MQM@HBM2�`Hv `2H�i2/ iQ i?2 j. Q#D2+i `2T`2b2Mi2/ #v
i?2 b+�ii2`BM; TQi2MiB�HX A7 i?2 BM+B/2Mi }2H/ Bb +QKTQb2/ Q7 KmHiBTH2 Kmim�HHv i2KTQ`�HHv
Q` bT�iB�HHv BM+Q?2`2Mi KQ/2b- �TTHvBM; 1[X URX8V QM 2�+? KQ/2 BM/2T2M/2MiHv 2ti2M/b i?2
HB;?i b+�ii2`BM; KQ/2H iQ i?2 T�`iB�HHv +Q?2`2Mi `2;BK2X

a2p2`�H r2�FHv b+�ii2`BM; �bbmKTiBQMb +�M #2 K�/2 iQ +QMbi`m+i HBM2�` `2H�iBQMb?BTb
#2ir22M i?2 b+�ii2`BM; TQi2MiB�H �M/ K2�bm`�#H2 T`QT2`iB2b Q7 i?2 iQi�H }2H/X 6Q` 2t�KTH2-
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bBKTHB}2/ HB;?i b+�ii2`BM; KQ/2Hb ?�p2 #22M /2`Bp2/ #�b2/ QM i?2 1st "Q`M UbBM;H2 b+�ii2`BM;V
�M/ _viQp UbKQQi?Hv p�`vBM; T?�b2V �TT`QtBK�iBQMb (RR),

U 1stBorn
tot (r) = Uin(r) +G(r)⊗3D

(
V (r)Uin(r)

)
, and URXeV

ΦRytov
tot (r) = G(r)⊗3D

(
V (r)Uin(r)

)
, URXdV

r?2`2 ΦRytov
tot Bb i?2 +QKTH2t T?�b2- Uin ln(U

Rytov
tot /Uin)X �Hi?Qm;? r2�FHv b+�ii2`BM; KQ/@

2Hb K�F2 i?2 BMp2`b2 T`Q#H2Kb Ua2+X RXjV KQ`2 i`�+i�#H2- i?2v 7�BH iQ T`QpB/2 �M �++m`�i2
b+�ii2`2/ }2H/ r?2M BK�;BM; KmHiBTH2@b+�ii2`BM; Q#D2+ibX AM i?Bb rQ`F- r2 �BK iQ 2{+B2MiHv
�++QmMi 7Q` i?2 KmHiBTH2@b+�ii2`BM; 2z2+ib r?BH2 `2i�BMBM; +QKTmi�iBQM�H 2{+B2M+v- #v �/QTi@
BM; b+�ii2`BM; KQ/2Hb 7Q` b+2M�`BQb #2ir22M 1[X URX8V �M/ 1[X URXeVX .2i�BH2/ /Bb+mbbBQM �M/
BKTH2K2Mi�iBQM +�M #2 7QmM/ BM *?�Ti2` 8X

PTiB+�H KB+`Qb+QT2 BK�;BM; bvbi2K KQ/2H
PTiB+�H KB+`Qb+QT2b BM+Hm/2 irQ +QKTQbBi2 +QMp2t H2Mb2b Ui?2 Q#D2+iBp2 H2Mb �M/ i?2 im#2
H2MbV �M/ � TmTBH �T2`im`2X h?2 irQ H2Mb2b �`2 b2T�`�i2/ #v � /Bbi�M+2 i?�i 2[m�Hb i?2 bmK
Q7 i?2B` 7Q+�H H2M;i?bX AM +QMb2[m2M+2- � 4f BK�;BM; +QM/BiBQM Bb b�iBb}2/ #2ir22M i?2 7`QMi
7Q+�H TH�M2 U66SV Q7 i?2 Q#D2+iBp2 H2Mb �M/ i?2 #�+F 7Q+�H TH�M2 U"6SV Q7 i?2 im#2 H2Mb-
r?2`2 66S UQ` "6SV Bb i?2 TH�M2 QM2 7Q+�H H2M;i? BM 7`QMi Q7 UQ` #2?BM/V i?2 H2MbX qBi?
� TmTBH #2ir22M i?2 H2Mb2b- i?2 BK�;BM; bvbi2K K�;MB}2b i?2 Q#D2+i }2H/ �M/ �+?B2p2b �
bT�iB�HHv@BMp�`B�Mi `2bQHmiBQM �+`Qbb i?2 }2H/@Q7@pB2r U6QoV- �b b?QrM BM 6B;X RXjX

hQ �M�Hvx2 i?2 K�;MB}+�iBQM �M/ `2bQHmiBQM �M�HviB+�HHv- 6Qm`B2` QTiB+b +�M #2 �TTHB2/X
� +QMp2t H2Mb QTiB+�HHv ;2M2`�i2b i?2 k. bT�iB�H 6Qm`B2` i`�Mb7Q`K Q7 i?2 +QKTH2t }2H/ �i
66S �M/ T`QD2+ib i?2 QmiTmi QM i?2 "6S (N)X J�i?2K�iB+�HHv- i?2 i`�Mb7Q`K�iBQM +�M #2
r`Bii2M �b (Rk),

UBFP(ρBFP) ≈ χ

∫∫
UFFP(ρFFP)e

−i
2πnb
λR ρBFP·ρFFPd2ρFFP = χF{UFFP(ρFFP)}|u=nbρBFP

λR
,

URX3V
r?2`2 UFFP �M/ UBFP �`2 +Q?2`2Mi +QKTH2t }2H/b �i i?2 66S �M/ "6S- `2bT2+iBp2HvX ρFFP

�M/ ρBFP �`2 k. bT�iB�H +QQ`/BM�i2b �i i?2 66S �M/ "6S- `2bT2+iBp2HvX F{·} /2MQi2b 6Qm`B2`
i`�Mb7Q`K QT2`�iQ`- u Bb k. bT�iB�H 7`2[m2M+v +QQ`/BM�i2- χ Bb � +QKTH2t b+�H�`- �M/ R Bb i?2
`�/B�H T`QT�;�iBM; /Bbi�M+2 7`QK i?2 66S Q7 i?2 Q#D2+iBp2 H2Mb UQ` im#2 H2MbV iQ i?2 Q#D2+iBp2
H2Mb UQ` im#2 H2MbVX LQi2 i?�i i?2 bT�iB�H 7`2[m2M+v bT2+i`mK Q7 i?2 BMTmi }2H/ Bb K�TT2/
iQ i?2 b+�H2/ bT�iB�H +QQ`/BM�i2b �i i?2 Q#D2+iBp2Ƕb "6S rBi? � b+�HBM; 7�+iQ` λR

nb
X

q?2M BK�;BM; �M Q#D2+i mM/2` i?2 KB+`Qb+QT2- MQM@2p�M2b+2Mi 7Q`r�`/ b+�ii2`BM; +QK@
TQM2Mib (N- RR)- Uobject- Q7 i?2 iQi�H }2H/ BM 1[X URX8V T`QT�;�i2b i?`Qm;? i?2 KB+`Qb+QT2
�M/ 7Q`Kb i?2 BK�;2/ }2H/- UimageX lbBM; 1[X URX3V- i?2 4f bvbi2K 2[mBp�H2MiHv T2`7Q`Kb �
6Qm`B2` i`�Mb7Q`K irB+2 QM i?2 Q#D2+i }2H/ rBi? � HQr@T�bb }Hi2` /2i2`KBM2/ #v i?2 TmTBH- P X
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6B;m`2 RXj, AK�;BM; bvbi2K Q7 �M KB+`Qb+QT2 Bb FMQrM �b � K�;MB7vBM; 4f bvbi2K- +QKTQb2/
Q7 �M Q#D2+iBp2 H2Mb- � TmTBH �T2`im`2- �M/ � im#2 H2MbX f1 �M/ f2 �`2 i?2 7Q+�H H2M;i?b Q7 i?2
irQ H2Mb2b- `2bT2+iBp2HvX �t2b Q7 +QQ`/BM�i2b �i 2�+? TH�M2 �`2 b?QrM QM iQTX

L2;H2+iBM; i?2 +QMbi�Mi- χ- i?2 QTiB+�H BK�;BM; T`Q+2bb Bb 2tT`2bb2/ �b i?2 7QHHQrBM;,

Uimage(ρimage) = Uimage(
−R1

R2
ρobject) = F

{
P (ρpupil)F{Uobject(ρobject)}

}
. URXNV

aBM+2 i?2 TmTBH ?�b � }MBi2 /B�K2i2`- D- i?2 +mi@Qz 7`2[m2M+v Q7 i?2 BK�;BM; bvbi2K Bb
nbD
2λR1

X _2TH�+BM; nbD
2R1

rBi? nbsinθ Ui?2 MmK2`B+�H �T2`im`2 UNAV Q7 i?2 Q#D2+iBp2 H2MbV- i?2
/Bz`�+iBQM@HBKBi2/ `2bQHmiBQM Q7 i?2 KB+`Qb+QT2 rBi? +Q?2`2Mi BHHmKBM�iBQM #2+QK2b λ

NAobj

UBX2X �##2Ƕb `2bQHmiBQM HBKBi (Rj)VX Ai Bb TQbbB#H2 iQ K�BMi�BM i?2 [m�MiBi�iBp2 BM7Q`K�iBQM
Q7 i?2 Q#D2+i r?BH2 BKT`QpBM; i?2 `2bQHmiBQM #2vQM/ i?Bb HBKBi #v mbBM; T�`iB�HHv +Q?2`2Mi
BHHmKBM�iBQM- 7QHHQr2/ #v /B;Bi�H bB;M�H T`Q+2bbBM; QM i?2 �+[mB`2/ BK�;2b Ub22 a2+iBQMb RXk
�M/ RXjVX J2�Mr?BH2- i?2 K�;MB}+�iBQM Q7 i?2 KB+`Qb+QT2 Bb ≈ −f2

f1
- r?B+? QMHv /2T2M/b

QM i?2 `�iBQ #2ir22M i?2 irQ 7Q+�H H2M;i?bX hQ /27Q+mb i?2 KB+`Qb+QT2- i?2 Q#D2+iBp2 H2Mb
Bb KQp2/ iQr�`/ Q` �r�v 7`QK i?2 Q#D2+iX �bbmKBM; i?�i i?2 /27Q+mb /Bbi�M+2 Bb ∆f - i?2
`2H�iBQMb?BT #2ir22M i?2 BK�;2/ }2H/ �M/ i?2 /27Q+mb2/ BK�;2/ }2H/ Q#2vb i?2 �M;mH�`
aT2+i`mK T`QT�;�iBQM (N),

Uimage(ρimage;∆f) = F−1
{
ei2π∆f

√
(nb

λ )
2−∥u∥22F{Uimage(ρimage; 0)}

}
. URXRyV

*QM+2Tim�HHv- r2 +�M i`2�i /27Q+mb �b BMi`Q/m+BM; � bT2+B}+ `�/B�HHv@bvKK2i`B+ T?�b2
�#2``�iBQM �i i?2 TmTBH TH�M2 UbT�iB�H 7`2[m2M+v /QK�BMVX JQ`2 /Bb+mbbBQM �#Qmi bvbi2K
�#2``�iBQMb Bb BM *?�Ti2` jX qBi? i?2 #�bB+ FMQrH2/;2 Q7 HB;?i b+�ii2`BM; �M/ i?2 BK�;BM;
bvbi2K K2MiBQM2/ �#Qp2- r2 �`2 `2�/v iQ 2tTHQ`2 [m�MiBi�iBp2 T?�b2 BK�;BM; UZSAVX
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RXk Zm�MiBi�iBp2 S?�b2 AK�;BM;
ai�M/�`/ QTiB+�H KB+`Qb+QT2b mb2 BM+Q?2`2Mi BHHmKBM�iBQM U2X;X G1.b Q` ?�HQ;2M H�KTbV 7Q`
#2ii2` bT�iB�H `2bQHmiBQM- ?B;?2` HB;?i i?`Qm;?Tmi �M/ `2/m+iBQM Q7 bT2+FH2 �`iB7�+ib- �b +QK@
T�`2/ iQ +Q?2`2Mi BHHmKBM�iBQM U2X;X H�b2`bVX >Qr2p2`- i?2 ?mK�M pBbm�H bvbi2K �M/ QTiB+�H
b2MbQ`b ?�p2 BMi2;`�iBQM iBK2 Km+? HQM;2` i?�M i?2 Qb+BHH�iBQM 7`2[m2M+v Q7 HB;?i- r?B+? Bb
bHB;?iHv #2HQr R T2i�?2`ix BM i?2 pBbB#H2 bT2+i`mKX >2M+2- QMHv �#bQ`TiBQM BM7Q`K�iBQM Bb
/B`2+iHv pBbB#H2 mM/2` +QMp2MiBQM�H BHHmKBM�iBQM b2iiBM;b- MQi T?�b2- r?B+? Bb � +`BiB+�H /`�r@
#�+F 7Q` BK�;BM; i`�MbT�`2Mi b�KTH2b bm+? �b #BQHQ;B+�H +2HHbX J�Mv BK�;BM; i2+?MB[m2b ?�p2
#22M T`QTQb2/ iQ pBbm�HBx2 i?2 T?�b2 /2H�v Q7 HB;?i �b Bi T�bb2b i?`Qm;? � i`�MbT�`2Mi b�KTH2X
S?* �M/ .A* `2M/2` T?�b2 2z2+ib pBbB#H2c ?Qr2p2`- � bBM;H2 BK�;2 Bb MQi [m�MiBi�iBp2- +�MMQi
b2T�`�i2 �#bQ`TiBQM �M/ T?�b2 2z2+ib- �M/ /Q2b MQi T`QpB/2 T?vbB+�H BM7Q`K�iBQM �#Qmi i?2
b�KTH2X AM +QMi`�bi iQ [m�HBi�iBp2 T?�b2 BK�;BM; K2i?Q/b- [m�MiBi�iBp2 T?�b2 BK�;BM; UZSAV
K2i?Q/b `2+Qp2` i?2 T?�b2 /2H�v +�mb2/ #v i?2 b�KTH2- /2+QmTH2/ 7`QK �#bQ`TiBQMX

k. ZSA
aBM+2 QMHv i?2 2M2`;v Q7 T?QiQMb +�M #2 /B`2+iHv K2�bm`2/ �M/ i?2 Qb+BHH�iBQM 7`2[m2M+v
Q7 pBbB#H2 HB;?i Bb Km+? ?B;?2` i?�M i?2 BMi2;`�iBQM iBK2 Q7 bi�i2@Q7@i?2@�`i BK�;2 b2MbQ`b-
r?�i r2 ?�p2 �++2bb iQ 7`QK i?2 b2MbQ` Bb i?2 iBK2@�p2`�;2/ TQr2` Q` BMi2MbBivX >2M+2-
T?�b2 BM7Q`K�iBQM Bb 2Bi?2` 2HBKBM�i2/ Q` +QmTH2/ rBi? i?2 �#bQ`TiBQM Q7 i?2 Q#D2+iX h?2`2
�`2 K�Mv K2i?Q/b +QKTmi�iBQM�HHv `2+Qp2` i?2 +QKTH2t }2H/ 7`QK BMi2MbBiv K2�bm`2K2Mibc
?2`2- r2 `2pB2r b2p2`�H +QKKQM �TT`Q�+?2b iQ `2�HBx2 ZSAX

S?�b2@a?B7iBM; AMi2`72`QK2i`v
hQ 2ti`�+i i?2 T?�b2 Q7 i?2 BK�;2/ }2H/- Uimage BM 1[X URXNV- BMi2`72`QK2i`B+ K2i?Q/b K�v
�// � FMQrM `272`2M+2 }2H/- Uref X .2+QmTHBM; i?2 `2�H p�Hm2b �KTHBim/2 UAV �M/ T?�b2 UφV
BM i?2 +QKTH2t }2H/- BX2X U = Aeiφ- i?2 T?�b2 +QMi`�bi Bb `2~2+i2/ QM i?2 +�Tim`2/ BMi2MbBiv-
I- �b 2tT`2bb2/ #2HQr,

I(ρ) = |Uref(ρ) +Uimage(ρ)|2

= |Uref(ρ)|2 + |Uimage(ρ)|2 +U ∗
ref(ρ)Uimage(ρ) +Uref(ρ)U

∗
image(ρ)

= A2
ref(ρ) +A2

image(ρ) + 2Aref(ρ)Aimage(ρ)cos
(
φimage(ρ)− φref(ρ)

)
,

URXRRV

r?2`2 ∗ Bb i?2 +QKTH2t +QMDm;�i2 QT2`�iBQMX �bbmKBM; i?�i i?2 `272`2M+2 }2H/ Bb �M QM@�tBb
TH�M2 r�p2 i?�i ?�b +QMbi�Mi �KTHBim/2- Aref = Aref - �M/ +QMbi�Mi T?�b2- φref = φref - �+`Qbb
i?2 6Qo- i?2 �KTHBim/2 �M/ T?�b2 Q7 i?2 BK�;2/ }2H/ +�M #2 `2+Qp2`2/ �M�HviB+�HHvX "�b2/
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QM 1[X URXRRV- T?�b2 `2i`B2p�H Bb �++QKTHBb?2/ pB� i?2 7QHHQrBM; 7Q`KmH�2,

Aimage(ρ) =

√
I0(ρ) + Iπ(ρ)− 2A2

ref

2
, and

φimage(ρ) = tan−1
(Iπ

2
(ρ)− I 3π

2
(ρ)

I0(ρ)− Iπ(ρ)

)
,

URXRkV

r?2`2 9 BMi2MbBiv BK�;2b- Iφref
- �`2 +�Tim`2/ rBi? i?2 T?�b2 Q7 i?2 `272`2M+2 }2H/- φref ∈

[0, π2 , π,
3π
2 ]X �Hi?Qm;? Bi HQQFb i`BpB�H 7`QK K�i? iQ T2`7Q`K i?2 T?�b2@b?B7iBM; BMi2`72`QK@

2i`v (R9)- i?2 bvbi2K Bb T?vbB+�HHv +?�HH2M;BM; iQ #mBH/X h?2 BM+B/2Mi }2H/ T�bbBM; i?`Qm;?
i?2 Q#D2+i �M/ i?2 `272`2M+2 }2H/ M22/ iQ #2 ;2M2`�i2/ 7`QK i?2 b�K2 [m�bB@KQMQ+?`QK�iB+
bQm`+2 BM Q`/2` iQ Q#b2`p2 BMi2`72`2M+2 2z2+iX aBM+2 i?2 HB;?i bQm`+2 ?�b `2H�iBp2Hv HQM; +Q?2`@
2M+2 H2M;i?- mMr�Mi2/ b+�ii2`BM; �HQM; i?2 #2�K T�i? +`2�i2b bT2+FH2 MQBb2X AM �//BiBQM- �
T`2+Bb2 TB2xQ2H2+i`B+ KB``Q` Q` bT�iB�H HB;?i KQ/mH�iQ` Bb `2[mB`2/ iQ �+?B2p2 bm#@r�p2H2M;i?
T?�b2 bi2TTBM;X

Pz@�tBb AMi2`72`QK2i`v
q?2M �M Qz@�tBb TH�M2 r�p2- BX2X Uref = Arefei2πuref ·ρ- Bb mb2/ �b i?2 `272`2M+2 }2H/- i?2
6Qm`B2` i`�Mb7Q`K Q7 i?2 K2�bm`2/ BMi2MbBiv +�M #2 /2`Bp2/ mbBM; i?2 +QMpQHmiBQM �M/ +`Qbb@
+Q``2H�iBQM T`QT2`iB2bX �M/ i?2 bT�iB�H 7`2[m2M+v bT2+i`mK Q7 BMi2MbBiv BM 1[X URXRRV #2+QK2b,

Ĩ(u) = A2
refδ(u)+ Ũimage(u) ⋆ Ũimage(u)+ Ũimage ⋆δ(u−uref)+ Ũ ∗

image ⋆δ(u+uref). URXRjV

>2`2- x̃ = F{x} `2T`2b2Mib i?2 6Qm`B2` i`�Mb7Q`K Q7 x- ⋆ Bb i?2 +`Qbb@+Q``2H�iBQM QT2`�iQ`X
h?2 }`bi irQ i2`Kb BM 1[X URXRjV �`2 MQi KQ/mH�i2/ #v i?2 `272`2M+2 }2H/ r?BH2 i?2 bT2+i`�
Q7 Uimage �M/ U ∗

image �`2 b?B7i2/ BM QTTQbBi2 /B`2+iBQMb /m2 iQ i?2 KQ/mH�iBQMX AM a2+X RXR- Bi
Bb Q#b2`p2/ i?�i i?2 bT�iB�H 7`2[m2M+v Q7 i?2 BK�;2/ }2H/ Bb #�M/@HBKBi2/ /m2 iQ i?2 }MBi2
�T2`im`2 bBx2 �i TmTBH TH�M2 �M/ i?2 Lv[mBbi bT�iB�H 7`2[m2M+v �i i?2 BK�;2 TH�M2 Bb NAobjf1

λf2
X

h?Bb BKTHB2b i?�i �HH i?2 i2`Kb BM 1[X URXRjV �`2 �HbQ #�M/@HBKBi2/X A7 i?2 �M;H2 Q7 i?2 Q#HB[m2
BM+B/2Mi }2H/ Bb H�`;2 2MQm;?- BM/BpB/m�H i2`K +�M #2 b2T�`�i2/ BM 6Qm`B2` bT�+2 rBi?Qmi
Qp2`H�TTBM; rBi? 2�+? Qi?2`X >2M+2- /B;Bi�HHv /2KQ/mH�iBM; i?2 BMi2`72`2M+2 BMi2MbBiv rBi?
i?2 `272`2M+2 }2H/ �M/ �TTHvBM; � HQr@T�bb }Hi2` iQ i?2 bT2+i`mK `2bmHib BM i?2 +QKTH2t
BK�;2/ }2H/X J�i?2K�iB+�HHv- r?2M ∥uref∥22 >

3NAobjf1
λf2

- i?2 T?�b2 `2i`B2p�H QT2`�iBQMb mbBM;
Qz@�tBb BMi2`72`QK2i`v (R8) Bb 2[mBp�H2Mi iQ i?2 7QHHQrBM; 2tT`2bbBQM,

Uimage(ρ) = F−1
{
P ∗(u)F{Uref(ρ)I(ρ)}

}
/A2

ref . URXR9V

q?BH2 i?2 i2+?MB[m2 �HHQrb mb iQ `2+QMbi`m+i i?2 �KTHBim/2 �M/ T?�b2 7`QK bBM;H2 BMi2MbBiv
+�Tim`2 �M/ 2M�#H2b ?B;? i2KTQ`�H `2bQHmiBQM ZSA- Bi b�+`B}+2b i?2 6Qo 7`QK /2Mb2 BK�;2
b�KTHBM; iQ T`2p2Mi bT2+i`mK Qp2`H�TTBM;X "2bB/2b- Qz@�tBb BMi2`72`QK2i`v b?�`2b i?2 b�K2
/`�r#�+Fb �b K2MiBQM2/ BM a2+ RXkX
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h`�MbTQ`i Q7 AMi2MbBiv 1[m�iBQM UhA1V
S?�b2 BM7Q`K�iBQM �HbQ �TT2�`b BM BMi2MbBiv K2�bm`2K2Mib r?2M i?2 BK�;2/ }2H/ Bb /27Q+mb2/X
h?2 h`�MbTQ`i Q7 AMi2MbBiv 1[m�iBQM UhA1V (Re) /2b+`B#2b ?Qr BMi2MbBiv +?�M;2b i?`Qm;?@
7Q+mb rBi? `2H�iBQM iQ i?2 T?�b2 Q7 i?2 +QKTH2t@}2H/,

ko
∂

∂z
I(ρ, z) = −∇ρI(ρ, z)∇ρφimage(ρ, z), URXR8V

r?2`2 ∇ρ Bb i?2 k. ;`�/B2Mi QT2`�iQ` Qp2` ρ- �M/ z Bb i?2 �tB�H /BK2MbBQM T2`T2M/B+mH�`
iQ ρX qBi? BMi2MbBiv K2�bm`2K2Mib �i KmHiBTH2 7Q+mb TQbBiBQMb- i?2 T?�b2 Bb `2+Qp2`2/ #v
bQHpBM; i?2 b2+QM/@Q`/2` /Bz2`2MiB�H 2[m�iBQM (Rd- R3)X lMHBF2 i?2 BMi2`72`2M+2 K2i?Q/b �#Qp2-
1[X RXR8 Bb `Q#mbi mM/2` i2KTQ`�HHv T�`iB�H +Q?2`2Mi BHHmKBM�iBQM- r?B+? ?2HTb `2/m+2 bT2+FH2
MQBb2 �M/ 2HBKBM�i2 BMi2`72`2M+2 #2ir22M i?2 Q#D2+i �M/ mM/2bB`2/ b+�ii2`2/ }2H/ /m2 iQ
bvbi2K BKT2`72+iM2bbX >Qr2p2`- mbBM; bT�iB�HHv +Q?2`2Mi BHHmKBM�iBQM biBHH HBKBib i?2 bT�iB�H
`2bQHmiBQM #2HQr λ

NAobj
X �Hi2`M�iBp2Hv- K�Mv k. ZSA i2+?MB[m2b ?�p2 #22M T`QTQb2/ iQ mb2

bT�iB�HHv T�`iB�H +Q?2`2Mi BHHmKBM�iBQM �M/ K�MBTmH�i2 i?2 /BbT2`bBQM Q7 i?2 HB;?i bQm`+2 Q` i?2
�#2``�iBQMb �i i?2 TmTBH TH�M2 iQ `2i`B2p2 [m�MiBi�iBp2 T?�b2 rBi? ?B;?2` `2bQHmiBQM (RN- ky-
kR- kk- kj- k9)X �Hi?Qm;? bQK2 Q7 i?2b2 K2i?Q/b rQ`F r2HH- i?2v `2[mB`2 2tT2MbBp2 ?�`/r�`2
�M/ T`2+Bb2 �HB;MK2Mi- r?B+? K�F2b i?2K ?�`/ iQ BKTH2K2Mi QM +QKKQM KB+`Qb+QT2bX

6Qm`B2` Siv+?Q;`�T?B+ JB+`Qb+QTv U6SJV
6Qm`B2` Siv+?Q;`�T?B+ JB+`Qb+QTv U6SJV (k8) �+?B2p2b ?B;? `2bQHmiBQM ZSA rBi? BHHmKBM�@
iBQM +Q/BM;- `2[mB`BM; MQ KQpBM; T�`ibX AM �//BiBQM- bvbi2K +�HB#`�iBQM r�b 2�bBHv /QM2
+QKTmi�iBQM�HHv (ke- kd)- r?B+? K�F2b Bi 2�bB2` iQ �TTHv iQ Qz@i?2@b?2H7 BK�;BM; bvbi2KbX "v
b+�MMBM; i?2 �M;H2b Q7 BM+B/2M+2 QM@�tBb iQ Qz@�tBb �M/ `2+Q`/BM; i?2 +Q``2bTQM/BM; BMi2MbB@
iB2b- /Bz2`2Mi bT�iB�H 7`2[m2M+v +QMi2Mi Q7 i?2 Q#D2+i }2H/ Bb 2M+Q/2/ BM 2�+? K2�bm`2K2MiX
J�i?2K�iB+�HHv- i?2 7Q`r�`/ BK�;BM; KQ/2H 7`QK i?2 Q#D2+i TH�M2 iQ i?2 BK�;2 TH�M2 Bb
bBKBH�` iQ 1[X URXNV 2t+2Ti 7Q` �M �//BiBQM�H T?�b2 KQ/mH�iBQM 7`QK i?2 BHHmKBM�iBQM }2H/-
ei2πuillu·ρ,

I(ρ,uillu) =
∣∣∣F−1

{
P (u)F{ei2πuillu·ρUobject(ρ)}

}∣∣∣
2

. URXReV

lMHBF2 i?2 BMi2`72`QK2i`v +�b2b- i?2 7`2[m2M+v bT2+i`mK Q7 i?2 +QKTH2t }2H/ Bb �Hr�vb Qp2`@
H�TT2/ rBi? Bib2H7 BM i?2 bT2+i`mK Q7 BMi2MbBiv rBi?Qmi � `272`2M+2 }2H/X �b � `2bmHi- i?2`2 Bb
MQ �M�HviB+ bQHmiBQM 7Q` T?�b2 mbBM; 6SJX AM Q`/2` iQ T2`7Q`K T?�b2 `2i`B2p�H- i?2 +QKTH2t
}2H/ Bb 7QmM/ Bi2`�iBp2Hv #v bQHpBM; � MQM@HBM2�` QTiBKBx�iBQM T`Q#H2K Ub22 a2+X RXjVX PM+2
i?2 T?�b2 Q7 2�+? K2�bm`2K2Mi Bb `2bQHp2/- i?2 BK�;2/ }2H/b �`2 /2KQ/mH�i2/ �M/ biBi+?2/ iQ@
;2i?2` BM i?2 bT�iB�H 7`2[m2M+v /QK�BMX h?2 }M�H `2bQHmiBQM �ii�BM�#H2 Bb λ

NAillu+NAobj
- r?2`2

NAillu = λuillu,max Bb i?2 NA +Q``2bTQM/b iQ i?2 KQbi Q#HB[m2 BHHmKBM�iBQMX q?BH2 6SJ
?�b #2M2}ib Q7 ?B;? `2bQHmiBQM- HQM; .Q6- �M/ rB/2 6Qo /m2 iQ mb2 Q7 � HQr K�;MB}+�iBQM
Q#D2+iBp2 H2Mb- Bi `2[mB`2b K�Mv K2�bm`2K2Mib 7Q` bBM;H2 T?�b2 BK�;2 `2+QMbi`m+iBQM- r?B+?
HBKBib i?2 i2KTQ`�H `2bQHmiBQM (k3)X



*>�Sh1_ RX ALh_P.l*hAPL N

.Bz2`2MiB�H S?�b2 *QMi`�bi U.S*V

.Bz2`2MiB�H S?�b2 *QMi`�bi U.S*V (kN- jy- jR- jk) Bb �MQi?2` T�`iB�HHv +Q?2`2Mi ZSA i2+?@
MB[m2 i?�i mb2b �bvKK2i`B+ BHHmKBM�iBQM iQ b?B7i i?2 b�KTH2Ƕb bT2+i`mK BM 6Qm`B2` bT�+2-
`2p2�HBM; HBM2�` T?�b2 BM7Q`K�iBQM BM � r2�FHv b+�ii2`BM; Q#D2+iX q?BH2 `�r .S* K2�bm`2@
K2Mib T`QpB/2 T?�b2 +QMi`�bi r?B+? Bb bBKBH�` iQ .A* +QMi`�bi- i?2 .S* K2i?Q/ T`QpB/2b
� HBM2�`Bx�iBQM Q7 i?2 BK�;2 7Q`K�iBQM KQ/2H r?B+? +�M #2 BMp2`i2/ mbBM; � bBM;H2@bi2T /2@
+QMpQHmiBQM T`Q+2bb Ub22 a2+X RXjV (jy- jk- jj)X "�b2/ QM _viQp r2�FHv b+�ii2`BM; Q#D2+i
�bbmKTiBQM- i?2 7Q`r�`/ KQ/2H Q7 .S* Bb /2`Bp2/ BM �TT2M/Bt �XRX

6B;m`2 RX9, lM/2` r2�FHv b+�ii2`BM; �bbmKTiBQM- � HBM2�` `2H�iBQMb?BT #2ir22M .S* BMi2M@
bBiv �M/ Q#D2+iǶb �#bQ`TiBQM �M/ T?�b2X h?2 7Q`r�`/ KQ/2H Q7 .S* ZSA +�M #2 pBbm�HBx2/
�b K�i`Bt@p2+iQ` KmHiBTHB+�iBQMX

h?2 bT�iB�H 7`2[m2M+v bT2+i`mK Q7 .S* BMi2MbBiB2b +�M #2 r`Bii2M �b,

Ĩn(u) = Hµ(u)µ̃(u) + iHφ(u)φ̃(u), URXRdV

r?2`2 In Bb i?2 MQ`K�HBx2/ BMi2MbBiv- µ �M/ φ �`2 i?2 �#bQ`TiBQM �M/ T?�b2 Q7 i?2 Q#D2+i-
�M/ Hµ �M/ Hφ �`2 i?2 i`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/ T?�b2 i?�i +�M #2 +�H+mH�i2/
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mbBM; i?2 bQm`+2 b?�T2- S- �M/ i?2 TmTBH 7mM+iBQM- P - BM bT�iB�H 7`2[m2M+v +QQ`/BM�i2b,

Hµ(u) =
[
P (u) ⋆

(
P (u)S(u)

)
+
(
P (u)S(u)

)
⋆ P (u)

]
, and

Hφ(u) =
[
P (u) ⋆

(
P (u)S(u)

)
−

(
P (u)S(u)

)
⋆ P (u)

]
.

URXR3V

6B;m`2 RX9 BHHmbi`�i2b i?2 HBM2�` BK�;BM; KQ/2HX qBi? �b 72r �b j .S* BMi2MbBiv K2�@
bm`2K2Mib mbBM; /Bz2`2Mi bQm`+2 T�ii2`Mb U2X;X iQT- `B;?i- #QiiQK ?�H7@+B`+H2bV- .S* ZSA
`2+Qp2`b #Qi? �#bQ`TiBQM �M/ T?�b2 rBi? `2bQHmiBQM mT iQ i?2 BM+Q?2`2Mi `2bQHmiBQM HBKBi- BX2X

λ
2NAobj

X AM *?�Ti2` k �M/ j- r2 2tTHQ`2 � bBM;H2@b?Qi `2�H@iBK2 .S* K2i?Q/ pB� r�p2H2M;i?
KmHiBTH2tBM;- �M/ �M �H;Q`Bi?K iQ /B;Bi�HHv +�HB#`�i2 i?2 bT�iB�HHv@p�`vBM; bvbi2K �#2``�iBQMb
7`QK BK�;2b mM/2` #Qi? bT�iB�HHv +Q?2`2Mi �M/ .S* BHHmKBM�iBQMbX

j. ZSA
q?2M i?2 b�KTH2 Bb i?B+F2` i?�M i?2 KB+`Qb+QT2Ƕb .Q6- r2 `2[mB`2 j. BK�;BM; K2i?Q/bX k.
T?�b2 K2�bm`2b BMi2;`�i2/ QTiB+�H T�i? /2H�v i?`Qm;? i?2 b�KTH2- bQ _A �M/ i?B+FM2bb �`2
+QmTH2/X h?Bb �K#B;mBiv #2ir22M b?�T2 �M/ BM/2t Bb M�im`�HHv `2KQp2/ BM j. ZSA- r?B+? `2@
+Qp2`b i?2 j. _A /Bbi`B#miBQMX h`�/BiBQM�HHv- j. T?�b2 BK�;BM; Bb �+?B2p2/ iQKQ;`�T?B+�HHv
#v +�Tim`BM; k. T`QD2+iBQMb �i K�Mv �M;H2b (j9- j8- je)X AM bQK2 +�b2b- � `�v@#�b2/ KQ/2H Bb
bm{+B2Mi- 2X;X HQr `2bQHmiBQM s@`�v iQKQ;`�T?v(j9- jd- j3)X >Qr2p2`- �b /Bz`�+iBQM 2z2+ib
#2+QK2 T`QKBM2Mi BM QTiB+�H KB+`Qb+QTv- � /Bz`�+iBQM iQKQ;`�T?v KQ/2H (j8- jN) Bb M22/2/X
:2M2`�HHv- i?Bb �bbmK2b FMQrH2/;2 Q7 i?2 +QKTH2t@}2H/ �i 2�+? �M;H2- `2[mB`BM; � irQ@bi2T
`2+QMbi`m+iBQM, k. T?�b2 `2i`B2p�H mbBM; K2i?Q/b K2MiBQM2/ BM a2+X RXk- 7QHHQr2/ #v iQKQ;@
`�T?v iQ `2+Qp2` j. _AX �b BM i?2 k. +�b2- � HBM2�` `2H�iBQMb?BT #2ir22M i?2 j. b+�ii2`BM;
TQi2MiB�H �M/ K2�bm`2/ }2H/b +�M #2 /2p2HQT2/ #�b2/ QM i?2 r2�FHv b+�ii2`BM; �bbmKTiBQMX
h?2 1st "Q`M �M/ _viQp KQ/2Hb BM 1[X URXeV �M/ URXdV ?�p2 � +QKKQM +QMpQHmiBQM i2`K- �M/
i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 i2`K Bb,

F
{
G(ρ, z)⊗3D

(
V (ρ, z)Uin(ρ, z)

)}
= G̃(u, η)

(
Ṽ (u, η)⊗3D Ũin(u, η)

)
, URXRNV

r?2`2 η Bb i?2 �tB�H bT�iB�H 7`2[m2M+v +QQ`/BM�i2X aBKBH�` iQ i?2 k. +�b2- i?2 bT�iB�H 7`2[m2M+v
bT2+i`mK Q7 i?2 b+�ii2`BM; TQi2MiB�H 2tT2`B2M+2b � b?B7i r?2M i?2 Q#D2+i Bb BHHmKBM�i2/ mbBM;
TH�M2 r�p2bX G2i Uin(ρ, z) = ei2π(uin·ρ+ηinz) #2 i?2 BM+B/2Mi }2H/- r?2`2 ∥uin∥22 + η2in =

n2
b

λ2 X
h?2 b?B7i2/ bT2+i`mK +�M #2 2tT`2bb2/ �b,

Ṽ (u, η)⊗3D Ũin(u, η) = Ṽ (u− uin, η − ηin). URXkyV

hQ 7m`i?2` bBKTHB7v 1[X URXRNV- r2 +�M mb2 i?2 6Qm`B2` `2T`2b2Mi�iBQM Q7 i?2 :`22MǶb 7mM+iBQM,

G̃(u, z) =

∫∫
G(ρ, z)e−i2π(u·ρ)d2ρ =

−iei2π|z|Γ(u)

4πΓ(u)
, URXkRV
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r?2`2 Γ(u) =
√
(nb/λ)2 − ∥u∥22X A7 � i`�MbKBbbBQM KB+`Qb+QT2 Bb +QMbB/2`2/- r?2`2 QMHv

i?2 }2H/ #2ir22M i?2 Q#D2+i �M/ i?2 Q#D2+iBp2 H2Mb Bb +�Tim`2/- BX2X |z| = z- i?2 j. 6Qm`B2`
i`�Mb7Q`K Q7 G #2+QK2b,

G̃(u, η) =
−iδ(η − Γ(u))

4πΓ(u)
. URXkkV

�b � `2bmHi- i?2 :`22MǶb 7mM+iBQM F2`M2H 2z2+iBp2Hv b�KTH2b QM � k. ?2KBbT?2`2- FMQrM
�b i?2 1r�H/ bT?2`2 (RR- 9y) Q7 `�/Bmb nb

λ - BM i?2 j. b?B7i2/ bT2+i`mK Q7 b+�ii2`BM; TQi2M@
iB�HX .m2 iQ i?2 HBKBi2/ TmTBH bBx2- i?2 BK�;2/ }2H/ QMHv `2i�BMb T�`i Q7 i?2 BM7Q`K�iBQM
QM i?2 1r�H/ bT?2`2 �7i2` i?2 b+�ii2`2/ }2H/ T`QT�;�i2b i?`Qm;? i?2 KB+`Qb+QT2X 6`QK
1[X URXeV- URXdV- URXNV �M/ URXRNVĜURXkkV- i?2 k. ZSA `2bmHi Bb `2H�i2/ iQ i?2 j. Q#D2+i mM/2`
i?2 r2�FHv b+�ii2`BM; �bbmKTiBQM BM i?2 7QHHQrBM; r�v,

Ũ 1stBorn
scat,image(u), Φ̃

Rytov
image (u) =

−iP (u)Ṽ (u− uin,Γ(u)− Γ(uin))

4πΓ(u)
. URXkjV

6B;m`2 RX8 pBbm�HBx2b i?2 �#Qp2 `2H�iBQMb?BT #2ir22M i?2 bT�iB�H 7`2[m2M+v bT2+i`� Q7 i?2
r2�FHv@b+�ii2`2/ }2H/b �M/ i?2 Q#D2+iX PMHv � TQ`iBQM Q7 i?2 b+�ii2`2/ HB;?i K�`F2/ #v bQHB/
HBM2b QM i?2 1r�H/ bT?2`2b +�M #2 K2�bm`2/ �i i?2 BK�;2 TH�M2 /m2 iQ i?2 }MBi2 NA Q7 i?2
Q#D2+iBp2 H2MbX "v b+�MMBM; i?2 BHHmKBM�iBQM �M;H2b- /Bz2`2Mi T�`ib Q7 i?2 bT�iB�H 7`2[m2M+v
bT2+i`mK �`2 `2+Qp2`2/X �b � `2bmHi- i?2 ?B;?2bi H�i2`�H `2bQHmiBQM �+?B2p2b λ/(2NAobj) �b
η = 0- �M/ i?2 ?B;?2bi �tB�H `2bQHmiBQM #2+QK2b λ/(nb−

√
n2
b − NA2

obj) r?2M ∥u∥2 = NAobj/λX
�7i2` T?�b2 `2i`B2p�H- � j. BMp2`b2 6Qm`B2` i`�Mb7Q`K `2p2�Hb i?2 b+�ii2`BM; TQi2MiB�H BM `2�H
bT�+2X 6BM�HHv- i?2 +QKTmi�iBQMb #2HQr +QMp2`i V BMiQ j. _A,

6B;m`2 RX8, q2�FHv b+�ii2`BM; KQ/2Hb K�T i?2 BM7Q`K�iBQM Q7 i?2 b+�ii2`2/ }2H/b mbBM;
/Bz2`2Mi TH�M2 r�p2 BHHmKBM�iBQMb QMiQ /Bz2`2Mi bT?2`2b BM i?2 j. bT�iB�H 7`2[m2M+v bT2+i`mK
Q7 i?2 Q#D2+iX *QK#BMBM; �HH TQbbB#H2 �M;H2b Q7 BM+B/2M+2 rBi?BM i?2 NA Q7 i?2 Q#D2+iBp2 H2Mb-
i?2 K2�bm`�#H2 `2;BQM U+QHQ`2/ BM ;`22MV 7Q`Kb � /QMmi b?�T2 BM 6Qm`B2` bT�+2X
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n(r) =

√
n2
b − VRe(r)/k2

o +
√
(n2

b − VRe(r)/k2
o)

2 + V 2
Im(r)/k

4
o

2
+

i

√
VRe(r)/k2

o − n2
b +

√
(n2

b − VRe(r)/k2
o)

2 + V 2
Im(r)/k

4
o

2
,

URXk9V

r?2`2 VRe �M/ VIm �`2 i?2 `2�H �M/ BK�;BM�`v T�`ib Q7 V - `2bT2+iBp2HvX h?Bb #mBH/b i?2
7QmM/�iBQM Q7 PTiB+�H .Bz`�+iBQM hQKQ;`�T?v UP.hV �M/ 2M�#H2b K�Mv #BQ@BK�;BM; �TTHB@
+�iBQMb (*?Qr/?m`vkyRd,aAj.P.h- j8- 9R)X >Qr2p2`- �M �`2� BM/B+�i2/ #v i?2 +QM2
�M;H2 Θ �`QmM/ i?2 Q`B;BM BM Q#D2+iǶb bT2+i`mK Bb KBbbBM;- r?B+? +�mb2b �MBbQi`QTB+ `2bQHm@
iBQM �M/ /BbiQ`i2/ b?�T2 BM i?2 }M�H `2+QMbi`m+iBQMX AM �//BiBQM- i?2 k. T?�b2 T`QD2+iBQM
`2+QMbi`m+iBQMb K�v +QMi�BM �`iB7�+ib i?�i T`QT�;�i2 iQ i?2 j. `2+QMbi`m+iBQMX :HQ#�H `2@
+QMbi`m+iBQM K2i?Q/b i?�i `2H�i2 �HH i?2 K2�bm`2K2Mib iQ i?2 }M�H 2biBK�i2- rBi?Qmi �M
BMi2`K2/B�i2 k. T?�b2 `2i`B2p�H bi2T- +�M #2 KQ`2 `Q#mbi iQ 2tT2`BK2Mi�H 2``Q`b (9k- 9j)X
AM *?�Ti2` 9- [m�MiBi�iBp2 .S* KB+`Qb+QTv Bb 2ti2M/2/ iQ j.- r?B+? 2HBKBM�i2b i?2 M22/
Q7 BMi2`72`QK2i`vX qBi? � T`QTQb2/ j. /2+QMpQHmiBQM �H;Q`Bi?K- i?2 _A Q7 i?B+F Q#D2+ib Bb
/B`2+iHv `2+QMbi`m+i2/ 7`QK i?`Qm;?@7Q+mb BMi2MbBiv K2�bm`2K2MibX �i i?2 b�K2 iBK2- T`BQ`
FMQrH2/;2 Q7 i?2 Q#D2+ib Bb 2M7Q`+2/ BM i?2 �H;Q`Bi?K iQ KBiB;�i2 i?2 KBbbBM; +QM2 �`iB7�+ibX
PM i?2 Qi?2` ?�M/- KmHiBTH2@b+�ii2`BM; T?2MQK2MQM Q++m`b r?2M _A +QMi`�bi Q7 i?2 Q#D2+i
BM+`2�b2b- �M/ #`2�Fb i?2 HBM2�` KQ/2H BM 1[X URXkjVX hQ i�+FH2 i?Bb T`Q#H2K- �M 2{+B2Mi �M/
�++m`�i2 KmHiBTH2@b+�ii2`BM; j. ZSA K2i?Q/ rBi? BMi2MbBiv@QMHv K2�bm`2K2Mib Bb T`QTQb2/
BM *?�Ti2` 8 �M/ +QKT�`2/ �;�BMbi i?2 Qi?2` r2�FHv �M/ KmHiBTH2@b+�ii2`BM; KQ/2HbX

RXj S?�b2 _2i`B2p�H #v aQHpBM; AMp2`b2 S`Q#H2Kb
�Hi?Qm;? i?2 7Q`r�`/ KQ/2H p�`B2b BM a2+X RXk �KQM; /Bz2`2Mi ZSA K2i?Q/b- �HH Q7 i?2K
+�M TQi2MiB�HHv #2 bQHp2/ #v i?2 b�K2 �H;Q`Bi?KX h?Bb Bb /m2 iQ i?2 7�+i i?�i T?�b2 `2i`B2p�H
2bb2MiB�HHv bQHp2b �M BMp2`b2 T`Q#H2K- ;Bp2M i?2 /�i� �+[mB`2/ �i i?2 BK�;2 TH�M2X >2M+2- �HH
TQbi@T`Q+2bbBM; +QKTmi�iBQMb BM ZSA +�M #2 TQb2/ �b i`vBM; iQ }M/ i?2 QTiBK�H bQHmiBQM Q7
i?2 7QHHQrBM; ivT2 Q7 QTiBKBx�iBQM T`Q#H2K �M/ Q#D2+iBp2 7mM+iBQM,

o⋆ = argmin
o

M∑

m=1

∥∥∥Im −Hm(o)
∥∥∥
2

2
+R(o). URXk8V

>2`2- i?2 iQi�H MmK#2` Q7 K2�bm`2K2Mib Bb M - 2�+? Q7 i?2 +�Tim`2/ BMi2MbBiv BK�;2b Bb /2@
MQi2/ �b Im- o Bb i?2 k. +QKTH2t }2H/ Q` j. _A Q7 i?2 Q#D2+i- �M/ Hm `2T`2b2Mib � FMQrM
7Q`r�`/ KQ/2H 7Q` bT2+B}+ ZSA K2i?Q/X h?2 ℓ2 MQ`K BM i?2 Q#D2+iBp2 7mM+iBQM- Q` /�i�
}/2HBiv i2`K- K2�bm`2b i?2 /Bz2`2M+2 #2ir22M i?2 MQBbv K2�bm`2K2Mib �M/ i?2 T`2/B+iBQMb
#�b2/ QM i?2 2biBK�i2/ Q#D2+iX h?2`27Q`2- � bQHmiBQM Bb 7QmM/ �7i2` i?2 KBMBKBx�iBQM T`Q+2bbX
P7i2M- i?2 BMp2`b2 T`Q#H2K Bb BHH@TQb2/ #2+�mb2 Q7 HQr aB;M�H@iQ@LQBb2 _�iBQ UaL_V �M/ H�+F
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Q7 BM7Q`K�iBQMX AM i?Qb2 +�b2b- r2 +�M BM+Q`TQ`�i2 � `2;mH�`Bx�iBQM i2`K R- r?B+? BKTQb2b
� T`BQ`B FMQrH2/;2 �#Qmi i?2 Q#D2+i iQ KBiB;�i2 `2+QMbi`m+iBQM �`iB7�+ibX AM �//BiBQM- KQ`2
i?�M QM2 p�`B�#H2 +�M #2 QTiBKBx2/ BM 1[X U9XRRV iQ BKT`Qp2 i?2 T?�b2 `2i`B2p�H `2bmHibX 6Q`
2t�KTH2- Bi Bb TQbbB#H2 iQ +QKTmi�iBQM�HHv +Q``2+i 2``Q`b BM bvbi2K �HB;MK2Mib �M/ BK�;2
�#2``�iBQMb 7`QK i?2 BKT2`72+i K2�bm`2K2Mib (ke- kd)X AM *?�Ti2` j- � b2H7@+�HB#`�iBQM �H;Q@
`Bi?K rBi? 9 .S* K2�bm`2K2Mib Bb �+?B2p2/ mbBM; � bBKBH�` B/2�X � 72r +QKKQM �H;Q`Bi?Kb
7Q` bQHpBM; bm+? QTiBKBx�iBQM T`Q#H2Kb �`2 `2pB2r2/ #2HQr �M/ mb2/ BM i?2 *?�Ti2` kĜ8X

G2�bi@a[m�`2b K2i?Q/
q?2M i?2 7Q`r�`/ KQ/2H Bb HBM2�` rBi? �M ℓ2 Q` hBF?QMQp `2;mH�`Bx�iBQM- BX2X R(o) = γo∥o∥22-
i?2`2 2tBbib �M �M�HviB+ bQHmiBQM BM 1[X U9XRRVX 6Q` BMbi�M+2- rBi? `2;mH�`Bx�iBQM T�`�K2i2`b
γµ �M/ γφ 7Q` �#bQ`TiBQM �M/ T?�b2- i?2 [m�MiBi�iBp2 .S* 7Q`r�`/ KQ/2H BM 1[X URXRdV im`Mb
1[X U9XRRV BMiQ,

µ⋆,φ⋆ = argmin
µ,φ

M∑

m=1

∥∥∥Ĩn,m −Hµµ̃−Hφφ̃
∥∥∥
2

2
+ γµ

∥∥∥µ̃
∥∥∥
2

2
+ γφ

∥∥∥φ̃
∥∥∥
2

2
, URXkeV

r?B+? H2�/b iQ � ;HQ#�H QTiBK�H bQHmiBQM mbBM; i?2 H2�bi@b[m�`2b K2i?Q/ (jk- jj),

µ̃⋆ =

(∑
m

|H̃φ,m|2 + γφ

)∑
m

(
H̃∗

µ,mĨn,m
)
−

∑
m

(
H̃∗

µ,mH̃φ,m

)∑
m

(
H̃∗

φ,mĨn,m
)

(∑
m

|H̃µ,m|2 + γµ

)(∑
m

|H̃φ,m|2 + γφ

)
−

∑
m

(
H̃µ,mH̃∗

φ,m

)∑
m

(
H̃∗

µ,mH̃φ,m

) , URXkdV

φ̃⋆ =

−i
[(∑

m
|H̃µ,m|2 + γµ

)∑
m

(
H̃∗

φ,mĨn,m
)
−

∑
m

(
H̃µ,mH̃∗

φ,m

)∑
m

(
H̃∗

µ,mĨn,m
)]

(∑
m

|H̃µ,m|2 + γµ

)(∑
m

|H̃φ,m|2 + γφ

)
−

∑
m

(
H̃µ,mH̃∗

φ,m

)∑
m

(
H̃∗

µ,mH̃φ,m

) . URXk3V

aBM+2 MQ Bi2`�iBQM Bb BMpQHp2/ �M/ i?2 6Qm`B2` i`�Mb7Q`K QT2`�iBQMb �`2 2{+B2MiHv +QKTmi2/
rBi? i?2 6�bi 6Qm`B2` h`�Mb7Q`K U66hV- bQHmiBQMb mbBM; 1[X RXkd �M/ RXk3 �`2 bmBi�#H2 7Q`
`2�H@iBK2 �TTHB+�iBQMbX >Qr2p2`- i?Bb bBKTH2 `2;mH�`Bx�iBQM K2i?Q/ rQ`Fb QMHv r?2M aL_
Bb ?B;? �M/ Bi Bb MQi `Q#mbi iQ bBim�iBQMb r?2`2 bQK2 �#bQ`TiBQM �M/ T?�b2 BM7Q`K�iBQM �`2
KBbbBM; BM i?2 K2�bm`2K2MibX

�Hi2`M�iBM; .B`2+iBQM J2i?Q/ Q7 JmHiBTHB2`b U�.JJV
6Q` j. ZSA QM +QMp2MiBQM�H QTiB+�H KB+`Qb+QT2b- QMHv � HBKBi2/ `�M;2 Q7 �M;H2b T�bb i?`Qm;?
i?2 QTiB+�H bvbi2K- b2i #v i?2 NA- r?B+? `2bmHib BM �MBbQi`QTB+ `2bQHmiBQM BM i?2 �tB�H /BK2M@
bBQMX .B`2+i j. T?�b2 `2i`B2p�H rBi? hBF?QMQp `2;mH�`Bx�iBQM +�mb2b �`iB7�+ib 7`QK ?B;?@
7`2[m2M+v MQBb2 �M/ mM/2`2biBK�i2/ ?�HQ 2z2+ib Ub22 *?�Ti2` 9VX � T`BQ`B FMQrH2/;2 Q7 i?2
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b�KTH2 +�M #2 BM+Q`TQ`�i2/ iQ �+?B2p2 `2�HBbiB+ j. `2+QMbi`m+iBQMbX 6Q` 2t�KTH2- r2 +�M
+QMi`QH i?2 #�+F;`QmM/ _A bm``QmM/BM; i?2 Q#D2+i bm+? i?�i nb ≤ n(r) Q` nb ≥ n(r)- ∀rX
A7 i?2 ivT2b Q7 K�i2`B�Hb rBi?BM i?2 pQHmK2 Q7 BMi2`2bi Bb bT�`b2- i?2 Q#D2+i +�M #2 �bbmK2/
TB2+2@rBb2 bKQQi?X AM Q`/2` iQ K�F2 �//BM; T`BQ`b bi`�B;?i7Q`r�`/- i?2 BMp2`b2 T`Q#H2K +�M
#2 7Q`KmH�i2/ �b � +QMbi`�BM2/ QTiBKBx�iBQM T`Q#H2K,

min
1

2

∥∥∥Ax− b
∥∥∥
2

2
+ IΩ(z1) + τ

∥∥∥z2

∥∥∥
1
, subject to [IT DT]Tx = [zT

1 zT
2 ]

T, URXkNV

r?2`2 A Bb � #HQ+F@/B�;QM�H +QMpQHmiBQM K�i`Bt +QKTQb2/ Q7 i`�Mb72` 7mM+iBQMb- x Bb i?2
p2+iQ`Bx2/ b+�ii2`BM; TQi2MiB�H iQ #2 `2+Qp2`2/- b Bb � p2+iQ`Bx2/ +QM+�i2M�i2/ j. BMi2MbBiv
bi�+F- I `2T`2b2Mib i?2 B/2MiBiv K�i`Bt- D Bb /Bb+`2i2 /2`Bp�iBp2 K�i`Bt BM �HH i?`22 /BK2MbBQMb-
T /2MQi2b K�i`Bt i`�MbTQb2 �M/ τ Bb � `2;mH�`Bx�iBQM T�`�K2i2`X >2`2- irQ T`BQ` i2`Kb- IΩ(z1)
�M/ ∥z2∥1- �`2 �TTHB2/X IΩ(z1) Bb 2Bi?2` � TQbBiBp2 Q` M2;�iBp2 BM/B+�iQ` 7mM+iBQM �M/ ∥z2∥1
BKTH2K2Mib �M �MBbQi`QTB+ iQi�H p�`B�iBQM UhoV `2;mH�`Bx2`X

�Hi2`M�iBM; .B`2+iBQM J2i?Q/ Q7 JmHiBTHB2`b U�.JJV (99) T`QpB/2b �M 2{+B2Mi r�v iQ
bQHp2 i?Bb MQM@bKQQi? +QMp2t BMp2`b2 T`Q#H2KX 6B`bi- r2 M22/ iQ }M/ i?2 �m;K2Mi2/ G�@
;`�M;B�M L Q7 1[X URXkNV-

L(x, z1, z2, y) =
1

2

∥∥∥Ax− b
∥∥∥
2

2
+ IΩ(z1) + τ

∥∥∥z2

∥∥∥
1
+
β

2

∥∥∥[IT DT]Tx− [zT
1 zT

2 ]
T +

y

β

∥∥∥
2

2
, URXjyV

r?B+? �//b � [m�/`�iB+ 7mM+iBQM +Q``2bTQM/BM; iQ i?2 +QMbi`�BMib rBi? � imMBM; T2M�Hiv
T�`�K2i2`- β > 0- �M/ G�;`�M;2 KmHiBTHB2`- yX h?2 �.JJ 7Q`K Q7 i?2 j. /2+QMpQHmiBQM
T`Q#H2K +�M #2 r`Bii2M �b i?2 7QHHQrBM; Bi2`�iBp2 �H;Q`Bi?K- +QMi�BMBM; �Hi2`M�iBM; KBMBKBx�@
iBQM Q7 i?2 mM+QMbi`�BM2/ L 7QHHQr2/ #v � /m�H mT/�i2,

xk+1 = arg min
x

L(x, z1,k, z2,k,yk) URXjR�V

z1,k+1 = arg min
z1

L(xk+1, z1, z2,k,yk) URXjR#V

z2,k+1 = arg min
z2

L(xk+1, z1,k+1, z2,yk) URXjR+V

yk+1 = yk + β
(
[IT DT]Txk+1 − [zT

1,k+1 zT
2,k+1]

T
)
, URXjR/V

r?2`2 k BM/B+�i2b i?2 Bi2`�iBQM MmK#2`- �M/ z1,0- z2,0- �M/ y0 �`2 b2i iQ 0 BMBiB�HHvX 1[m�@
iBQM URXjRV Bb 2[mBp�H2Mi iQ i?2 ;2M2`�HBx2/ G�aaP T`Q#H2K (99) rBi? � TQbBiBp2fM2;�iBp2
+QMbi`�BMiX >2M+2- 2�+? bm#@KBMBKBx�iBQM +�M #2 bQHp2/ 2{+B2MiHv- r?2`2 URXjR�V }M/b �
Tb2m/Q@BMp2`b2 bQHmiBQM Q7 x- URXjR#V Bb i?2 2H2K2Mi@rBb2 1m+HB/2�M MQ`K T`QD2+iBQM QMiQ
i?2 b2i Ω- �M/ URXjR+V BKTH2K2Mib 2H2K2Mi@rBb2 bQ7i@i?`2b?QH/BM; rBi? � i?`2b?QH/ p�Hm2 τ

β X
q?2M i?2 7Q`r�`/ KQ/2H Bb MQi HBM2�` Q` KQ`2 +QMbi`�BMib �`2 �//2/- i?2 �.JJ �H;Q`Bi?K
M22/b KQ`2 K2KQ`v 7Q` biQ`BM; i?2 bTHBiiBM; p�`B�#H2b �M/ i?2 G�;`�M;2 KmHiBTHB2`X h?2`27Q`2-
�Hi2`M�iBp2 K2KQ`v 2{+B2Mi �H;Q`Bi?Kb �`2 T`272``2/- 2bT2+B�HHv BM j. ZSAX
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S`QtBK�H :`�/B2Mi .2b+2Mi J2i?Q/
lMHBF2 .S* KB+`Qb+QTv- KQbi Q7 i?2 7Q`r�`/ KQ/2Hb Q7 k. �M/ j. ZSA K2i?Q/b �`2 MQMHBM2�`X
h?2`27Q`2- i?2 H2�bi@b[m�`2b �H;Q`Bi?K /Q2b MQi �TTHv �M/ i?2 K2KQ`v `2[mB`2K2Mi #2+QK2b
iQQ ?B;? iQ K�F2 �.JJ T`�+iB+�HX h?2 KQbi ;2M2`B+ �H;Q`Bi?K 7Q` bQHpBM; 1[X U9XRRV Bb
i?2M T`QtBK�H ;`�/B2Mi /2b+2Mi- r?B+? Bb �HbQ �M Bi2`�iBp2 K2i?Q/X �bbmK2 i?2 `2;mH�`Bx�iBQM
7mM+iBQM R Bb MQM@bKQQi? Q` MQM@/Bz2`2MiB�#H2- bm+? �b i?2 ho MQ`KX 1�+? Bi2`�iBQM Q7 i?2
�H;Q`Bi?K bTHBib BMiQ irQ bi2Tbc AM kth Bi2`�iBQM- � ;`�/B2Mi /2b+2Mi mT/�i2 rBi? � bi2T bBx2
α Bb }`bi T2`7Q`K2/ mbBM; i?2 qB`iBM;2` /2`Bp�iBp2 (98) Q7 i?2 /�i� }/2HBiv i2`K- BX2X

ok = ok − α
M∑

m

(∂Hm(o)

∂o

)H(
Hm(o)− Im

)
, URXjkV

r?2`2 H `2T`2b2Mib >2`KBiB�M i`�MbTQb2X h?Bb T`Q+2bb `2}M2b i?2 2biBK�iBQM Q7 i?2 Q#D2+i
bm+? i?�i Bi 2Mbm`2b � #2ii2` T`2/B+iBQM Q7 i?2 BMi2MbBiv BK�;2bX AM Q`/2` iQ �++QmMi 7Q` i?2
`2;mH�`Bx�iBQM i2`K- � T`QtBK�H QT2`�iQ` Bb �TTHB2/ iQ i?2 mT/�i2/ Q#D2+i- BM r?B+? �MQi?2`
QTiBKBx�iBQM T`Q#H2K Bb bQHp2/,

ok+1 = T`QtτR(o
k) = arg min

z∈Ω
τR(z) +

1

2

∥∥∥z − ok
∥∥∥
2

2
. URXjjV

>2`2- i?2 `2;mH�`Bx�iBQM T�`�K2i2` τ Bb � +QMbi�Mi �/DmbiBM; i?2 +QM}/2M+2 H2p2H Q7 i?2
BKTQb2/ T`BQ`b- �M/ Ω +QMbi`�BMb i?2 #QmM/b Q7 TQi2MiB�H bQHmiBQMbX �M/ mbm�HHv i?2`2 2tBbib
2{+B2Mi +QKTmi�iBQM�H K2i?Q/b iQ BKTH2K2Mi i?Bb T`QtBK�H bi2T (99- 9e- 9d)X "v `2T2�iBM;
1[X RXjk �M/ RXjj b2p2`�H iBK2b- T?�b2 Q` _A p�Hm2b +QMp2`;2 iQ � HQ+�H KBMBKmKX �Hi?Qm;?
�M BMBiB�H ;m2bb mbBM; HBM2�` KQ/2Hb- 2X;X .S* ZSA- +�M ?2HT `2+QMbi`m+iBQMb bi�`i +HQb2 iQ
i?2 ;HQ#�H QTiBKmK (k3)- BMBiB�HBx�iBQM rBi? x2`Q T?�b2 Bb Q7i2M `Q#mbi 2MQm;? iQ }M/ �M
�++m`�i2 bQHmiBQM �b /2KQMbi`�i2/ BM *?�Ti2` 8X �/QTiBM; L2bi2`QpǶb �++2H2`�iBQM b+?2K2
#2ir22M i?2 Bi2`�iBQMb- i?2 +QMp2`;2M+2 `�i2 BKT`Qp2b 7`QK bm#HBM2�` `2bmHi Q7 O(1/k) iQ i?2
QTiBK�H `2bmHi Q7 O(1/k2) 7Q` }`bi Q`/2` K2i?Q/bX *QK#BMBM; T`QtBK�H ;`�/B2Mi /2b+2Mi �M/
L2bi2`QpǶb �++2H2`�iBQM Bb �HbQ FMQrM �b i?2 6�bi Ai2`�iBp2 a?`BMF�;2@h?`2b?QH/BM; �H;Q`Bi?K
U6Aah�V (93)X

RX9 *Q/2/ AHHmKBM�iBQM lbBM; �M G1. �``�v
AM a2+X RXk- r2 H2�`M i?�i Bi Bb TQbbB#H2 iQ �+?B2p2 k.fj. ZSA #v Tm`2Hv +QMi`QHHBM; i?2
T�ii2`Mb Q7 � HB;?i bQm`+2 (k8- jk)X JQbi Q7 i?2b2 ZSA K2i?Q/b b?�`2 b2p2`�H #2M2}ib- BM+Hm/@
BM; ?B;? `2bQHmiBQM +QKT�`2/ iQ BMi2`72`QK2i`v mbBM; +Q?2`2Mi HB;?i- 7�bi BK�;2 �+[mBbBiBQM
rBi?Qmi KQpBM; T�`ib- �M/ ?B;? +QKT�iB#BHBiv rBi? Qz@i?2@b?2H7 QTiB+�H KB+`Qb+QTv bvbi2KbX

aBM+2 KmHiBTH2 K2�bm`2K2Mib mM/2` p�`BQmb BHHmKBM�iBQM b2iiBM;b �`2 `2[mB`2/ iQ `2@
+Qp2` [m�MiBi�iBp2 T?�b2- +Q/2/ BHHmKBM�iBQM i2+?MB[m2b `2[mB`2 � T`Q;`�KK�#H2 HB;?i bQm`+2X
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6B;m`2 RXe, G1. �``�v KB+`Qb+QT2 `2TH�+2b +QMp2MiBQM�H BHHmKBM�iBQM T�i? rBi? � T`Q@
;`�KK�#H2 G1. �``�v BM � /Bbi�M+2 UzLEDV 7`QK i?2 Q#D2+i TH�M2X q?2M i?2 `�iBQ #2ir22M
6Qo �M/ i?2 zLED Bb bK�HH 2MQm;?- 2�+? G1. �+ib �b � bT�iB�HHv +Q?2`2Mi HB;?i bQm`+2X �M/
bBKTHv brBi+?BM; i?2 BHHmKBM�iBQM T�ii2`Mb T`QpB/2 p�`BQmb FBM/b Q7 BK�;2 +QMi`�bi- bm+? �b
#`B;?i}2H/- /�`F}2H/- .S*- �M/ bT�iB�H +Q?2`2Mi /Bz`�+iBQMX

h?2`2 �`2 K�Mv /2pB+2b i?�i 2M�#H2 HB;?i K�MBTmH�iBQM- bm+? �b :�HpQ KB``Q`b- .B;Bi�H JB@
+`QKB``Q` .2pB+2b U.J.V- �M/ T?�b2 aT�iB�H GB;?i JQ/mH�iQ`b UaGJVX >Qr2p2`- i?2 2tT2M@
bBp2 +Qbib �M/ #mHFv `2H�v QTiB+b K�F2 i?2K bm#@QTiBK�HX AM �//BiBQM- HBKBi2/ imM�#H2 `�M;2
Q` bK�HH T�M2H bBx2 T`2p2Mib i?2K 7`QK ;2M2`�iBM; ?B;? �M;H2 Q#HB[m2 BHHmKBM�iBQMb- r?B+? Bb
+`BiB+�H 7Q` `2+QMbi`m+iBM; �++m`�i2 �M/ ?B;? `2bQHmiBQM T?�b2 `2bmHib- rBi?Qmi �//BM; �MQi?2`
4f bvbi2K QM iQT Q7 i?2 KB+`Qb+QT2X AM i?2 7QHHQrBM; *?�Ti2`b- �M G1. �``�v KB+`Qb+QT2 BM
6B;X RXe Bb mb2/ iQ b2`p2 �b i?2 �+iBp2 BHHmKBM�iBQM /2pB+2X Ai ?�b #22M /2KQMbi`�i2/ i?�i /B7@
72`2Mi BK�;2 +QMi`�bib- BM+Hm/BM; #`B;?i}2H/- /�`F}2H/- .S*- +�M #2 ;2M2`�i2/ rBi? +Q/2/
G1. T�ii2`Mb rBi?Qmi �//BiBQM�H QTiB+b (9N- 8y)X "v TH�+BM; i?2 TH�M�` �``�v b2p2`�H cm
�r�v 7`QK i?2 Q#D2+i TH�M2 QM � LBFQM h1jyy BMp2`i2/ KB+`Qb+QT2- Q#HB[m2 BHHmKBM�iBQMb mT
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iQ 0.8NA Q` 53◦ +�M #2 T`Q/m+2/ BM � +QKT�+i bvbi2KX J�Mv ZSA K2i?Q/b `2[mB`2 bT�iB�HHv
+Q?2`2Mi HB;?i bQm`+2b iQ `2p2�H T?�b2 +QMi`�bi (Re- j8- 8R- R8)- �M/ 7Q`r�`/ KQ/2Hb r2`2
/2p2HQT2/ mM/2` Eƺ?H2` BHHmKBM�iBQM i?�i /2+QKTQb2b i?2 BHHmKBM�iBQM BMiQ KmHiBTH2 Kmim@
�HHv +Q?2`2Mi Q` BM+Q?2`2Mi TH�M2 r�p2b �i i?2 Q#D2+i TH�M2 7Q` mMB7Q`K +QMi`�bi �+`Qbb i?2
6Qo(k8- jk- 8k)X AM Q`/2` iQ �/�Ti i?Qb2 ZSA i2+?MB[m2b- i?2 �``�M;2K2Mi Q7 i?2 G1. �``�v
b?QmH/ #2 +�`27mHHv /2bB;M2/X � b+?2K�iB+ Q7 i?2 BHHmKBM�iBM; KQ/mH2 Bb /`�rM BM 6B;X RXe-
r?2`2 DLED Bb i?2 T?vbB+�H bBx2 Q7 i?2 G1. �M/ zLED /2MQi2b i?2 /Bbi�M+2 #2ir22M i?2 Q#@
D2+i TH�M2 �M/ i?2 �``�vX 1�+? TQBMi QM i?2 G1. 2KBib � bT?2`B+�H r�p2 i?�i Bb BM+Q?2`2Mi
rBi? Qi?2`bX "�b2/ QM i?2 o�M *Bii2`iĜw2`MBF2 i?2Q`2K (8j- 89)- i?2 7�`@}2H/ Q7 � bBM;H2
G1. bQm`+2 Bb +QMbB/2`2/ bT�iB�HHv +Q?2`2Mi r?2M 2�+? TQbBiBQM BM i?2 6Qo ?�b � +QM2 Q7
�++2Ti�M+2- ψ ≈ DLED/zLED- bK�HH2` i?�M λ/FoVX :Bp2M �M G1. rBi? }t2/ bBx2 �M/ +2Mi`�H
r�p2H2M;i? �b r2HH �b � bT2+B}2/ 6Qo- i?2 �``�v /Bbi�M+2 b?QmH/ #2 �/Dmbi2/ �b,

zLED >
DLED × FoV

λ
. URXj9V

AM i?Bb rQ`F- 2�+? G1. Bb �#Qmi 300µm rB/2 �M/ ?�b � +2Mi`�H r�p2H2M;i? Q7 0.514µm-
�M/ i?2 6Qo `�M;2b 7`QK i2Mb Q7 µm iQ Qp2` � ?mM/`2/ µm #v mbBM; Q#D2+iBp2 H2Mb2b rBi?
p�`BQmb K�;MB}+�iBQMb �M/ �M b*JPa +�K2`� US*PX2/;2 8X8- 6.5µm TBt2H bBx2VX >2M+2- i?2
G1. �``�v Bb TH�+2/ 40 ∼ 70mm �r�v r?2M bT�iB�H +Q?2`2M+2 Bb `2[mB`2/X AM �//BiBQM- i?2
HB;?i T`QT�;�i2b bm{+B2MiHv 7�` U+QKT�`2/ iQ i?2 6QoV i?�i i?2 r�p27`QMi +HQb2 iQ i?2 Q#D2+i
TH�M2 #2+QK2b ~�i HBF2 � TH�M2 r�p2X h?�MFb iQ 7�bi brBi+?BM; 2H2+i`QMB+b- bQm`+2 T�ii2`Mb
�Hi2`M�i2 rBi?BM � bK�HH 7`�+iBQM Q7 i?2 2tTQbm`2 iBK2- r?B+? 2M�#H2b +�K2`�@HBKBi2/ /�i�
�+[mBbBiBQM `�i2bX �HH T`QT2`iB2b K2MiBQM2/ �#Qp2 BKTHv i?�i �HKQbi �HH ZSA H2p2`�;BM; +Q/2/
BHHmKBM�iBQM +�M #2 `2�HBx2/ QM i?2 HQr@+Qbi KB+`Qb+QT2X

RX8 .Bbb2`i�iBQM PmiHBM2
aQ 7�` r2 ?�p2 `2pB2r2/ i?2 #�bB+ FMQrH2/;2 Q7 QTiB+�H KB+`Qb+QTv �M/ mM/2`HvBM; T?vbB+b-
�M/ BMi`Q/m+2/ i?2 G1. �``�v KB+`Qb+QT2 i?�i b2`p2`b �b � +QMp2MB2Mi TH�i7Q`K iQ /2p2HQT
MQp2H ZSA i2+?MB[m2b mbBM; +Q/2/ BHHmKBM�iBQMX AM i?2 7QHHQrBM; +?�Ti2`b- /2i�BH2/ /2`Bp�iBQM-
/Bb+mbbBQM- �M�HvbBb- �M/ 2tT2`BK2Mi�H `2bmHib Q7 i?2 T`QTQb2/ KmHiB/BK2MbBQM�H ZSA K2i?Q/b
�`2 T`2b2Mi2/X q2 rBHH /2KQMbi`�i2 i?�i +QKTmi�iBQM�H KB+`Qb+QTv +�M #2 #Qi? T`�+iB+�H
�M/ TQr2`7mH- ?QTBM; iQ �ii`�+i KQ`2 T2QTH2 iQ BMi2;`�i2 ZSA QM i?2B` KB+`Qb+QT2b �M/ Tmb?
b+B2M+2 7Q`r�`/X 6`QK k. T?�b2 BK�;BM; iQ j. T?�b2 iQKQ;`�T?v- i?2 `2bi Q7 i?2 i?2bBb Bb
Q`;�MBx2/ �b 7QHHQrb,

Ç *?�Ti2` k BKTH2K2Mib .S* ZSA rBi? +QHQ`@KmHiBTH2tBM; 7Q` `2�H@iBK2 KmHiB@+QMi`�bi
BK�;BM;X JQbi Q7 i?2 ZSA K2i?Q/b- BM+Hm/BM; +QMp2MiBQM�H .S*- `2[mB`2 KmHiBTH2 K2�@
bm`2K2Mib iQ �+?B2p2 `2HB�#H2 T?�b2 `2i`B2p�HX h?Bb b�+`B}+2b i?2 i2KTQ`�H `2bQHmiBQM-
r?B+? HBKBib i?2B` �TTHB+�iBQMb BM BK�;BM; KQpBM; Q#D2+ibX >Qr2p2`- BK�;2b 7Q`K2/
mM/2` /Bz2`2Mi BHHmKBM�iBQM T�ii2`Mb +�M #2 2M+Q/2/ �M/ /2+Q/2/ bBKmHi�M2QmbHv rBi?
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�M _:" G1. �``�v �M/ � +QHQ` +�K2`�X �b � `2bmHi- i?2 T`QTQb2/ +QHQ`@KmHiBTH2t2/
.S* T`QpB/2b +�K2`�@HBKBi2/ 7`�K2 `�i2 �M/ KBMBKBx2b KQiBQM #Hm`X

Ç *?�Ti2` j b?Qrb �M BHHmKBM�iBQM /2bB;M +QKTQbBM; #Qi? bT�iB�HHv +Q?2`2Mi �M/ T�`iB�HHv
+Q?2`2Mi HB;?i- �M/ /2p2HQTb �M �H;Q`Bi?K iQ DQBMiHv 2biBK�i2 �#bQ`TiBQM- T?�b2 �M/
bvbi2K �#2``�iBQMbX aBM+2 QMHv 9 K2�bm`2K2Mib �`2 `2[mB`2/- i2KTQ`�H +?�M;2b BM
[m�MiBi�iBp2 T?�b2 �M/ TmTBH �#2``�iBQMb +�M #2 `2bQHp2/X �i i?2 b�K2 iBK2- bT�iB�HHv@
p�`vBM; �#2``�iBQMb �`2 +�HB#`�i2/ #v b2T�`�i2Hv T`Q+2bbBM; KmHiBTH2 `2;BQMb rBi?BM i?2
r?QH2 6QoX

Ç *?�Ti2` 9 /2KQMbi`�i2b �M BMimBiBp2 r�v iQ ;�i?2` j. T?�b2 +QMi`�bi mbBM; .S* 7Q`
j. _A `2+Qp2`vX q?2M bT�iB�HHv T�`iB�H +Q?2`2Mi BHHmKBM�iBQM Bb mb2/- i?2 .Q6 #2+QK2b
M�``Qr �M/ Qmi@Q7@7Q+mb BM7Q`K�iBQM +�MMQi `2�+? i?2 BK�;2 TH�M2X "v b+�MMBM; 7Q+B
i?`Qm;? i?2 j. Q#D2+i rBi? .S* BHHmKBM�iBQMb- j. �#bQ`TiBQM �M/ T?�b2 +QMi`�bi
�`2 +�Tim`2/X "�b2/ QM � r2�FHv b+�ii2`BM; �bbmKTiBQM- r2 /2`Bp2 � j. HBM2�` 7Q`@
r�`/ KQ/2H �M/ i?2 +Q``2bTQM/BM; /2+QMpQHmiBQM �H;Q`Bi?K i?�i `2+QMbi`m+ib j. _A
Q7 p�`BQmb #BQHQ;B+�H b�KTH2bX

Ç *?�Ti2` 8 T`QTQb2b �M �++m`�i2 �M/ 2{+B2Mi j. KmHiBTH2@b+�ii2`BM; KQ/2H iQ BK�;2
�M QTiB+�HHv /2Mb2 Q#D2+iX �b T?�b2 +QMi`�bi �M/ i?B+FM2bb Q7 i?2 Q#D2+i BM+`2�b2b- i?2
HBM2�` KQ/2Hb mb2/ BM T`2pBQmb +?�Ti2`b 7�BH /m2 iQ KmHiBTH2@b+�ii2`BM; 2z2+ibX >2M+2-
� KQ`2 `B;Q`Qmb HB;?i b+�ii2`BM; KQ/2H �b r2HH �b i?2 j. T?�b2 iQKQ;`�T?v 7`�K2rQ`F
�`2 /2p2HQT2/ iQ �+?B2p2 ?B;?@`2bQHmiBQM H�`;2 pQHmK2 j. ZSAX

Ç *?�Ti2` e bmKK�`Bx2b i?2 +QMi`B#miBQM Q7 i?Bb /Bbb2`i�iBQM �M/ HBbib � 72r TQi2MiB�H
/B`2+iBQMb iQ BKT`Qp2 j. ZSA rBi? +Q/2/ BHHmKBM�iBQMX



RN

*?�Ti2` k

_2�H@hBK2 Zm�MiBi�iBp2 S?�b2
AK�;BM; rBi? *QHQ` JmHiBTH2tBM;

kXR aBM;H2@a?Qi .S* Zm�MiBi�iBp2 S?�b2 AK�;BM;
�KQM;bi i?2 rB/2 �``�v Q7 2tBbiBM; ZSA K2i?Q/b- b2p2`�H �`2 bBM;H2@b?Qi i2+?MB[m2bX Pz@�tBb
?QHQ;`�T?v BMi2`72`2b i?2 b�KTH2 #2�K rBi? � iBHi2/ `272`2M+2 #2�K- i?2M `2+Qp2`b T?�b2
#v 6Qm`B2` }Hi2`BM; (R8)X S�`�HH2H T?�b2@b?B7iBM; +�M bT�iB�HHv KmHiBTH2t b2p2`�H ?QHQ;`�Kb
rBi?BM � bBM;H2 2tTQbm`2 pB� �M �``�v Q7 TQH�`Bx2`b (88)X �M/ bBM;H2@b?Qi ZSA �//@QMb #�b2/
QM �KTHBim/2 ;`�iBM;b rQ`F rBi? +QKK2`+B�H KB+`Qb+QT2b- `2TH�+BM; i?2 i`�/BiBQM�H +�K2`�
KQ/mH2 (8e- 8d)X �MQi?2` �//@QM QTiBQM mb2b irQ +�K2`�b iQ +�Tim`2 /27Q+mb2/ BK�;2b
r?B+? +�M i?2M #2 mb2/ iQ bQHp2 i?2 hA1 (83)X �Hi2`M�iBp2Hv- B7 +?`QK�iB+ �#2``�iBQMb �`2
H�`;2 2MQm;?- i?2v +�M 2M�#H2 bBM;H2@b?Qi +QHQ` hA1 (8N) rBi?Qmi �Mv ?�`/r�`2 +?�M;2bX �HH
Q7 i?2b2 K2i?Q/b `2[mB`2 i?2 bQK2 bT�iB�H Q` i2KTQ`�H +Q?2`2M+2- HBKBiBM; `2bQHmiBQM- #mi
T`QpB/2 +�K2`�@HBKBi2/ 7`�K2 `�i2bX

Pm` �TT`Q�+? /2b+`B#2/ BM i?Bb +?�Ti2`- i2`K2/ +QHQ` .Bz2`2MiB�H S?�b2 *QMi`�bi U+.S*V-
`2[mB`2b QMHv � bBM;H2 +QHQ` BK�;2 7Q` KmHiBTH2tBM; bQm`+2 T�ii2`MbRX h?`22 _:" bQm`+2 +QHQ`
+?�MM2Hb �`2 mb2/ iQ /BbTH�v i?`22 /Bz2`2Mi ?�H7@+B`+H2 bQm`+2 T�ii2`MbX h?Bb +QM+2Ti Q7 +QHQ`
KmHiBTH2tBM; Bb bBKBH�` iQ i?�i mb2/ BM T?QiQ;`�T?B+ /2Ti? `�M;BM; (ey)X � 9i? BK�;2 BM
Q`B;BM�H .S* K2i?Q/ (jk) Bb MQi M22/2/- bBM+2 Bib BM7Q`K�iBQM +�M #2 2ti`�+i2/ #v i�FBM; i?2
bmK Q7 irQ BK�;2b �+[mB`2/ rBi? QTTQbBi2 ?�H7@+B`+H2 BHHmKBM�iBQMb U� bvMi?2iB+ #`B;?i}2H/
BK�;2V �M/ bm#i`�+iBM; i?�i Q7 � Ny /2;`22 `Qi�i2/ ?�H7@+B`+H2 bQm`+2X h?mb +.S* `2[mB`2
QMHv j BHHmKBM�iBQM T�ii2`Mb �M/ j K2�bm`2K2Mib- r?B+? �`2 +QHH2+i2/ BM � bBM;H2 b?Qi mbBM;
� _:" "�v2` }Hi2` b2MbQ`X PM2 +�M �+?B2p2 +.S* #v BKTH2K2MiBM; i?2 bQm`+2 T�ii2`M BM �M
G1. �``�v KB+`Qb+QT2- r?B+? Qz2`b K�Mv BK�;BM; KQ/�HBiB2b BM QM2 TH�i7Q`K (k8- jR- jk- 9N-
8y- eR- ek)X >Qr2p2`- i?2 T`QTQb2/ +QM};m`�iBQM /Q2b MQi `2[mB`2 � /vM�KB+ bQm`+2- K�FBM;
Bi TQbbB#H2 iQ mb2 � bi�iB+ KmHiB@+QHQ` }Hi2` TH�+2/ BM i?2 +QM/2Mb2` #�+F 7Q+�H TH�M2- �bbmKBM;

Rh?Bb rQ`F r�b T2`7Q`K2/ BM +HQb2 +QHH�#Q`�iBQM rBi? w�+?�`v 6X S?BHHBTb Uq�HH2` G�#- 11*a- l*
"2`F2H2vVX



*>�Sh1_ kX _1�G@hAJ1 Zl�LhAh�hAo1 S>�a1 AJ�:AL: qAh> *PGP_
JlGhASG1sAL: ky
Eƺ?H2` BHHmKBM�iBQMX "Qi? +QM};m`�iBQMb bBKTHB7v ?�`/r�`2 �M/ `2/m+2 +Qbib bB;MB}+�MiHv
�b +QKT�`2/ iQ T?�b2 +QMi`�bi Q` .A*- r?BH2 T`QpB/BM; [m�MiBi�iBp2 T?�b2- r?B+? Bb KQ`2
;2M2`�H �M/ +�M #2 mb2/ iQ bvMi?2bBx2 #Qi? Q7 i?2 �7Q`2K2MiBQM2/ K2i?Q/b /B;Bi�HHv (ej)X

6B;m`2 kXR, aBM;H2@b?Qi +QHQ` .Bz2`2MiB�H S?�b2 *QMi`�bi U+.S*V KB+`Qb+QTvX �V PTiB+�H
b+?2K�iB+ Q7 � #`B;?i}2H/ KB+`Qb+QT2 rBi? � +.S* +QHQ` }Hi2` TH�+2/ �i i?2 #�+F 7Q+�H TH�M2 Q7
i?2 +QM/2Mb2` BM Eƺ?H2` +QM};m`�iBQMX #V AMbi�HH�iBQM BM LBFQM h1jyy KB+`Qb+QT2 +QM/2Mb2`
im``2iX +V _2+QMbi`m+iBQM, i?2 +�Tim`2/ +QHQ` BK�;2 Bb b2T�`�i2/ BMiQ Bib _:" +QKTQM2Mib-
r?B+? �`2 i?2M mb2/ iQ `2+Qp2` irQ mMFMQrMb U�#bQ`TiBQM �M/ T?�b2V pB� � r2HH@TQb2/ HBM2�`
/2+QMpQHmiBQMX h?2 b�KTH2 Bb � KB+`Q@H2Mb �``�v U6`2bM2H h2+?MQHQ;B2b ey8VX /V *�. KQ/2H
�M/ BK�;2 Q7 7�#`B+�i2/ +.S* BMb2`iX

>�`/r�`2 /2bB;M
�b BM +QMp2MiBQM�H .S*- Qm` K2i?Q/ `2[mB`2b K2�bm`2K2Mib Q7 i?2 b�KTH2 BHHmKBM�i2/ #v
FMQrM �bvKK2i`B+ bQm`+2bX >Qr2p2`- BM Qm` +�b2 i?2 j ?�H7@+B`+H2 bQm`+2b �`2 im`M2/ QM
bBKmHi�M2QmbHv U7Q` 2t�KTH2- BM 2�+? Q7 i?2 i?`22 +QHQ` +?�MM2Hb Q7 �M G1. �``�vVX aBM+2
/vM�KB+ bQm`+2 T�ii2`MBM; Bb MQ HQM;2` M22/2/- Bi Bb MQi M2+2bb�`v iQ `2TH�+2 i?2 2MiB`2
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BHHmKBM�iBQM mMBi Q7 i?2 KB+`Qb+QT2 rBi? �M G1. �``�vX AMbi2�/- r2 +�M K�F2 mb2 Q7 i?2
KB+`Qb+QT2Ƕb 2tBbiBM; +QM/2Mb2` mMBi- r?B+? ?�b � im``2i +QKKQMHv mb2/ 7Q` T?�b2 +QMi`�bi
BMb2`ib Q` .A* T`BbKbX h?Bb BMi2`K2/B�i2 TH�M2 +�M mbm�HHv #2 �++2bb2/ 2�bBHv #v `2KQpBM;
i?2 K2+?�MB+�H BMb2`ibX >2`2- � bBKTH2 j. T`BMi2/ +QHQ` }Hi2` i?�i Bb TH�+2/ BM i?2 +QM/2Mb2`
im``2i Q7 � LBFQM h1jyy KB+`Qb+QT2 U6B;m`2 kXR�VX

h?2 }Hi2` T`QiQivT2 +QMbBbib Q7 SQHv2i?vH2M2 h2`2T?i?�H�i2 US1hV +QHQ` }Hi2`b UG22 6BH@
i2`- AM+XV r?B+? r2`2 H�b2` +mi iQ bBx2 �M/ BMbi�HH2/ BMiQ � j. T`BMi2/ BMb2`i /2bB;M2/ iQ }i
Qm` KB+`Qb+QT2X L�``Qr #�M/rB/i? BHHmKBM�iBQM }Hi2`b- 2X;X KmHiB@H�v2` +Q�i2/ ;H�bb- rQmH/
T`QpB/2 #2ii2` bT2+i`�H b2H2+iBpBiv- #mi bmz2` 7`QK HQr HB;?i i?`Qm;?Tmi �M/ ?B;? +QbiX h?2`2@
7Q`2- i?2 BM2tT2MbBp2 �M/ 2�bv@iQ@+mi S1h }HK }Hi2`b r2`2 +?Qb2Mc i?2 `2bmHiBM; +`Qbb@i�HF
#2ir22M +QHQ` +?�MM2Hb rBHH #2 �++QmMi2/ 7Q` BM TQbi@T`Q+2bbBM;- /2b+`B#2/ #2HQrX

h?2 iQi�H +Qbi Q7 `�r K�i2`B�Hb Bb �TT`QtBK�i2Hv $30 �M/ }Hi2`b r2`2 T`Q/m+2/ [mB+FHv
rBi? � j. T`BMi2` �M/ H�b2` +mii2`X PM2 }Hi2` Bb b?QrM BM 6B;m`2 kXR/c Bi r�b BMbi�HH2/ BM
i?2 +QM/2Mb2` im``2i Q7 �M BMp2`i2/ KB+`Qb+QT2 U6B;m`2 kXR#V- `2TH�+BM; QM2 Q7 i?2 `2KQp�#H2
T?�b2 +QMi`�bi US?R- S?k Q` S?jV BMb2`ibX

*�HB#`�iBQM
A/2�HHv- i?2 +QHQ` }Hi2`b rQmH/ T`QpB/2 T2`72+i b2T�`�iBQM Q7 i?2 i?`22 bQm`+2 T�ii2`Mb BMiQ i?2
i?`22 +QHQ` +?�MM2HbX AM `2�HBiv- #Qi? i?2 BHHmKBM�iBQM �M/ +�K2`� +QHQ` +?�MM2Hb ?�p2 +`Qbb@
i�HF #2ir22M i?2 /2bB`2/ r�p2H2M;i?bX hQ �++QmMi 7Q` i?Bb- bvbi2K +�HB#`�iBQM Bb b2T�`�i2/
BMiQ irQ b2T�`�i2 bi2Tb, /2i2+iBQM@bB/2 �M/ BHHmKBM�iBQM@bB/2X

AHHmKBM�iBQM@bB/2 +�HB#`�iBQM +Q``2+ib 7Q` i?2 `2H�iBp2 bT2+i`�H i`�MbKBii�M+2 Q7 2�+? Q7
i?2 bQm`+2 +QHQ` }Hi2`bX h?2 BHHmKBM�iBQM T�ii2`M bBKmHi�M2QmbHv 2M+Q/2b i?`22 ?�H7@+B`+H2
bQm`+2b- QM2 2�+? 7Q` i?2 _:" +QHQ` +?�MM2HbX _2/ �M/ ;`22M �`2 QTTQbBi2 ?�H7@+B`+H2b- �M/
#Hm2 Bb `Qi�i2/ #v Ny /2;`22b `2H�iBp2 iQ i?2 Qi?2`bX q?2`2 i?2 #Hm2 �M/ ;`22M T�ii2`Mb
Qp2`H�T- � +v�M }Hi2` U#Hm2 Y ;`22MV r�b mb2/X q?2`2 i?2 #Hm2 �M/ `2/ T�ii2`Mb Qp2`H�T-
� Tm`TH2 }Hi2` U#Hm2 Y `2/V r�b mb2/X >2M+2- i?2 }M�H }Hi2` /2bB;M �+im�HHv +QMi�BMb 7Qm`
[m�/`�Mib ?�pBM; `2/- ;`22M- +v�M �M/ Tm`TH2 }Hi2`b Ub22 6B;X kXkVX

q?2M }Hi2`2/ #v i?2 b2MbQ` "�v2` T�ii2`M- i?2 }Hi2`bǶ bT2+i`� �`2 MQi Q`i?Q;QM�HX h?Bb
+�M #2 b22M BM i?2 bT2+i`� Q7 2�+? S1h }HK �7i2` +�Tim`2 rBi? � +QHQ` +�K2`� UH27i +QHmKM
Q7 6B;X kXkVX h?2 `2bmHi Bb �M mM/2bB`�#H2 HQbb Q7 �bvKK2i`v BM i?2 bQm`+2 i?�i `2/m+2b T?�b2
aL_X >Qr2p2`- i?2 �bvKK2i`v Bb �++QmMi2/ 7Q` /m`BM; i?2 `2+QMbi`m+iBQM #v KQ/2HBM; i?2
bQm`+2 T�ii2`Mb �b BM 6B;X kXkX

.2i2+iBQM@bB/2 +�HB#`�iBQM �++QmMib 7Q` bT2+i`�H +`Qbb@i�HF Q7 i?2 +�K2`� +QHQ` +?�MM2HbX
ai�M/�`/ _:" "�v2` }Hi2`b /Q MQi T`QpB/2 T2`72+i /Bb+`BKBM�iBQM #2ir22M _:" r�p2H2M;i?b-
#mi +QmTHBM; �`iB7�+ib +�M #2 `2KQp2/ #v +�HB#`�iBQMX :Bp2M i?2 TBt2H p�Hm2b 7`QK i?2 `�r
+QHQ` BK�;2 rBi? �M _::" "�v2` }Hi2` UIr- Ig1- Ig2- IbV- Bi Bb TQbbB#H2 iQ bQHp2 7Q` i?2
/2+QmTH2/ +QHQ` BK�;2 UIR- IG- IBV i?�i rQmH/ #2 Q#i�BM2/ B7 i?2 b�KTH2 r2`2 BHHmKBM�i2/
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rBi? � bBM;H2 +QHQ`- �++Q`/BM; iQ i?2 7QHHQrBM; 2[m�iBQM-

⎡

⎢⎢⎣

Ir
Ig1
Ig2
Ib

⎤

⎥⎥⎦ = C

⎡

⎣
IR
IG
IB

⎤

⎦ . UkXRV

h?2 K�i`Bt C Bb � 9×j +�HB#`�iBQM K�i`Bt /2b+`B#BM; i?2 +QmTHBM; #2ir22M 2�+? +QHQ` +?�MM2HX
Ai Bb ;2M2`�i2/ #v }Hi2`BM; i?2 #`Q�/#�M/ bQm`+2 rBi? 2�+? }Hi2` BM/2T2M/2MiHv- i?2M K2�bm`@
BM; i?2 `2H�iBp2 `2/ UIRV- ;`22M UIGV �M/ #Hm2 UIBV `2�/@Qmib iQ TQTmH�i2 i?2 +Q``2bTQM/BM;
+QHmKM p2+iQ`b Q7 i?2 C K�i`BtX h?2 `�iBQ #2ir22M i?2 BMi2MbBiB2b Q7 2�+? ~�i@}2H/ BK�;2
�i 2�+? /2i2+iBQM +?�MM2H T`QpB/2b � HBM2�` r2B;?iBM; Q7 i?2 +QMi`B#miBQM Q7 2�+? bQm`+2 iQ
Qm` +QHQ` K2�bm`2K2MiX PM+2 C ?�b #22M K2�bm`2/ QM+2- Bi +�M #2 mb2/ iQ T`2@T`Q+2bb �HH
H�i2` K2�bm`2K2Mib #v bQHpBM; 1[X UkXRVX h?Bb bi2T Bb BKTQ`i�Mi 7Q` `2/m+BM; �`iB7�+ib BM i?2
T?�b2 `2bmHibX

�MQi?2` BKTQ`i�Mi bi2T 7Q` +.S* Bb iQ �++QmMi 7Q` r�p2H2M;i?@/2T2M/2Mi +?�M;2b BM
T?�b2 �M/ bT�iB�H 7`2[m2M+vX .S* `2+Qp2`b �#bQ`TiBQM UµV �M/ T?�b2 UφV BM7Q`K�iBQM 7`QK
BMi2MbBiv K2�bm`2K2MibX h?2b2 [m�MiBiB2b �`2 /2}M2/ �b,

µ =
2π

λ0
αd, φ =

2π

λ0
nd, UkXkV

r?2`2 λ0 Bb � `272`2M+2 r�p2H2M;i?- d Bb i?2 i?B+FM2bb Q7 i?2 b�KTH2- n `2T`2b2Mib _A �M/
α BM/B+�i2b �#bQ`TiBQM +Q2{+B2MiX �#bQ`TiBQM �M/ T?�b2 i`�Mb72` 7mM+iBQMb �`2 /2i2`KBM2/
#v BHHmKBM�iBQM NA- Q#D2+iBp2 NA �M/ BHHmKBM�iBQM r�p2H2M;i? (jk)X AM i?2 T`QTQb2/ +.S*
K2i?Q/- i?2 i`�Mb72` 7mM+iBQMb Kmbi �HbQ +QMbB/2` i?2 +?�M;2 BM r�p2H2M;i? Q7 2�+? +QHQ`
+?�MM2HX S?�b2 UφV /2T2M/b QM r?B+? r�p2H2M;i? Bb mb2/X "v �bbmKBM; MQ /BbT2`bBQM BM
i?2 b�KTH2- Bi Bb TQbbB#H2 iQ mb2 1[X UkXkV iQ bvMi?2bBx2 T?�b2 7Q` �Mv r�p2H2M;i? #v bBKTHv
KmHiBTHvBM; i?2 QTiB+�H T�i? H2M;i? UndV #v i?2 r�p2 MmK#2` U2πλ0

V Q7 � /2bB`2/ `272`2M+2
r�p2H2M;i? λ0X

6Q`r�`/ KQ/2H Q7 +.S*
h?2 7Q`r�`/ KQ/2H Q7 +.S* Bb i?2 b�K2 �b i?2 KQMQ+?`QK�iB+ .S* BK�;2 7Q`K�iBQM BM
1[X URXRdV- 2t+2Ti i?2 i`�Mb72` 7mM+iBQMb #2+QK2 r�p2H2M;i? /2T2M/2MiX �bbmK2 i?�i In Bb
i?2 MQ`K�HBx2/ +QHQ` BMi2MbBiv K2�bm`2K2Mi- �M/ Hµ �M/ Hφ �`2 i?2 r�p2H2M;i?@/2T2M/2Mi
i`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/ T?�b2- Bi +�M #2 2tT`2bb2/ BM bT�iB�H 7`2[m2M+v /QK�BM
�b

Ĩn(u,λ) = Hµ(u,λ)µ̃(u) + iHφ(u,λ)φ̃(u), UkXjV
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6B;m`2 kXk, h`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/ T?�b2 +QMi`�bi BM 2�+? +.S* +QHQ` +?�MM2HX
G27i, aT2+i`�H +QMi`B#miBQM Q7 2�+? BHHmKBM�iBQM }Hi2` �b +�Tim`2/ #v i?2 +�K2`�Ƕb "�v2` T�i@
i2`MX h?2 7QHHQrBM; +QHmKMb b?Qr i?2 bQm`+2 `2T`2b2Mi2/ BM 2�+? BK�;2- �M/ i?2 +QKTQM2Mib
Q7 i?2 �#bQ`TiBQM �M/ T?�b2 i`�Mb72` 7mM+iBQMb BM i?2 bT�iB�H 7`2[m2M+v /QK�BMX "QiiQK `Qr,
bmK Q7 2�+? +QHmKM- `2T`2b2MiBM; i?2 +�HB#`�i2/ �M/ b+�H2/ bQm`+2 �M/ i?2 iQi�H +Qp2`�;2 Q7
�#bQ`TiBQM �M/ T?�b2 i`�Mb72` 7mM+iBQMb- `2bT2+iBp2HvX

r?2`2 u Bb k. bT�iB�H 7`2[m2M+v +QQ`/BM�i2b �M/ ·̃ /2MQi2b 6Qm`B2` i`�Mb7Q`KX :Bp2M � FMQrM
bQm`+2 USV- �M/ TmTBH 7mM+iBQM UP V r?B+? r2 KQ/2H �b � +B`+H2 rBi? `�/Bmb b2i #v i?2 Q#D2+iBp2
NA �M/ λ- i?2 i`�Mb72` 7mM+iBQMb �`2 (jk- jj),

Hµ(u,λ) =
[
P (u,λ) ⋆

(
P (u,λ)S(u,λ)

)
+
(
P (u,λ)S(u,λ)

)
⋆ P (u,λ)

]
UkX9V

Hφ(u,λ) =
λ0
λ

[
P (u,λ) ⋆

(
P (u,λ)S(u,λ)

)
−

(
P (u,λ)S(u,λ)

)
⋆ P (u,λ)

]
, UkX8V

r?2`2 ⋆ /2MQi2b +`Qbb@+Q``2H�iBQMX LQi2 i?�i #2+�mb2 bT�iB�H 7`2[m2M+v Bb � 7mM+iBQM Q7
r�p2H2M;i?- i?2 bQm`+2 b?�T2 S(λ) �M/ TmTBH 7mM+iBQM P (λ) �HbQ /2T2M/ QM r�p2H2M;i?X
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aT2+B}+�HHv- i?2 /B�K2i2`b Q7 i?2 bQm`+2 �M/ i`�Mb72` 7mM+iBQMb BM 6Qm`B2` bT�+2 �`2 BMp2`b2Hv
T`QTQ`iBQM�H iQ i?2 r�p2H2M;i? Q7 i?2 +QHQ` +?�MM2HX >2M+2- #Hm2 BHHmKBM�iBQM T`QpB/2b H�`;2`
6Qm`B2` bT�+2 +Qp2`�;2 �M/ #2ii2` `2bQHmiBQM i?�M `2/X h?2 7Q`r�`/ KQ/2H �++QmMib 7Q` i?2b2
/Bz2`2M+2b BM i?2 +QHQ` +?�MM2HǶb i`�Mb72` 7mM+iBQMX 6B;m`2 kXk b?Qrb i?2 �#bQ`TiBQM �M/ T?�b2
i`�Mb72` 7mM+iBQMb 7Q` λ = 0.450µm- λ = 0.546µm �M/ λ = 0.670µm- rBi? iQT@H27i- iQT@`B;?i
�M/ #QiiQK@H27i ?�H7@+B`+H2 bQm`+2b- `2bT2+iBp2HvX

1t�KBMBM; 6B;X kXk- Bi Bb +H2�` i?�i i?2 �#bQ`TiBQM i`�Mb72` 7mM+iBQMb 7Q` 2�+? +QHQ` +?�M@
M2H �`2 bvKK2i`B+ HQr@T�bb }Hi2`bX h?2 T?�b2 i`�Mb72` 7mM+iBQMb- QM i?2 Qi?2` ?�M/- �`2
�bvKK2i`B+ #�M/@T�bb@HBF2 }Hi2`b rBi? � HBM2 Q7 KBbbBM; 7`2[m2M+B2b �HQM; i?2 �tBb Q7 �bvK@
K2i`vX "v `Qi�iBM; i?2 #Hm2 ?�H7@+B`+H2 #v Ny /2;`22b `2H�iBp2 iQ i?2 `2/ �M/ ;`22M QM2b-
i?2 KBbbBM; HBM2 Bb }HH2/X h?2 Qp2`�HH �#bQ`TiBQM �M/ T?�b2 i`�Mb72` 7mM+iBQMb 7Q` +.S*
�`2 b?QrM BM i?2 H�bi `Qr Q7 6B;X kXk- +�H+mH�i2/ #v bmKKBM; i?2 �#bQHmi2 p�Hm2b Q7 2�+?
+QHQ` i`�Mb72` 7mM+iBQMX �b rBi? T`2pBQmb .S* BKTH2K2Mi�iBQMb- �#bQ`TiBQM BM7Q`K�iBQM
HQb2b +QMi`�bi �i ?B;? bT�iB�H 7`2[m2M+B2bX S?�b2 ?�b � bBKBH�` /`QT@Qz �i ?B;? 7`2[m2M+B2b-
#mi �HbQ HQb2b +QMi`�bi BM i?2 HQr bT�iB�H 7`2[m2M+v `2;BQMbX >2M+2- aL_ rBHH #2 BKTQ`i�Mi
7Q` �++m`�i2Hv `2+Qp2`BM; HQr@7`2[m2M+v T?�b2 BM7Q`K�iBQMX h?2 K�tBKmK bT�iB�H 7`2[m2M+v
`�M;2 +�Tim`2/ Bb k× i?2 NA Q7 i?2 #Hm2 +QHQ` +?�MM2HX >Qr2p2`- i?2 }M�H `2bQHmiBQM mbBM;
+.S* Bb b2i #v i?2 /Bz`�+iBQM HBKBi Q7 ;`22M HB;?i- bBM+2 iQi�H 7`2[m2M+v +Qp2`�;2 Bb b2i #v i?2
K�tBKmK bT�iB�H 7`2[m2M+v r?B+? Bb K2�bm`2/ #v irQ Q` KQ`2 +QHQ` +?�MM2HbX h?Bb +QK2b
�b �M BKTHB+�iBQM Q7 i`vBM; iQ `2+Qp2` irQ mMFMQrMb- �#bQ`TiBQM �M/ T?�b2- i?mb `2[mB`BM;
�i H2�bi irQ K2�bm`2K2MibX

AMp2`b2 T`Q#H2K
lbBM; i?2 7Q`r�`/ KQ/2H /2p2HQT2/ BM a2+X kXR- i?2 +.S* BMp2`b2 T`Q#H2K �BKb iQ KBMBKBx2
i?2 /Bz2`2M+2 #2ir22M i?2 K2�bm`2/ +QHQ` BK�;2 �M/ i?�i r?B+? rQmH/ #2 K2�bm`2/- ;Bp2M
i?2 2biBK�i2 Q7 i?2 b�KTH2Ƕb �#bQ`TiBQM �M/ T?�b2,

min
µ,φ

3∑

m=1

∥∥∥Ĩn(λm)−Hµ(λm)µ̃− iHφ(λm)φ̃
∥∥∥
2

2
+R(µ̃, φ̃), UkXeV

r?2`2 Ĩn Bb i?2 bT�iB�H 7`2[m2M+v bT2+i`mK Q7 i?2 #�+F;`QmM/@bm#i`�+i2/ BMi2MbBiv- Hµ �M/
Hφ �`2 i`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/ T?�b2- µ̃ �M/ φ̃ �`2 i?2 bT�iB�H 7`2[m2M+v
bT2+i`� Q7 �#bQ`TiBQM �M/ T?�b2- m Bb i?2 r�p2H2M;i? BM/2t �M/ R(µ̃, φ̃) Bb � `2;mH�`Bx�iBQM
i2`K UivTB+�HHv QM i?2 Q`/2` Q7 10−3VX h?Bb T`Q#H2K Bb HBM2�` �M/ +�M #2 bQHp2/ rBi? �
QM2@bi2T H2�bi@b[m�`2b bQHmiBQM U2X;X qB2M2` /2+QMpQHmiBQM (e9)V Q` #v �M Bi2`�iBp2 �H;Q`Bi?K
U2X;X ;`�/B2Mi /2b+2MiVX h?2 B/2�H +?QB+2 Q7 `2;mH�`Bx2` R(µ̃, φ̃) /2T2M/b QM i?2 b�KTH2 �M/
MQBb2X "�bB+ ℓ2 `2;mH�`Bx�iBQM b?QmH/ #2 imM2/ iQ bmTT`2bb MQBb2 �KTHB}+�iBQM BM bT�iB�H
7`2[m2M+B2b i?�i �`2 K2�bm`2/ rBi? HQr@+QMi`�bi- rBi?Qmi /2bi`QvBM; b�KTH2 BM7Q`K�iBQM �i
i?Qb2 7`2[m2M+B2bX �Hi2`M�iBp2Hv- B7 i?2 b�KTH2 Bb bT�`b2 UQMHv � 72r MQM@x2`Q p�Hm2bV- QM2
+�M mb2 �M ℓ1 `2;mH�`Bx2` (e8)X Pi?2` ivT2b Q7 � T`BQ`B BM7Q`K�iBQM K�v #2 BM+Q`TQ`�i2/ #v
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�TT`QT`B�i2 `2;mH�`Bx�iBQMX �HH 2tT2`BK2Mib T`2b2Mi2/ BM i?Bb +?�Ti2` K�F2 MQ �bbmKTiBQMb
QM i?2 b�KTH2 bi`m+im`2c >Qr2p2`- ℓ2 `2;mH�`Bx�iBQM Bb mb2/ iQ +QMbi`�BM i?2 iQi�H 2M2`;v Q7
i?2 bB;M�H �M/ K�F2 i?2 T`Q#H2K r2HH@TQb2/X 1[m�iBQM UkXeV i?mb #2+QK2b-

min
µ,φ

3∑

m=1

∥∥∥Ĩn(λm)−Hµ(λm)µ̃− iHφ(λm)φ̃
∥∥∥
2

2
+ γµ

∥∥∥µ̃
∥∥∥
2

2
+ γφ

∥∥∥φ̃
∥∥∥
2

2
, UkXdV

r?B+? `2K�BMb /Bz2`2MiB�#H2 �M/ �HHQrb mb iQ }M/ i?2 ;HQ#�H KBMBKmK bQHmiBQM 7Q` �#bQ`TiBQM
�M/ T?�b2 rBi? � bBM;H2 K�i`Bt BMp2`bBQM bi2TX h?2 }M�H `2+QMbi`m+iBQM 7Q` i?2 �#bQ`TiBQM
�M/ T?�b2 �`2 Q#i�BM2/ mbBM; 1[X URXkdV �M/ 1[X URXk3VX

kXk 1tT2`BK2Mi�H _2bmHib �M/ .Bb+mbbBQM
hQ 2tT2`BK2Mi�HHv p�HB/�i2 i?2 T`QTQb2/ +.S* K2i?Q/- `2bmHib r2`2 +QKT�`2/ rBi? irQ
2bi�#HBb?2/ ZSA K2i?Q/b, KQMQ+?`QK�iB+ .S* �M/ i?`Qm;?@7Q+mb T?�b2 `2i`B2p�H U6B;X kXjVX
6Q` 7�B` +QKT�`BbQM- �HH �`2 BKTH2K2Mi2/ QM i?2 b�K2 LBFQM h1jyy KB+`Qb+QT2 mbBM; BHHmKB@
M�iBQM ;2M2`�i2/ #v �M _:" G1. �``�v U�/�7`mBiVX +.S* mb2b � /Bb+`2iBx2/ p2`bBQM Q7 i?2
+.S* +QHQ` }Hi2` /2bB;M /BbTH�v2/ QM i?2 G1. �``�vX JQMQ+?`QK�iB+ .S* mb2b 9 BK�;2b
+�Tim`2/ rBi? 2�+? Q7 9 �bvKK2i`B+ bQm`+2 T�ii2`Mb (8y)X h?`Qm;?@7Q+mb T?�b2 BK�;BM; mb2b
QMHv i?2 +2Mi`�H ;`22M G1. U7Q` i2KTQ`�H �M/ bT�iB�H +Q?2`2M+2V r?BH2 +�Tim`BM; R9 BK�;2b
�i /Bz2`2Mi 7Q+mb /2Ti?bc T?�b2 Bb i?2M `2+Qp2`2/ #v � MQMHBM2�` QTiBKBx�iBQM T?�b2 `2i`B2p�H
K2i?Q/ (ee)X

"2+�mb2 Q7 i?2 +Q?2`2Mi BHHmKBM�iBQM- i?`Qm;?@7Q+mb T?�b2 BK�;BM; ?�b k× rQ`b2 `2bQHm@
iBQM i?�M .S* K2i?Q/bX h?mb- � ky× yX9 NA Q#D2+iBp2 H2Mb r�b mb2/ 7Q` .S* K2i?Q/b- #mi
brBi+?2/ iQ � ey× yX3 NA Q#D2+iBp2 7Q` i?`Qm;?@7Q+mb T?�b2- BM Q`/2` F22T `2bQHmiBQM 2[m�H
7Q` �HH i?`22X aT�iB�H `2bQHmiBQM Bb [m�MiB}2/ mbBM; � bTQF2@T�ii2`M T?�b2 i�`;2i (ed)X

�b +�M #2 b22M BM 6B;X kXj- i?2 _:" +QHQ` +?�MM2H BK�;2b ?�p2 bBKBH�` +QMi`�bi iQ i?2
H27i- `B;?i �M/ iQT BK�;2b Q7 i?2 KQMQ+?`QK�iB+ .S*- �b 2tT2+i2/X h?2 T?�b2 `2bmHib �`2
�HbQ bBKBH�`- rBi? 2[mBp�H2Mi bT�iB�H `2bQHmiBQMX "2+�mb2 i?2 +.S* BK�;2 Bb +�Tim`2/ BM
QM2 b?Qi rBi? +QHQ` }Hi2`b- Bi ?�b HQr2` aL_ i?�M KQMQ+?`QK�iB+ .S* �M/ /2pB�i2b BM Bib
HQr@7`2[m2M+v ~m+im�iBQMb- r?B+? ?�p2 r2�F2` i`�Mb72` 7mM+iBQM p�Hm2bX Pp2`�HH- ?Qr2p2`-
bBM;H2@b?Qi +.S* T2`7Q`Kb +QKT�`�#Hv iQ KmHiB@b?Qi .S*X

L2ti- i?2 G1. �``�v r�b `2KQp2/ �M/ i?2 KB+`Qb+QT2Ƕb +QM/2Mb2` mMBi r�b `2BMbi�HH2/
rBi? �M #`Q�/#�M/ �`+ H�KT HB;?i bQm`+2X �Hi2`M�iBp2Hv- � ?B;?@TQr2` #Hm2@T?QbT?Q` bi�iB+
G1. bQm`+2 +QmH/ #2 mb2/X h?2 +QHQ` }Hi2` r�b i?2M BMb2`i2/ BMiQ i?2 +QM/2Mb2` im``2i- �b
b?QrM BM 6B;bX kXR# �M/ kXR/X 6B;m`2 kX9 b?Qrb �KTHBim/2 �M/ T?�b2 `2+QMbi`m+iBQMb 7`QK i?2
+.S* K2i?Q/ rBi? Q#D2+iBp2b Q7 p�`BQmb K�;MB}+�iBQM- �b r2HH �b bBKmH�i2/ T?�b2 +QMi`�bi
�M/ .A* BK�;2bX h?Bb BK�;BM; K2i?Q/ Bb +QKT�iB#H2 rBi? �Mv bi�M/�`/ Q#D2+iBp2 ?�pBM;
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6B;m`2 kXj, 1tT2`BK2Mi�H +QKT�`BbQM Q7 bBM;H2@b?Qi +.S* rBi? KQMQ+?`QK�iB+ .S* �M/
i?`Qm;?@7Q+mb T?�b2 `2i`B2p�H K2i?Q/bX UG27iV aQm`+2 T�ii2`MbX UJB//H2V _�r +�K2`� K2�@
bm`2K2MibX U_B;?iV _2+Qp2`2/ QTiB+�H }2H/X .S* K2i?Q/b UT�`iB�HHv +Q?2`2MiV r2`2 �+[mB`2/
mbBM; � ky× 0.4NA Q#D2+iBp2 H2Mb- r?BH2 i?`Qm;?@7Q+mb BK�;2b UbT�iB�HHv +Q?2`2MiV r2`2 +�T@
im`2/ mbBM; ey× 0.8NA- BM Q`/2` iQ 2Mbm`2 2[m�H `2bQHmiBQM BM �HH +�b2bX

NAobjective ≤ NAcondenserX h?2 `�iBQ Q7 NAobjective iQ NAcondenser Bb `272``2/ iQ �b i?2 bT�iB�H
+Q?2`2M+2 7�+iQ` σ (jk)- /2}M2/ �b,

σ =
NAillumination

NAobjective
. UkX3V

AM Qi?2` rQ`/b- σ < 1 rBHH `2bmHi BM `2/m+2/ T?�b2 +QMi`�bi �b +QKT�`2/ iQ i?2 σ ≥ 1 +�b2-
�b /2KQMbi`�i2/ BM (jk)X h?Bb Bb #2+�mb2 HQr 7`2[m2M+B2b BM T?�b2 �`2 `2p2�H2/ QMHv r?2M
mbBM; ?B;?@�M;H2 BHHmKBM�iBQMbX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i BHHmKBM�iBQM rBi? σ > 1 /Q2b
MQi BKT`Qp2 `2bQHmiBQM #2vQM/ i?2 BM+Q?2`2Mi `2bQHmiBQM HBKBi- #mi �HbQ /Q2b MQi /2;`�/2
BK�;2 [m�HBiv- �HHQrBM; mb iQ }t i?2 +QM/2Mb2` NA �M/ mb2 �Mv Q#D2+iBp2 rBi? NAobjective ≤
NAcondenser rBi?Qmi +?�M;BM; i?2 ?�`/r�`2X h?2 LBFQM h1jyy KB+`Qb+QT2 mb2/ BM i?Bb bim/v
r�b +QM};m`2/ rBi? � 0.53NA +QM/2Mb2` H2MbX hQ S2`7Q`K ?B;? `2bQHmiBQM +.S* BK�;BM;
rQmH/ `2[mB`2 ?B;?@NA BHHmKBM�iBQM- 2X;X #v mbBM; � /QK2/ G1. �``�v (ek)X h2KTQ`�H
+Q?2`2M+2 Bb b2i #v i?2 #�M/rB/i? Q7 i?2 +QHQ` }Hi2`b- bBM+2 i?Qb2 ?�p2 M�``Qr2` #�M/rB/i?
i?�M i?2 +�K2`� }Hi2`bX h?2 7mHH@rB/i?@?�H7@K�tBKmK U6q>JV #�M/rB/i? 7Q` Qm` }Hi2`b
r�b �TT`QtBK�i2Hv 50nm- r?B+? Bb bBKBH�` iQ i?2 2KBbbBQM bT2+i`mK Q7 i?2 G1. �``�v mb2/
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T`2pBQmbHv (jk)X

6B;m`2 kX9, _�r /�i�- T?�b2 �M/ �KTHBim/2 `2+QMbi`m+iBQMb- bvMi?2bBx2/ T?�b2 +QMi`�bi
�M/ .A* BK�;2b 7Q` p�`BQmb b�KTH2b �M/ K�;MB}+�iBQMb, U6B`bi +QHmKMV KB+`Q@H2Mb �``�v
U9× 0.10NAVX Ua2+QM/ +QHmKMV rBH/@ivT2 *X 2H2;�Mb URy× 0.25NAVX Uh?B`/ +QHmKMV >1E
kNjh +2HHb Uky× 0.40NAVX U6Qm`i? +QHmKMV J*6d +2HHb Uky× 0.40NAVX
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h2KTQ`�H `2bQHmiBQM
aBM+2 +.S* Bb bBM;H2@b?Qi- i2KTQ`�H `2bQHmiBQM Bb b2i #v i?2 +�K2`�Ƕb 7`�K2 `�i2- ;BpBM; �
7�+iQ` Q7 9 BKT`Qp2K2Mi Qp2` +QMp2MiBQM�H .S*X aBM;H2@b?Qi K2i?Q/b `2/m+2 �`iB7�+ib /m2
iQ KQiBQM #Hm` �M/ BK�;2 `2;Bbi`�iBQMX h?Bb +�M #2 b22M BM 6B;X kX8- r?2`2 r2 +QKT�`2
+.S* �M/ +QMp2MiBQM�H .S* U9 BK�;2bV `2bmHib 7Q` � HBp2 *X 2H2;�Mb +mHim`2X JQiBQM #Hm`
Bb bB;MB}+�MiHv `2/m+2/ rBi? +.S*- bBM+2 i?2 b�KTH2 +?�M;2b `�TB/Hv #2ir22M 7`�K2b- 2p2M
�i RkX8 7`�K2b T2` b2+QM/ U6SaVX h?2 +�K2`�@HBKBi2/ �+[mBbBiBQM �i Ryy 6Sa r�b �+?B2p2/
�M/ +�Tim`BM; `2�H@iBK2 [m�MiBi�iBp2 T?�b2 pB/2Qb #2+QK2b TQbbB#H2 7Q` �TTHB+�iBQMb- bm+? �b
BK�;BM; HBp2 *X 2H2;�Mb Q` ~Q�iBM; +2HHb BM � KB+`Q~mB/B+ +?�MM2HX

6B;m`2 kX8, 1tT2`BK2Mi�H /2KQMbi`�iBQM Q7 KQiBQM #Hm` `2/m+iBQM rBi? +.S* pbX +QMp2M@
iBQM�H .S*X h?2 +.S* K2i?Q/ `2bmHib BM bB;MB}+�MiHv `2/m+2/ KQiBQM #Hm` �`iB7�+ib /m2 iQ
Bib bBM;H2@b?Qi �+[mBbBiBQMX

avMi?2bBx2/ S?* �M/ .A* BK�;2b
.Bz2`2MiB�H AMi2`72`2M+2 *QMi`�bi U.A*V �M/ +QMp2MiBQM�H S?�b2 *QMi`�bi US?*V KB+`Qb+QTv
�`2 rB/2Hv mb2/ BM K2/B+BM2 �M/ #BQK2/B+�H `2b2�`+?X PTiB+�H +QKTQM2Mib `2[mB`2/ 7Q` i?2B`
BKTH2K2Mi�iBQM `2K�BM 2tT2MbBp2- ?Qr2p2`- �M/ �HB;MK2Mi #v �M 2tT2`B2M+2/ mb2` Bb `2[mB`2/
7Q` �++2Ti�#H2 T2`7Q`K�M+2X "Qi? .A* �M/ T?�b2 +QMi`�bi +�M #2 /2b+`B#2/ #v 7Q`r�`/ KQ/@
2Hb r?B+? T`Q/m+2 � [m�HBi�iBp2 KBtim`2 Q7 �KTHBim/2 �M/ T?�b2 BK�;2b (R- e3)X Zm�MiBi�iBp2
T?�b2 BK�;BM; K2i?Q/b +�M i?2`27Q`2 #2 mb2/ iQ bvMi?2bBx2 i?2b2 +QMi`�bi K2+?�MBbKb /B;@
Bi�HHv- KBKB+FBM; i?2 T?vbB+�H QTiB+�H bvbi2K i?`Qm;? MmK2`B+�H bBKmH�iBQMX avMi?2bBx2/
BK�;2b 7`QK +.S*- �b r2HH �b ;`QmM/ i`mi? .A* �M/ S?* BK�;2b- �`2 b?QrM BM 6B;X kXe iQ
#2 +QKT�`�#H2X

avMi?2bBxBM; .A* �M/ S?* K�v #2 mb27mH 7Q` +HBMB+B�Mb �M/ `2b2�`+?2`b r?Q ?�p2 #22M
i`�BM2/ rBi? i?2K iQ K�F2 /B�;MQb2b Q` /2+BbBQMbX q?BH2 �HH ZSA K2i?Q/b +�M #2 mb2/ iQ
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6B;m`2 kXe, *QKT�`BbQM Q7 bi�M/�`/ .A* �M/ S?* BK�;2b iQ i?2B` bvMi?2bBx2/ +QmMi2`T�`ib
7`QK +.S*X :`QmM/ i`mi? .A* BK�;2b r2`2 �+[mB`2/ mbBM; � ky× 0.75NA Q#D2+iBp2 �M/
T?�b2 +QMi`�bi BK�;2b mbBM; � ky× 0.40NA S?* Q#D2+iBp2X +.S* BK�;2b r2`2 �+[mB`2/
mbBM; � ky× 0.40NA Q#D2+iBp2 �M/ i?2 }Hi2` BMb2`iX

bvMi?2bBx2 i?2b2 BK�;2b- +.S* Bb T�`iB+mH�`Hv r2HH@bmBi2/ bBM+2 Bi Bb bBM;H2@b?Qi- �HHQrBM; 7Q`
`2�H@iBK2 /B;Bi�H bvMi?2bBbX AM �//BiBQM iQ 7m`i?2` T`QpB/BM; [m�MiBi�iBp2 T?�b2- i?Bb K2i?Q/
Bb Km+? +?2�T2` iQ BKTH2K2Mi i?�M 2Bi?2` .A* Q` S?*- bBM+2 Bi `2[mB`2b QMHv i?2 �//BiBQM Q7
�M BM2tT2MbBp2 +QHQ` }Hi2` BMb2`i Q` �M G1. �``�v �M/ MQ bT2+B�HBx2/ Q#D2+iBp2bX

ai�BM2/ �M/ /BbT2`bBp2 b�KTH2b
h?2 +.S* K2i?Q/ mb2b +QHQ` KmHiBTH2tBM; iQ `2+Qp2` +QKTH2t@}2H/- K�FBM; �M BM?2`2Mi
�bbmKTiBQM i?�i i?2 b�KTH2 Bb #Qi? MQM@/BbT2`bBp2 �M/ +QHQ`H2bbX LQM@/BbT2`bBp2 K2�Mb i?�i
i?2 _A /Q2b MQi +?�M;2 �TT`2+B�#Hv rBi? r�p2H2M;i?,

φ(n(λ), d,λ) ≈ φ(n0, d,λ). UkXNV
h?Bb �bbmKTiBQM BKTHB2b i?�i i?2 QTiB+�H T�i? H2M;i? UOPL = ndV rBHH `2K�BM +QMbi�Mi
7Q` �HH K2�bm`2K2MibX h?2 `2H�iBp2 T?�b2 /2H�v rBHH �Hr�vb p�`v rBi? λ U1[X UkXkVV- #mi
i?Bb Bb �++QmMi2/ 7Q` BM i?2 +.S* �H;Q`Bi?K #v b+�HBM; i?2 i`�Mb72` 7mM+iBQMb #�b2/ QM i?2
`2H�iBp2 r�p2H2M;i? Q7 2�+? +QHQ` +?�MM2HX lMH2bb i?2 /BbT2`bBQM +m`p2 Bb FMQrM �M/ i?2
K�i2`B�H Bb �bbmK2/ iQ #2 mMB7Q`K- QM2 +�MMQi �++QmMi 7Q` /BbT2`bBp2 2z2+ib BM i?2 b�KTH2
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mbBM; i?2 T`QTQb2/ �H;Q`Bi?KX >Qr2p2`- BM T`�+iB+2 i?2b2 2z2+ib /Q MQi +Q``mTi Qm` T?�b2
`2+QMbi`m+iBQMb `2bmHib bB;MB}+�MiHv /m2 iQ `2H�iBp2Hv bK�HH /BbT2`bBp2 2z2+ib Q7 r�i2` �+`Qbb
QTiB+�H r�p2H2M;i?bX

h?2 b2+QM/ �bbmKTiBQM Bb i?�i i?2 b�KTH2 Bb +QHQ`H2bb- K2�MBM; i?�i i?2 �#bQ`TiBQM /Q2b
MQi ?�p2 +?`QK�iB+ /2T2M/2M+2,

µ(λ) ≈ µ0. UkXRyV
h?Bb Bb ;2M2`�HHv p�HB/ 7Q` mMbi�BM2/ #BQHQ;B+�H b�KTH2b- r?B+? �`2 i`�MbT�`2MiX *QHQ` p�`B@
�iBQMb /m2 iQ }Hi2` i`�MbKBbbBQM +Q2{+B2Mib �i /Bz2`2Mi r�p2H2M;i?b �`2 T`2b2Mi- #mi +�M
#2 `2KQp2/ #v i?2 +�HB#`�iBQM T`Q+2/m`2 /2b+`B#2/ BM a2+X kXRX *QHQ`@/2T2M/2Mi �#bQ`TiBQM-
bm+? �b i?�i +`2�i2/ #v bi�BM2/ b�KTH2b- +�MMQi #2 `2+Qp2`2/ �M/ rBHH +�mb2 2``Q`b BM i?2
T?�b2 `2bmHiX AM T`�+iB+2- i?2b2 �bbmKTiBQMb HBKBi i?2 �TTHB+�#BHBiv Q7 i?2 +.S* K2i?Q/ iQ
mMbi�BM2/ mM+QHQ`2/ b�KTH2bX >Qr2p2`- [m�MiBi�iBp2 T?�b2 `2p2�Hb i?2 K2+?�MB+�H bi`m+im`2
Q7 i?2 KB+`Q2MpB`QMK2Mi rBi? ?B;? +QMi`�bi- r?B+? K�v 2HBKBM�i2 i?2 M22/ 7Q` bi�BMBM; BM
K�Mv �TTHB+�iBQMbX

kXj amKK�`v
� bBM;H2@b?Qi K2i?Q/ 7Q` [m�MiBi�iBp2 T?�b2 �M/ �KTHBim/2 BK�;BM; #�b2/ QM T�`iB�HHv@
+Q?2`2Mi KmHiBTH2t2/ +QHQ` BHHmKBM�iBQM Bb T`2b2Mi2/X h?2 BMp2`b2 �H;Q`Bi?K mb2b � HBM2�`
�TT`QtBK�iBQM iQ 2M�#H2 7�bi `2+QMbi`m+iBQM #v /2+QMpQHmiBQMX h?2 ?�`/r�`2 `2[mB`2K2Mib
�`2 bBKTH2- BM2tT2MbBp2 �M/ +QKT�iB#H2 rBi? KQbi +QKK2`+B�H KB+`Qb+QT2b i?�i QMHv M22/
� +QHQ` +�K2`� �M/ � +QHQ` }Hi2` BMb2`i TH�+2/ �i i?2 #�+F 7Q+�H TH�M2 Q7 i?2 +QM/2Mb2` H2MbX
lMHBF2 T?�b2 +QMi`�bi �M/ .A*- i?2 K2i?Q/ /Q2b MQi `2[mB`2 bT2+B�H Q#D2+iBp2b Q` T`BbKb-
`2/m+BM; ?�`/r�`2 +Qbib bB;MB}+�MiHvX AM �//BiBQM- i?2 `2+Qp2`2/ +QKTH2t@}2H/ +�M #2 mb2
iQ bvMi?2bBx2 T?�b2 +QMi`�bi �M/ .A* BK�;2b /B;Bi�HHv- K�i+?BM; i?2 7mM+iBQM�HBiv Q7 2tBbi@
BM; bvbi2Kb �i � 7`�+iBQM Q7 i?2 +QbiX aBM+2 i?2 b�KTH2b �`2 �bbmK2/ MQM@/BbT2`bBp2 �M/
mMbi�BM2/- i?Bb K2i?Q/ b?QmH/ #2 mb2/ �b �M �Hi2`M�iBp2- MQi BM +QMDmM+iBQM rBi?- +?2KB+�H
bi�BMBM;X



jR

*?�Ti2` j

Zm�MiBi�iBp2 .S* JB+`Qb+QTv rBi?
*QKTmi�iBQM�H �#2``�iBQM *Q``2+iBQM

jXR �H;Q`Bi?KB+ �#2``�iBQM *�HB#`�iBQM
h?2 +QM+2Ti Q7 �H;Q`Bi?KB+ b2H7@+�HB#`�iBQM Ĝ bQHpBM; DQBMiHv 7Q` i?2 `2+QMbi`m+i2/ BK�;2 �M/
i?2 +�HB#`�iBQM T�`�K2i2`b Ĝ ?�b T`Qp2M T�`iB+mH�`Hv mb27mH BM +Q?2`2Mi +QKTmi�iBQM�H BK�;@
BM;X 1t�KTH2b BM+Hm/2 T`Q#2 `2i`B2p�H BM Siv+?Q;`�T?v (eN- dy- dR- dk)- bQm`+2 `2+Qp2`v
7Q` i?`Qm;?@7Q+mb T?�b2 BK�;BM; (dj- d9)- TmTBH �M/ bQm`+2 `2+Qp2`v 7Q` 6SJ (d8- de- dd)-
�M/ +�HB#`�iBQM@BMp�`B�Mi BMp2`b2 b+�ii2`BM; KQ/2Hb (d3)X h?2 bi�M/�`/ �TT`Q�+? iQ b2H7@
+�HB#`�iBQM mb2b �Hi2`M�iBM; T`QD2+iBQMb U�SV- r?B+? QTiBKBx2b KmHiBTH2 p�`B�#H2b b2`B�HHv-
F22TBM; Qi?2` T�`�K2i2`b }t2/ /m`BM; 2�+? bm#@Bi2`�iBQMX h?2 MQM@+QMp2tBiv Q7 �S T`QpB/2b
MQ ;m�`�Mi22 Q7 ;HQ#�H +QMp2`;2M+2- #mi BM T`�+iB+2 Bi rQ`Fb rBi? bm{+B2MiHv /Bp2`b2 /�i�X
a2H7@+�HB#`�iBQM Q7 �#2``�iBQMb ?�b #22M /2KQMbi`�i2/ T`2pBQmbHv BM �M G1. �``�v KB+`Qb+QT2
7Q` i?2 +�b2b Q7 i?`Qm;?@7Q+mb T?�b2 (dN) �M/ 6SJ (ke- k3- d8- 3y- 3R)- #mi `2[mB`2/ � H�`;2
MmK#2` Q7 BK�;2b iQ #2 +�Tim`2/X 6Q` 2t�KTH2- � ivTB+�H 6SJ b2imT (3k) mb2b �TT`QtBK�i2Hv
8 iBK2b �b K�Mv BK�;2b �b Qm` bvbi2K iQ �+?B2p2 i?2 2[mBp�H2Mi `2bQHmiBQMX

>2`2- r2 T`QTQb2 � K2i?Q/ Q7 �H;Q`Bi?KB+ �#2``�iBQM +�HB#`�iBQM 7Q` .S* KB+`Qb+QTv (jy-
jk- jj- 3j)- r?2`2 r2 �pQB/ i?2 M22/ 7Q` T`2@+�HB#`�iBQM #v DQBMiHv `2+Qp2`BM; #Qi? i?2 b�KTH2Ƕb
+QKTH2t@}2H/ �M/ i?2 bT�iB�HHv@p�`vBM; �#2``�iBQMb Q7 i?2 bvbi2K- /B`2+iHv 7`QK `�r BK�;2bRX
q2 T`2b2Mi �M �S 7`�K2rQ`F i?�i mb2b 9 +�Tim`2/ BK�;2b 7Q` bBKmHi�M2Qmb T?�b2 `2i`B2p�H
�M/ /B;Bi�H +Q``2+iBQM Q7 bT�iB�HHv@p�`vBM; �#2``�iBQMb U6B;X jXRVX h?`22 Q7 i?2 K2�bm`2K2Mib
�`2 T�`iB�HHv@+Q?2`2Mi +QMp2MiBQM�H .S* BK�;2b UrBi? `Qi�i2/ ?�H7@+B`+H2 bQm`+2bVc i?2b2 T`Q@
pB/2 ;QQ/ T?�b2 +QMi`�bi- #mi TQQ` �#2``�iBQM +QMi`�biX h?2 7Qm`i? BK�;2 mb2b bBM;H2@G1.
UbT�iB�HHv +Q?2`2MiV BHHmKBM�iBQMc i?Bb T`QpB/2b �#2``�iBQM +QMi`�bi- #mi �HQM2 +�MMQi `2bQHp2
i?2 �K#B;mBiv #2ir22M +QKTH2t@}2H/ �M/ TmTBH �#2``�iBQM (39)X lbBM; #Qi? T�`iB�HHv@+Q?2`2Mi
�M/ +Q?2`2Mi BK�;2b iQ;2i?2` BKT`Qp2b b2MbBiBpBiv iQ �#2``�iBQMb rBi?Qmi b�+`B}+BM; i?2 #2M@

Rh?Bb rQ`F r�b T2`7Q`K2/ BM +HQb2 +QHH�#Q`�iBQM rBi? w�+?�`v 6X S?BHHBTb Uq�HH2` G�#- 11*a- l*
"2`F2H2vVX
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2}ib Q7 T�`iB�H +Q?2`2M+2X q2 KQ/2H i?2 �#2``�iBQMb T�`�K2i`B+�HHv UrBi? � w2`MBF2 #�bBb (38-
dN)V iQ /`�K�iB+�HHv `2/m+2 i?2 MmK#2` Q7 mMFMQrMbX AM �//BiBQM- #v b2;K2MiBM; i?2 6Qo-
r2 �`2 �#H2 iQ `2+Qp2` �M/ /B;Bi�HHv +Q``2+i 7Q` bT�iB�HHv@p�`vBM; �#2``�iBQMb �+`Qbb i?2 6QoX

6B;m`2 jXR, Pm` G1. �``�v KB+`Qb+QT2 +�Tim`2b 9 BK�;2b rBi? /Bz2`2Mi BHHmKBM�iBQM bQm`+2
T�ii2`Mb Ui?`22 ?�H7@+B`+H2b �M/ QM2 bBM;H2 G1.VX h?2 BMi2MbBiv BK�;2b �`2 mb2/ iQ bBKmH@
i�M2QmbHv `2+QMbi`m+i #Qi? �KTHBim/2 �M/ T?�b2 Q7 i?2 b�KTH2- �M/ iQ 2biBK�i2 i?2 TmTBH
�#2``�iBQMb �i 2�+? bT�iB�H HQ+�iBQM- r?B+? �`2 i?2M /B;Bi�HHv +Q``2+i2/ 7Q`X q2 b?Qr `2+QM@
bi`m+iBQMb 7Q` 9 `2;BQMb rBi? /Bz2`2Mi bT�iB�HHv@p�`vBM; �#2``�iBQMbX

jXk CQBMi 1biBK�iBQM Q7 *QKTH2t@6B2H/ �M/
�#2``�iBQMb

Pm` G1. �``�v KB+`Qb+QT2 �M/ /�i� +�Tim`2 b+?2K2 Bb b?QrM BM 6B;X jXRX Zm�MiBi�iBp2
.S* UrBi?Qmi �#2``�iBQM +Q``2+iBQMV `2[mB`2b � KBMBKmK Q7 j BMi2MbBiv K2�bm`2K2Mib iQ
`2+QMbi`m+i T?�b2 (3e)- i?Qm;? QMHv irQ [m�MiBiB2b U�KTHBim/2 �M/ T?�b2V �`2 `2+QMbi`m+i2/
�i 2�+? TBt2HX >2M+2- i?2`2 Bb bB;MB}+�Mi `2/mM/�M+v BM i?2 /�i� r?B+? K�v- BM T`BM+BTH2-
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#2 mb2/ iQ bQHp2 7Q` �#2``�iBQMbX >Qr2p2`- BMi2MbBiv BK�;2b 7Q`K2/ #v T�`iB�HHv@+Q?2`2Mi
BHHmKBM�iBQM /Q MQi 2t?B#Bi bB;MB}+�Mi �#2``�iBQM +QMi`�biX >2M+2- r2 KQ/B7v i?2 +�Tim`2
b+?2K2 iQ �// QM2 �//BiBQM�H K2�bm`2K2Mi rBi? bT�iB�HHv@+Q?2`2Mi BHHmKBM�iBQM U� bBM;H2 QM@
�tBb G1.VX h?2 2t�KTH2 BM 6B;X jXR ?�b � /Bz2`2Mi �#2``�iBQM BM 2�+? [m�/`�Mi Q7 i?2 6Qo-
�M/ QMHv i?2 bBM;H2@G1. BK�;2 /BbTH�vb pBbB#H2 /Bz2`2M+2b BM +QMi`�bi 7Q` 2�+? `2;BQMX �M Qz@
�tBb G1. rQmH/ �HbQ T`QpB/2 i?2 M2+2bb�`v +Q?2`2Mi +QMi`�bi- #mi i?2 QM@�tBb G1. T`QpB/2b
?B;?2` BMi2MbBiv �M/ #2ii2` aL_X >�pBM; �+?B2p2/ #Qi? T?�b2 �M/ �#2``�iBQM +QMi`�bi rBi?
R QM@�tBb �M/ j ?�H7@+B`+H2 bQm`+2b- r2 mb2 i?Bb /�i�b2i iQ DQBMiHv `2+Qp2` #Qi? bT�iB�HHv@
p�`vBM; �#2``�iBQMb �M/ i?2 +QKTH2t@}2H/ Q7 i?2 b�KTH2 UrBi? `2bQHmiBQM b2i #v i?2 BM+Q?2`2Mi
/Bz`�+iBQM HBKBiVX

h?2 T`Q+2bb Q7 2biBK�iBM; i?2 b�KTH2Ƕb +QKTH2t@}2H/ �M/ i?2 bvbi2KǶb �#2``�iBQMb bBKmH@
i�M2QmbHv Bb � DQBMi 2biBK�iBQM H�`;2@b+�H2 MQMHBM2�` MQM@+QMp2t T`Q#H2KX hQ bBKTHB7v- .S*
ivTB+�HHv K�F2b � r2�F b+�ii2`BM; �TT`QtBK�iBQM r?B+? HBM2�`Bx2b i?2 7Q`r�`/ KQ/2HX h?Bb
�TT`QtBK�iBQM Bb ;2M2`�HHv p�HB/ 7Q` QTiB+�HHv i?BM Q` BM/2t@K�i+?2/ b�KTH2b- HBF2 #BQHQ;B+�H
+2HHbX AMi2MbBiv K2�bm`2K2Mib +�M i?2M #2 `2H�i2/ iQ �#bQ`TiBQM UµV �M/ T?�b2 UφV Q7 i?2
b�KTH2 #v bBKTH2 +QMpQHmiBQMb- r?B+? Bb /2b+`B#2/ BM *?�Ti2` kX �b /2`Bp2/ BM �TT2M/Bt �XR-
i?2 .S* 7Q`r�`/ KQ/2H BM K�i`Bt 7Q`K Bb,

In = F−1 (diag(Hµ)Fµ+ i · diag(Hφ)Fφ) . UjXRV

>2`2- diag(x) /2MQi2b � /B�;QM�H K�i`Bt rBi? /B�;QM�H p�Hm2b x- F �M/ F−1 `2T`2b2Mi i?2
.6h �M/ BMp2`b2 .6h K�i`B+2b- In Bb i?2 p2+iQ`Bx2/ MQ`K�HBx2/ K2�bm`2/ BMi2MbBiv UrBi? i?2
.* i2`K bm#i`�+i2/V- �M/ Hµ �M/ Hφ �`2 p2+iQ`Bx2/ i`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/
T?�b2X A7 i?2 bQm`+2 b�iBb}2b i?2 Eƺ?H2` BHHmKBM�iBQM +QM};m`�iBQM- i?2 i`�Mb72` 7mM+iBQMb +�M
#2 MmK2`B+�HHv 2p�Hm�i2/ #�b2/ QM 1[X URXR3V �M/ i?2 +`Qbb@+Q``2H�iBQM T`QT2`iv Q7 6Qm`B2`
i`�Mb7Q`Kb,

Hµ =
1

Io

[
F−1diag(O∗)F+ F−1diag(F∗P ∗)Fdiag(S)

]
P UjXkV

Hφ =
1

Io

[
F−1diag(O∗)F− F−1diag(F∗P ∗)Fdiag(S)

]
P , UjXjV

r?2`2 ∗ Bb i?2 +QKTH2t +QMDm;�i2 QT2`�iBQM- Io Bb i?2 iQi�H BMi2MbBiv Q7 i?2 bQm`+2 T�bbBM;
i?`Qm;? i?2 bvbi2K- S �M/ P �`2 i?2 p2+iQ`Bx2/ bQm`+2 �M/ TmTBH- �M/ O = Fdiag(S)P X
hvTB+�HHv- i?2 bT�+2@BMp�`B�Mi 2tBi TmTBH P Bb � +B`+mH�` 7mM+iBQM- Circ(λu/NA)- rBi? Bib
`�/Bmb /2i2`KBM2/ #v bvbi2K NA- �M/ r�p2H2M;i?- λX h?2 T?�b2 Q7 P Bb i?2 TmTBH �#2``�@
iBQM r2 rBb? iQ `2+Qp2`- KQ/2H2/ �b � r2B;?i2/ bmK Q7 w2`MBF2 KQ/2b QM bT�iB�H 7`2[m2M+v
+QQ`/BM�i2 UuV (38),

P (c) = Circ
( λu
NA

) M∏

m=0

eicmZm , UjX9V

r?2`2 M Bb i?2 iQi�H MmK#2` Q7 w2`MBF2 KQ/2b �M/ c +QMi�BMb i?2 +Q2{+B2Mib- cm- Q7 2�+?
Q`i?Q;QM�H KQ/2 ZmX hQ `2+Qp2` bT�iB�HHv@p�`vBM; �#2``�iBQMb- r2 bQHp2 7Q` BM/BpB/m�H TmTBH
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�#2``�iBQMb �i /Bz2`2Mi /BbDQBMi bT�iB�H `2;BQMb �+`Qbb i?2 6Qo �M/ �bbmK2 i?2 �#2``�iBQMb
�`2 HQ+�HHv bT�+2@BMp�`B�Mi rBi?BM 2�+? `2;BQMX :Bp2M 1[bX UjXRV@UjX9V- �M Q#D2+iBp2 7mM+iBQM
7Q` i?2 DQBMi QTiBKBx�iBQM Q7 �#bQ`TiBQM- T?�b2 �M/ TmTBH �#2``�iBQMb +�M #2 7Q`KmH�i2/ �b,

min
µ,φ,c

Ns∑

s=1

∥∥∥FIn,s − diag (Hµ,s(c))Fµ− i · diag (Hφ,s(c))Fφ
∥∥∥
2

2
+ τR(µ,φ) , UjX8V

r?2`2 s Bb i?2 K2�bm`2K2Mi BM/2t Q7 2�+? +Q``2bTQM/BM; bQm`+2 T�ii2`M- Ns Bb i?2 iQi�H
MmK#2` Q7 K2�bm`2K2Mib- ∥ ·∥2 `2T`2b2Mib �M ℓ2 MQ`K- τ Bb � `2;mH�`Bx�iBQM T�`�K2i2` �M/ R
Bb � `2;mH�`Bx�iBQM i2`K i?�i ?2HTb KBiB;�i2 MQBb2 �`iB7�+ibX Ai Bb BM72``2/ 7`QK 1[X UjX8V i?�i
i?2 �#2``�iBQM +Q2{+B2Mib c �`2 +QmTH2/ rBi? #Qi? µ �M/ φ- bQ bBKmHi�M2QmbHv QTiBKBxBM;
�HH p�`B�#H2b /Q2b MQi ;m�`�Mi22 +QMp2`;2M+2X �M �Hi2`M�iBM; T`QD2+iBQMb mT/�i2 bi`�i2;v
BMbi2�/ T`QpB/2b � MQM@/Bp2`;2M+2 ;m�`�Mi22- �b r�b T`2pBQmbHv mb2/ 7Q` T?�b2@7`QK@7Q+mb
DQBMi bQm`+2 `2+Qp2`v (d9)X aBKBH�`Hv- r2 Bi2`�iBp2Hv bQHp2 7Q` #Qi? i?2 +QKTH2t Q#D2+i �M/
bvbi2K �#2``�iBQMb �b irQ bm#@T`Q#H2KbX

Pm` �Hi2`M�iBM; T`QD2+iBQMb �H;Q`Bi?K BMBiB�HBx2b i?2 w2`MBF2 +Q2{+B2Mib- c- rBi? x2`QX �i
i?2 bi�`i Q7 QM2 Bi2`�iBQM- c �`2 }t2/ �M/ � .S* /2+QMpQHmiBQM bm#@T`Q+2/m`2 Ua2+X jXkV Bb
T2`7Q`K2/ BM Q`/2` iQ mT/�i2 i?2 2biBK�i2b Q7 �KTHBim/2- exp(µ)- �M/ T?�b2- φX h?Bb M2r
+QKTH2t@}2H/ 2biBK�i2 Bb i?2M ?2H/ }t2/ r?BH2 �M �#2``�iBQM 2biBK�iBQM T`Q+2/m`2 Ua2+X jXkV
Bb T2`7Q`K2/X �7i2` mT/�iBM; i?2 �#2``�iBQM 2biBK�i2 #�b2/ QM i?Bb T`Q+2/m`2- � M2r Bi2`�iBQM
#2;BMbX 1p2Mim�HHv- i?2 Q#D2+iBp2 7mM+iBQM +QMp2`;2b iQ � bi�iBQM�`v TQBMi- ;BpBM; i?2 }M�H
2biBK�i2b Q7 �KTHBim/2- T?�b2- �M/ �#2``�iBQM +Q2{+B2MibX AM ;2M2`�H- i?Bb QTiBKBx�iBQM
bi`�i2;v rQ`Fb �b HQM; �b i?2`2 2tBbi 2MQm;? /Bp2`bBiv �M/ `2/mM/�M+v BM i?2 K2�bm`2K2MibX

.S* T?�b2 `2i`B2p�H bm#@T`Q+2/m`2
h?2 T?�b2 `2i`B2p�H bm#@T`Q+2/m`2 �KQmMib iQ bQHpBM; i?2 +QMp2MiBQM�H .S* BMp2`b2 T`Q#H2K
�b BMi`Q/m+2/ BM a2+X RXj- 2t+2Ti i?�i Bi BM+Q`TQ`�i2b i?2 +m``2Mi 2biBK�i2 Q7 i?2 w2`MBF2
+Q2{+B2Mib ck �i Bi2`�iBQM k,

µk+1,φk+1 = arg min
µ,φ

Ns∑

s=1

∥∥∥FIn,s−diag (Hµ,s(ck))Fµ− i ·diag (Hφ,s(ck))Fφ
∥∥∥
2

2
+ τR(µ,φ) .

UjXeV
h?2 `2;mH�`Bx�iBQM i2`K- R- b?QmH/ #2 +?Qb2M #�b2/ QM � T`BQ`B BM7Q`K�iBQM �#Qmi i?2 b�KTH2X
6Q` BMbi�M+2- hBF?QMQp `2;mH�`Bx�iBQM +�M KBiB;�i2 MQBb2- �M/ i?2 bQHmiBQM Q7 1[X UjXeV +�M
i?2M #2 7QmM/ mbBM; � MQM@Bi2`�iBp2 /2+QMpQHmiBQM (3e)X A7 i?2 ;`�/B2Mib Q7 i?2 Q#D2+i �`2
`2H�iBp2Hv bT�`b2- i?2 ho `2;mH�`Bx2` +�M #2 mb2/ iQ `2/m+2 MQBb2 rBi?Qmi /2;`�/BM; 2/;2bX
aBM+2 i?2 `2;mH�`Bx�iBQM i2`K 7Q` ho Bb MQi /Bz2`2MiB�#H2- Bi2`�iBp2 �H;Q`Bi?Kb 7Q` bQHpBM;
1[X UjXeV �`2 M22/2/X AM i?Bb T�T2`- r2 mb2 i?2 �.JJ iQ BKTH2K2Mi ho `2;mH�`Bx�iBQM (99)-
ivTB+�HHv `2[mB`BM; �#Qmi ky Bi2`�iBQMbX
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�#2``�iBQM `2+Qp2`v bm#@T`Q+2/m`2
h?2 �#2``�iBQM `2+Qp2`v bm#@T`Q+2/m`2 mb2b � MQMHBM2�` QTiBKBx�iBQM �H;Q`Bi?K iQ mT/�i2
i?2 �#2``�iBQM 2biBK�i2 #�b2/ QM i?2 M2rHv mT/�i2/ +QKTH2t@}2H/- r?B+? Bb ?2H/ }t2/X h?2
bm#@T`Q+2/m`2 Bb BMBiB�HBx2/ rBi? i?2 w2`MBF2 +Q2{+B2Mib 2biBK�i2 7`QK i?2 T`2pBQmb Bi2`�iBQM-
ckX J�i?2K�iB+�HHv- i?2 bm#@T`Q+2/m`2 T`Q#H2K Bb r`Bii2M �b,

ck+1 = arg min
c

Ns∑

s=1

∥∥∥FIn,s − diag (Hµ,s(c))Fµk+1 − i · diag (Hφ,s(c))Fφk+1

∥∥∥
2

2
. UjXdV

1[m�iBQM UjXdV K�v #2 bQHp2/ #v � ;`�/B2Mi /2b+2Mi U}`bi@Q`/2` QTiBKBx�iBQMV �TT`Q�+?- Q`
KQ`2 bQT?BbiB+�i2/ b2+QM/@Q`/2` QTiBKBx�iBQM `QmiBM2b U2X;X L2riQMǶb K2i?Q/ (d9)VX �HH Q7
i?2b2 `2[mB`2 +QKTmi�iBQM Q7 i?2 ;`�/B2Mi Q7 i?2 Q#D2+iBp2 7mM+iBQM rBi? `2bT2+i iQ cX A7
r2 /2}M2 i?2 +Qbi 7mM+iBQM �b f =

∑Ns

s=1 ∥εs∥22- BM r?B+? εs = FIn,s − diag(Hµ,s)Fµk+1 −
i · diag(Hφ,s)Fφk+1 Bb i?2 `2bB/m�H p2+iQ`- i?2 ;`�/B2Mi #2+QK2b ∇cf =

∑Ns

s=1 [∂εs/∂c]
H εs-

r?2`2 H /2MQi2b >2`KBiB�M i`�MbTQb2X lbBM; 1[bX UjXkV@UjX9V- i?2 ;`�/B2Mi +�M #2 +�H+mH�i2/
�M�HviB+�HHv �b,

∇cf =
i

Io
ZTdiag(P ∗)

Ns∑

s=1

[
F−1diag(Os)F

[
diag(F∗µ∗

k+1)− i diag(F∗φ∗
k+1)

]
+

diag(Ss)F
−1diag(FP )F

[
diag(F∗µ∗

k+1) + i diag(F∗φ∗
k+1)

] ]
εs .

UjX3V

AM i?Bb ;`�/B2Mi- T /2MQi2b i`�MbTQb2 �M/ i?2 w2`MBF2 #�bBb- ZT = [Z0,Z1, . . . ,ZM ]T- +QMi�BMb
� }MBi2 MmK#2` Q7 KQ/2b r?2`2 Z0 − ZM �`2 i?2 p2+iQ`Bx2/ w2`MBF2 KQ/2bX 6Q` 2{+B2Mi
+QKTmi�iBQM- r2 �/QTi i?2 G@"6:a �H;Q`Bi?K (3d) �M/ mb2 i?2 ;`�/B2Mi BM 1[X UjX3V iQ bQHp2
i?Bb MQMHBM2�` QTiBKBx�iBQM T`Q#H2K- r?B+? ;2M2`�HHv i�F2b ∼ 10 Bi2`�iBQMb iQ +QMp2`;2X

jXj aBKmH�iBQM _2bmHib
hQ p2`B7v i?2 T2`7Q`K�M+2 Q7 Qm` DQBMi 2biBK�iBQM 7`�K2rQ`F- r2 b?Qr bBKmH�iBQM `2bmHib
BM 6B;X jXkX h?2 bvbi2K T�`�K2i2`b r2`2 +?Qb2M iQ K�i+? Qm` 2tT2`BK2Mi�H b2imT U0.4NA-
r�p2H2M;i? 0.514µm- Rdd bQm`+2 G1.bV- rBi? i?2 G1. �``�v TH�+2/ bm{+B2MiHv 7�` �r�v
7`QK i?2 b�KTH2 bm+? i?�i i?2 BHHmKBM�iBQM 7`QK 2�+? G1. Bb 2z2+iBp2Hv bT�iB�HHv +Q?2`2Mi
UTH�M2 r�p2V (ke- k3- 33)X

q2 +QKT�`2 Qm` `2bmHib rBi? DQBMi T?�b2 �M/ �#2``�iBQM `2+Qp2`v 6SJ BM 6B;X jXkX 6SJ
+�Tim`2b � b2T�`�i2 BK�;2 7Q` 2�+? Q7 i?2 Rdd G1.b- r?2`2�b .S* `2[mB`2b QMHv 9 BK�;2b iQ
`2+QMbi`m+i i?2 b�K2 [m�MiBiB2bX 6SJ BMi2MbBiv BK�;2b �`2 bBKmH�i2/ #v mbBM; /Bz2`2Mi iBHi2/
TH�M2 r�p2 BHHmKBM�iBQMb +Q``2bTQM/BM; iQ 2�+? bBM;H2 G1.X �HH i?2 BMi2MbBiv BK�;2b +QMi�BM
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6B;m`2 jXk, S2`7Q`K�M+2 Q7 DQBMi T?�b2 �M/ �#2``�iBQMb 2biBK�iBQM QM � bBKmH�i2/ /�i�b2iX
U�V aBKmH�i2/ 6SJ �M/ .S* K2�bm`2K2MibX _2/ /�b?2/ +B`+H2b BM/B+�i2 i?2 NA Q7 i?2
Q#D2+iBp2 H2MbX U#V CQBMi 2biBK�iBQM Q7 QTiB+�H }2H/ �M/ TmTBH �#2``�iBQMb- +QKT�`BM; ;`QmM/
i`mi?- 6SJ �M/ .S* K2�bm`2K2MibX U+V 1``Q`b 7Q` +QKTH2t@}2H/ �M/ �#2``�iBQMb �i 2�+?
Bi2`�iBQMX

i?2 b�K2 TmTBH �#2``�iBQM- r?B+? Bb � r2B;?i2/ bmK Q7 i?2 }`bi R3 w2`MBF2 KQ/2b 2t+Hm/BM;
TBbiQM �M/ iBHibX Pm` bBKmH�i2/ .S* K2�bm`2K2Mib �`2 i?2 bmK Q7 i?2 BMi2MbBiv BK�;2b 7`QK
?�H7@+B`+H2 #HQ+Fb Q7 G1.b QM i?2 iQT- #QiiQK- Q` `B;?i `2;BQMb Q7 i?2 G1. �``�v (jk)X 6Q`
�HH K2�bm`2K2Mib- r2 �//2/ bvMi?2bBx2/ MQBb2 mbBM; � SQBbbQM /Bbi`B#miBQM rBi? � K2�M Q7
∼jyyy T?QiQMb T2` TBt2HX 1[m�iBQM UjX8V r�b i?2M bQHp2/ rBi? ℓ2 `2;mH�`Bx�iBQM mbBM; i?2
9 .S* BK�;2b- r?BH2 r2 BKTH2K2Mi2/ i?2 b�K2 �H;Q`Bi?K BM (3N) iQ `2+Qp2` +QKTH2t@}2H/
�M/ �#2``�iBQMb mbBM; 6SJ rBi? i?2 7mHH Rdd BK�;2 /�i�b2iX AM i?Bb b2imT- 6SJ +QmH/ mb2
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�b 72r �b jk BK�;2b UBHHmKBM�iBQMb 7`QK i?2 Qmi2`@KQbi �MMmH�` G1.b QMHvV iQ �+?B2p2 i?2
b�K2 bT�iB�H 7`2[m2M+v +Qp2`�;2 �b Qm` .S* K2i?Q/X h?2`27Q`2- r2 �HbQ BM+Hm/2 i?2 `2bmHib
Q7 6SJ rBi? jk K2�bm`2K2Mib 7Q` +QKT�`BbQMX

_2+QMbi`m+iBQMb 7`QK #Qi? 6SJ �M/ Qm` .S* �H;Q`Bi?K K�i+? i?2 ;`QmM/ i`mi? �b
b?QrM BM 6B;X jXkU#Vc ?Qr2p2`- Qm` K2i?Q/ QMHv `2[mB`2b 9 K2�bm`2K2Mib- `2/m+BM; �+[mBbB@
iBQM iBK2 �M/ K2KQ`v `2[mB`2K2MibX 6B;m`2 jXkU+V THQib i?2 MQ`K�HBx2/ `QQi@K2�M@b[m�`2
2``Q` U∥x− xtrue∥2/∥xtrue∥2V �i 2�+? Bi2`�iBQM 7Q` #Qi? +QKTH2t@}2H/ �M/ TmTBH �#2``�iBQMbX
6SJ BM+m`b HQr2` +QKTH2t@}2H/ 2``Q` i?�M .S*- HBF2Hv /m2 iQ #Qi? i?2 r2�F b+�ii2`BM;
�TT`QtBK�iBQM �M/ i?2 H�`;2` /�i�b2iX �b 7Q` i?2 TmTBH �#2``�iBQM 2``Q`- 6SJ T2`7Q`K�M+2
p�`B2b bB;MB}+�MiHv rBi? /�i�b2i bBx2X q?BH2 6SJ rBi? i?2 7mHH /�i�b2i QmiT2`7Q`Kb i?2
T`QTQb2/ .S* 7`�K2rQ`F- Qm` K2i?Q/ T`QpB/2b � #2ii2` `2bmHi i?�M 6SJ rBi? jk BK�;2bX
h?Bb Bb #2+�mb2 6SJ rBi? 72r2` K2�bm`2K2Mib ?�b HQr2` 2z2+iBp2 aL_- �//BM; MQBb2 iQ
i?2 `2+Qp2`2/ TmTBH �#2``�iBQM UBMb2i Q7 6B;X jXkU#VVX Pm` K2i?Q/ `2[mB`2b bB;MB}+�Mi +QK@
Tmi�iBQM bBM+2 Bi bQHp2b irQ QTiBKBx�iBQM T`Q#H2Kb �i 2�+? Bi2`�iBQM- #mi i?2 +QKTmi�iBQM
iBK2 Bb +QKT�`�#H2 iQ � b2[m2MiB�H 6SJ `2+QMbi`m+iBQMX "Qi? K2i?Q/b r2`2 BKTH2K2Mi2/
BM J�hG�" QM � /2bFiQT +QKTmi2` UAMi2H *Q`2 Bd *Sl- LpB/B� h2bH� *kyd8 :SlVX qBi?
� e8y×839 TBt2H Q#D2+i- 2�+? Bi2`�iBQM iQQF kXkb 7Q` 6SJ �M/ kX8b 7Q` Qm` .S* �H;Q`Bi?KX

jX9 1tT2`BK2Mi�H _2bmHib
1tT2`BK2Mi�HHv- r2 mb2 �M G1. �``�v KB+`Qb+QT2 rBi? i?2 BHHmKBM�iBQM KQ/mH2 `2TH�+2/ rBi?
� +mbiQK@#mBHi G1. �``�v Uλ = 0.514µmV (jk- k3)X � T?�b2 i�`;2i U"2M+?K�`F h2+?MQHQ;B2bV-
r?B+? +QMi�BMb T2`BQ/B+ T�ii2`Mb Q7 +QMiBMmQmb bT�iB�H 7`2[m2M+B2b- Bb BK�;2/ #v � 20× 0.4NA
Q#D2+iBp2 H2Mb ULBFQM- *6A SH�M �+?`QV BM � LBFQM h1jyy KB+`Qb+QT2 �M/ BK�;2b �`2 `2+Q`/2/
#v � S*PX2/;2 8X8 b*JPa +�K2`� QM i?2 7`QMi TQ`i Q7 i?2 KB+`Qb+QT2 Ur?B+? �//b 2×
K�;MB}+�iBQMVX hQ i2bi i?2 r2�F T?�b2 ;`�/B2Mi �bbmKTiBQM- T?�b2 BK�;2b Q7 e `2bQHmiBQM
i�`;2ib Q7 /Bz2`2Mi ?2B;?ib �`2 `2+Qp2`2/ mbBM; .S*X �7i2` p�HB/�iBM; i?2 `2+QMbi`m+i2/ T?�b2
p�Hm2b �;�BMbi i?2Q`2iB+�H QM2b- r2 }M/ i?�i .S* T`QpB/2b �++m`�i2 `2bmHib r?2M i?2 T?�b2
Q7 i?2 b�KTH2 Bb #2HQr 0.64 `�/B�Mb- i?2M mM/2`2biBK�i2b i?2 T?�b2 p�Hm2b /m2 iQ #`2�F/QrM
Q7 i?2 �TT`QtBK�iBQMX q2 +QHH2+i Rdd K2�bm`2K2Mib #v b+�MMBM; BM/BpB/m�H G1.b rBi?BM �
K�tBKmK 0.4NA BHHmKBM�iBQM �M;H2X hQ T`QpB/2 � 7�B` +QKT�`BbQM #2ir22M 6SJ �M/ .S*-
r2 mb2 i?2 b�K2 K2�bm`2K2Mib iQ bvMi?2bBx2 i?2 9 BK�;2b 7Q` Qm` K2i?Q/X �b b?QrM BM
6B;X jXjU�V- .S* K2�bm`2K2Mib rBi? ?�H7@+B`+H2 bQm`+2 T�ii2`Mb ?�p2 ?B;? `2bQHmiBQM �M/
[m�HBi�iBp2Hv `2p2�H i?2 T?�b2 ;`�/B2Mib Q7 i?2 b�KTH2- r?BH2 K2�bm`2K2Mib rBi? bBM;H2@G1.
BHHmKBM�iBQM ?�p2 HQr2` `2bQHmiBQMX hrQ bBM;H2@G1. BK�;2 xQQK@BMb i?�i +QMi�BM i?2 b�K2
bi`m+im`2 �i /Bz2`2Mi Q`B2Mi�iBQMb �`2 b?QrM BM 6B;X jXjU�VX PM2 ?�b ?B;? +QMi`�bi- r?BH2
i?2 Qi?2` /Q2b MQi- #2+�mb2 Q7 /B`2+iBQM�H �#2``�iBQMbX "v T`Q+2bbBM; i?2 BK�;2b mbBM; i?2
6SJ �H;Q`Bi?K �M/ i?2 T`QTQb2/ K2i?Q/ rBi? ho `2;mH�`Bx�iBQM- r2 `2+Qp2` i?2 T?�b2 Q7
i?2 b�KTH2 �b b?QrM BM 6B;X jXjU#VX h?2 6SJ �M/ .S* `2+QMbi`m+iBQMb �`2 bBKBH�`- �M/
+�M `2bQHp2 72�im`2b rBi? T2`BQ/ �b bK�HH �b λ/ (2× NA) = 0.643µmX AM �//BiBQM- #Qi?
`2bmHib T`QpB/2 `2HB�#H2 [m�MiBi�iBp2 T?�b2 Q7 i?2 b�KTH2X h?2 _A Q7 i?2 #BM�`v T?�b2 i�`;2i
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Bb RX8k- rBi? ?2B;?i Q7 100nm- `2bmHiBM; BM ∼yXe9 `�/B�Mb T2�F@iQ@p�HH2vX GQQFBM; �i i?2 R.
+mi@HBM2b Ui�F2M �HQM; /�b?2/ HBM2bV BM 6B;X jXjU#V- �7i2` bm#i`�+iBM; i?2 K2�M Q7 2�+?- i?2
`2+QMbi`m+iBQMb b?Qr ;QQ/ �;`22K2Mi rBi? i?2 B/2�H ?2B;?iX

SmTBH �#2``�iBQMb `2+Qp2`2/ #v #Qi? 6SJ �M/ .S* �H;Q`Bi?Kb �`2 BM 6B;X jXjU+VX q?BH2
r2 ?�p2 MQ ;`QmM/ i`mi?- �#2``�iBQMb 2biBK�i2/ 7`QK 6SJ �M/ .S* K�i+? r2HH rBi?BM i?2
4th `�/B�H /2;`22 Q7 w2`MBF2 KQ/2bX h?2 /QKBM�Mi �#2``�iBQM BM i?2 Q#D2+iBp2 H2Mb Bb i?2
8th w2`MBF2 KQ/2 U?Q`BxQMi�H +QK�Vc i?Bb �;`22b rBi? i?2 2pB/2M+2 Q7 /B`2+iBQM�H �#2``�iBQMb
K2MiBQM2/ �#Qp2 �M/ `2bmHib BM Q`B2Mi�iBQM@/2T2M/2Mi `2bQHmiBQMX PM2 `2�bQM +�mbBM; �
/Bz2`2M+2 #2ir22M i?2 `2+QMbi`m+i2/ TmTBHb Bb i?2 ?B;?@7`2[m2M+v ~m+im�iBQM b?QrM BM i?2
TmTBH �#2``�iBQM 7`QK 6SJ- r?B+? /Q2b MQi 2tBbi BM i?2 HQr@Q`/2` w2`MBF2 KQ/2bX �Hi?Qm;?
?B;?@Q`/2` �#2``�iBQMb KB;?i #2 2biBK�i2/ rBi? KQ`2 K2�bm`2K2Mib iQ �pQB/ Qp2`}iiBM;- BiǶb
mbm�HHv 2MQm;? iQ BKT`Qp2 BK�;2 [m�HBiv #v +Q``2+iBM; i?2 HQr@Q`/2` �#2``�iBQMbX

6B;m`2 jXj, U�V 1tT2`BK2Mi�H 6SJ �M/ .S* K2�bm`2K2Mib 7Q` /Bz2`2Mi G1. bQm`+2 T�i@
i2`MbX wQQK2/ `2;BQMb �i /Bz2`2Mi Q`B2Mi�iBQMb 7Q` +Q?2`2Mi BHHmKBM�iBQM �`2 K�`F2/ BM +v�M
�M/ TBMF #Qt2b- `2bT2+iBp2HvX U#V Zm�MiBi�iBp2 T?�b2 Q7 � bi�` i�`;2i mbBM; 6SJ �M/ .S*-
�HQM; rBi? R. +miHBM2b 7Q` 6SJ U`2/V �M/ .S* U#Hm2V �HQM; i?2 /�b?2/ HBM2bX U+V _2+QM@
bi`m+i2/ r�p27`QMi 2``Q` 7mM+iBQM �M/ i?2 r2B;?ib Q7 2�+? w2`MBF2 KQ/2 mT iQ i?2 4th `�/B�H
/2;`22X

hQ [m�MiB7v i?2 T2`7Q`K�M+2 Q7 Qm` K2i?Q/- r2 BMi`Q/m+2/ FMQrM /27Q+mb �#2``�iBQMb
mbBM; �M �tB�H KQiBQM bi�;2 Uh?Q`H�#b- Jwa8yy@1VX q2 i`�MbH�i2/ i?2 T?�b2 i2bi i�`;2i
�+`Qbb � `�M;2 Q7 FMQrM �tB�H bi2Tb Qp2` � iQi�H `�M;2 Q7 40µmX 1�+? 2µm Q7 i`�MbH�iBQM-
i?2 9 BK�;2b 7Q` Qm` K2i?Q/ r2`2 �+[mB`2/ mbBM; � 10× 0.25NA Q#D2+iBp2 H2Mb ULBFQM- *6A
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SH�M �+?`QV �i �M �+[mBbBiBQM `�i2 Q7 ky>xX Zm�MiBi�iBp2 T?�b2 `2+QMbi`m+iBQMb �bbmKBM;
x2`Q �#2``�iBQM- �#2``�iBQM@+Q``2+i2/ T?�b2 BK�;2b �M/ i?2 `2+Qp2`2/ �#2``�iBQMb �`2 b?QrM
BM 6B;X jX9U�VX qBi? BM+`2�b2/ /27Q+mb- i?2 mM+Q``2+i2/ T?�b2 `2bmHib /2;`�/2X h?Qm;?
Qm` K2i?Q/ �HbQ bmz2`b 7`QK `2bQHmiBQM /2;`�/�iBQM �i H�`;2 /27Q+mb /Bbi�M+2b U±20µmV- Bi
T`QpB/2b #2ii2` `2bQHmiBQM i?�M i?2 mM+Q``2+i2/ T?�b2 `2i`B2p�HX 6Q` 2t�KTH2- BM 6B;X jX9U#V
i?2 MmK#2`b BM ;`QmT N �`2 `2bQHp2/ rBi? TmTBH +Q``2+iBQM- r?BH2 i?2v �`2 MQi `2�/�#H2 BM
i?2 mM+Q``2+i2/ `2bmHiX

q2 +�M �HbQ `2+Qp2` i?2 7Q+mb /Bbi�M+2b 7`QK i?2 /27Q+mb i2`K Q7 i?2 w2`MBF2 KQ/2b
�M/ +QKT�`2 i?2 2biBK�i2/ /27Q+mb p�Hm2b iQ FMQrM p�Hm2b U6B;X jX9U+VVX aBM+2 i?2 w2`MBF2
#�bBb Bb MQ`K�HBx2/ BM � `�M;2 7`QK @R iQ R- i?2 /27Q+mb p�Hm2- d- �i 2�+? iBK2 TQBMi- t- +�M
#2 2p�Hm�i2/ �b d(t) = c4(t) × λ/π/(1 − (1 − NA2)0.5)X �b 2tT2+i2/- i?2 T`2/B+i2/ TmTBH
�#2``�iBQMb ?�p2 [m�/`�iB+ 7Q`K- r?B+? BM/B+�i2b i?�i /27Q+mb /QKBM�i2bX 1tT2`BK2Mi�HHv-
Qm` K2i?Q/ Qp2`2biBK�i2b /27Q+mb p�Hm2b #v � 7�+iQ` Q7 RXReX h?Bb /Bb+`2T�M+v KB;?i Q`B;BM�i2
7`QK KBb@+�HB#`�iBQM Q7 i?2 2tT2`BK2Mi Q` T�`�K2i2`b mb2/ BM +QKTmi�iBQM U2X;X r�p2H2M;i?-
NA Q7 i?2 Q#D2+iBp2 H2Mb- T`2+BbBQM Q7 i?2 KQiBQM bi�;2VX h?Bb HBM2�` `2H�iBQMb?BT #2ir22M
i?2 T`2/B+i2/ TQbBiBQMb �M/ i?2 i`m2 7Q+mb ?QH/b r?2M i?2 K�;MBim/2 Q7 /27Q+mb Bb H2bb i?�M
Re µm- ∼k× .Q6X >Qr2p2`- i?2 �++m`�+v Q7 �#2``�iBQM +Q``2+iBQM /`QTb �b i?2 /27Q+mb p�Hm2
2t+22/b k× .Q6- r?2M i?2 K�tBKmK T?�b2 /Bz2`2M+2 BM i?2 TmTBH #2+QK2b H�`;2` i?�M
kπ �M/ i?2 �H;Q`Bi?K #2+QK2b KQ`2 HBF2Hv iQ +QMp2`;2 iQ � HQ+�H KBMBKmKX 6`QK i?2b2
2tT2`BK2Mib- r2 +QM+Hm/2 i?�i Qm` K2i?Q/ �++m`�i2Hv 2biBK�i2b iBK2@p�`vBM; �#2``�iBQMb-
r?B+? MQi QMHv 2M�#H2b T?�b2 `2i`B2p�H rBi? /B;Bi�H 7Q+mbBM; #mi +�M �HbQ #2 �TTHB2/ iQ
BKT`Qp2 T?�b2 `2+Qp2`v rBi? KQpBM; Q#D2+ibf#�+F;`QmM/X

Pm` K2i?Q/ Bb 2�bBHv 2ti2M/2/ iQ �++QmMi 7Q` bT�iB�HHv@p�`vBM; �#2``�iBQMb- bBKTHv #v
bQHpBM; i?2 DQBMi 2biBK�iBQM T`Q#H2K b2T�`�i2Hv Qp2` /Bz2`2Mi T�i+?2b Q7 i?2 6QoX AM Q`/2` iQ
pBbm�HBx2 bT�iB�HHv@p�`vBM; �#2``�iBQMb- r2 T`2T�`2/ QBH U*�`;BHH2- nD = 1.58V BKK2`b2/ 10µm
TQHvbiv`2M2 #2�/b UaB;K�@�H/`B+?V �b Qm` b�KTH2- r?B+? Bb �bbmK2/ iQ #2 M2�`Hv bT�iB�HHv
BMp�`B�MiX h?2 b�KTH2 r�b BK�;2/ #v � 4× 0.2NA Q#D2+iBp2 H2Mb ULBFQM- *6A SH�M �TQ
G�K#/�V i?�i ?�b � 6Qo Q7 RXd × kXRKKX 6Qm` BK�;2b r2`2 +�Tim`2/ �i RkX8>x mbBM; i?2
b�K2 bQm`+2 T�ii2`Mb �b BM 6B;X jXjU�VX 6B2H/@/2T2M/2Mi �#2``�iBQMb �`2 T`BK�`BHv +�mb2/ #v
irQ ivT2b Q7 bvbi2K BKT2`72+iBQMbX 6B`bi- i?2 BM+B/2Mi �M;H2 Q7 BM/BpB/m�H G1.b +?�M;2b 7`QK
QM2 6Qo iQ �MQi?2`- bBM+2 i?2 `2H�iBp2 TQbBiBQM #2ir22M i?2 G1.b �M/ i?2 b�KTH2 �i 2�+?
6Qo p�`B2bX a2+QM/- i?2`2 2tBbi bT�iB�HHv@p�`vBM; �#2``�iBQMb M�iBp2 iQ i?2 QTiB+�H bvbi2KX
hQ �++QKKQ/�i2 i?Bb bT�iB�H p�`B�M+2- r2 #`2�F i?2 7mHH 6Qo BMiQ bK�HH T�i+?2b- �M/ �TTHv
i?2 DQBMi 2biBK�iBQM �H;Q`Bi?K QM 2�+? T�i+? BM/2T2M/2MiHvX AM i?Bb +�b2- i?2 BM+B/2Mi �M;H2
Q7 BM/BpB/m�H G1.b �M/ i?2 �#2``�iBQMb �`2 �bbmK2/ BMp�`B�Mi rBi?BM i?2 T�i+?- r?B+? Bb
mbm�HHv p�HB/ r?2M i?2 `2;BQM Bb Km+? bK�HH2` i?�M i?2 iQi�H 6QoX AM 6B;X jX8U�V- i?2 7mHH 6Qo
Bb /BpB/2/ BMiQ Ryy T�i+?2bX qBi?BM 2�+? T�i+?- i?2 �#bQ`TiBQM- T?�b2 �M/ TmTBH �#2``�iBQM
r2`2 `2+Qp2`2/ BM/2T2M/2MiHv #27Q`2 #2BM; biBi+?2/ iQ;2i?2` iQ 7Q`K i?2 7mHH 6Qo BK�;2bX AM
T`�+iB+2- QTiBKBx�iBQM 7Q` 2�+? T�i+? +QMp2`;2b BM 20− 30 Bi2`�iBQMbX

GQQFBM; �i i?2 �#2``�iBQMb `2+Qp2`2/- i?2 +2Mi2` Q7 i?2 6Qo Bb 2bb2MiB�HHv �#2``�iBQM@7`22-
r?B+? Bb +QMbBbi2Mi rBi? i?2 7�+i i?�i QTiB+�H bvbi2Kb �`2 mbm�HHv QTiBKBx2/ i?2`2X h?2`27Q`2-
i?2 �#bQ`TiBQM �M/ T?�b2 BK�;2b rBi? TmTBH `2+Qp2`v �`2 bBKBH�` iQ i?�i rBi?Qmi �#2``�iBQM
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6B;m`2 jX9, U�V Zm�MiBi�iBp2 T?�b2 `2+QMbi`m+iBQMb Q7 � la�6 RN8R `2bQHmiBQM i�`;2i �i
p�`BQmb /27Q+mb /Bbi�M+2b rBi? �M/ rBi?Qmi �#2``�iBQM +Q``2+iBQM- �M/ i?2 +Q``2bTQM/BM;
`2+Qp2`2/ �#2``�iBQMbX U#V wQQK2/@BM `2+QMbi`m+iBQMb �i /27Q+mb Q7 10µmX U+V EMQrM �M/
2tT2`BK2Mi�HHv@2biBK�i2/ /27Q+mb p�Hm2b 7`QK i?2 4th w2`MBF2 KQ/2 Qp2` iBK2X

+Q``2+iBQMX �#2``�iBQMb �`2 Km+? bi`QM;2` �HQM; i?2 2/;2b Q7 i?2 6Qo- r?2`2 i?2 }2H/
+m`p�im`2 #Hm`b i?2 BK�;2X *QMb2[m2MiHv- Q#pBQmb /Bz2`2M+2b Q++m` #2ir22M i?2 MQ`K�H .S*
�M/ �#2``�iBQM@+Q``2+i2/ .S* `2+QMbi`m+iBQMb �i i?Qb2 T�i+?2bX h?2 `2+Qp2`2/ �KTHBim/2
U�#bQ`TiBQMV �i i?2 #QiiQK `B;?i +Q`M2` Bb /`�K�iB+�HHv +?�M;2/ �7i2` �TTHvBM; �#2``�iBQM
+Q``2+iBQMX Zm�HBi�iBp2Hv- i?2 mM+Q``2+i2/ �#bQ`TiBQM �i i?2 2/;2 Q7 i?2 }2H/ �TT2�`b iQ
+QMi�BM bQK2 T?�b2 BM7Q`K�iBQM- H2�/BM; iQ � b?�/Qr@HBF2 �TT2�`�M+2c i?2b2 �`iB7�+ib �`2
`2KQp2/ rBi? TmTBH `2+Qp2`vX AM �//BiBQM- r?BH2 �#2``�i2/ T?�b2 2p�Hm�i2/ rBi? hBF?QMQp
/2+QMpQHmiBQM bmz2`2/ 7`QK ?B;?@7`2[m2M+v MQBb2- T?�b2 rBi? TmTBH +Q``2+iBQM b?Qrb `2/m+2/
MQBb2 /m2 iQ i?2 mb2 Q7 ho `2;mH�`Bx�iBQMX

jX8 amKK�`v
AM +QKTmi�iBQM�H BK�;BM; bvbi2Kb- �#2``�iBQMb +�M bB;MB}+�MiHv /2;`�/2 +QKTH2t@}2H/ `2@
+QMbi`m+iBQMb B7 MQi T`QT2`Hv +QKT2Mb�i2/ 7Q`X AM Q`/2` iQ +Q``2+i �#2``�iBQMb rBi?Qmi
T`2@+�HB#`�iBQM- r2 T`QTQb2 DQBMi 2biBK�iBQM Q7 i?2 b�KTH2 �M/ i?2 TmTBH �#2``�iBQMX Pm`
.S*@#�b2/ T?�b2 `2i`B2p�H i2+?MB[m2 bBKmHi�M2QmbHv `2+Qp2`b i?2 bvbi2K TmTBH �#2``�iBQM
�M/ [m�MiBi�iBp2 T?�b2 �M/ �#bQ`TiBQM Q7 i?2 b�KTH2 7`QK QMHv 9 BMi2MbBiv BK�;2bX "v
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6B;m`2 jX8, U�V _2+QMbi`m+i2/ �#bQ`TiBQM- T?�b2 �M/ bT�iB�HHv@p�`vBM; �#2``�iBQMb U`2+Qp@
2`2/ TmTBH r�p27`QMib 7Q` /Bz2`2Mi `2;BQMb Q7 i?2 }2H/@Q7@pB2rVX U#V *QKT�`BbQM Q7 `2bmHib
rBi? �M/ rBi?Qmi TmTBH 2biBK�iBQM 7Q` +2Mi`�H �M/ 2/;2 `2;BQMb Q7 i?2 }2H/@Q7@pB2rX

+QK#BMBM; j ?�H7@+B`+H2 bQm`+2 T�ii2`M K2�bm`2K2Mib �M/ R K�/2 mM/2` bT�iB�HHv +Q?2`2Mi
UbBM;H2@G1.V BHHmKBM�iBQM- /Bz`�+iBQM@HBKBi2/ +QKTH2t@}2H/ �M/ �#2``�iBQM w2`MBF2 +Q2{@
+B2Mib r2`2 `2+Qp2`2/ i?`Qm;? �M �Hi2`M�iBM; T`QD2+iBQMb MQM@+QMp2t QTiBKBx�iBQMX h?Bb
K2i?Q/ MQi QMHv `2/m+2b i?2 /�i� �+[mBbBiBQM iBK2- #mi �HbQ BM+`2�b2b i?2 aL_ /m2 iQ ?B;?2`
HB;?i i?`Qm;?Tmi +QKT�`2/ iQ bBM;H2@G1. �+[mBbBiBQM- r?B+? b?QmH/ �B/ BM BK�;BM; /vM�KB+
#BQHQ;B+�H b�KTH2bX h?2 `2+Qp2`2/ bvbi2K �#2``�iBQMb �`2 ;2M2`�H iQ i?2 bvbi2K- �M/ K�v #2
mb2/ 7Q` BK�;2 +Q``2+iBQM BM Qi?2` bm#b2[m2Mi BK�;BM; KQ/�HBiB2b QM i?2 b�K2 KB+`Qb+QT2-
bm+? �b /2+QMpQHmiBQM Q7 ~mQ`2b+2M+2 BK�;2b (3R)X



9k

*?�Ti2` 9

j. S?�b2 AK�;BM; rBi? .Bz2`2MiB�H
S?�b2 *QMi`�bi

9XR j. S?�b2 AK�;BM; mbBM; S�`iB�H *Q?2`2Mi
AHHmKBM�iBQM

�Hi?Qm;? QM2 +�M /B;Bi�HHv #�+F@T`QT�;�i2 � K2�bm`2/ k. +QKTH2t@}2H/ iQ `27Q+mb- i?Bb
/Q2b MQi T`QpB/2 i?2 QTiB+�H b2+iBQMBM; +�T�#BHBiB2b Q7 i`m2 j. BK�;BM;X S?�b2 #2BM; �
T`QD2+i2/ [m�MiBiv K2�Mb i?�i QM2 +�MMQi bBKTHv K2�bm`2 k. T?�b2 �i /Bz2`2Mi 7Q+mb TH�M2b
iQ `2+QMbi`m+i j. T?�b2 rBi? +Q?2`2Mi BHHmKBM�iBQMX S�`iB�HHv +Q?2`2Mi BK�;BM;- ?Qr2p2`-
T`QpB/2b � /BbiBM+i 7Q+mb TH�M2 �M/ QTiB+�H /2Ti? b2+iBQMBM;X >2M+2- rBi? T�`iB�HHv +Q?2`2Mi
HB;?i- QM2 +�M mb2 k. T?�b2 `2i`B2p�H �i KmHiBTH2 7Q+mb TH�M2b iQ `2+QMbi`m+i j. _AX S`2pBQmb
j. T?�b2 BK�;BM; (8k) mb2/ /27Q+mb rBi? i2KTQ`�H T�`iB�H +Q?2`2M+2 7Q` b2+iBQMBM;X PM
i?2 Qi?2` ?�M/- bT�iB�H T�`iB�H +Q?2`2M+2 �HbQ +`2�i2b /2Ti? b2+iBQMBM;- �M/ i?`Qm;?@7Q+mb
K2�bm`2K2Mib rBi? bT�iB�H T�`iB�H +Q?2`2Mi BHHmKBM�iBQM +�M i?2M #2 mb2/ iQ bQHp2 i?2 j.
T?�b2 `2i`B2p�H T`Q#H2KX AM i?Bb +?�Ti2`- � j. .S* K2i?Q/ Bb T`2b2Mi2/ i?�i `2+Qp2`b j.
�#bQ`TiBQM �M/ _A 7`QK BMi2MbBiv BK�;2b i�F2M �i /Bz2`2Mi 7Q+mb TH�M2b rBi? 2�+? Q7 i?2 9 ?�H7@
+B`+H2 bQm`+2 T�ii2`Mb U6B;X 9XRVX AM Q`/2` iQ T`QT2`Hv �++QmMi 7Q` Qmi@Q7@7Q+mb +QMi`B#miBQMb-
� 7mHH j. KQ/2H Bb /2`Bp2/- `�i?2` i?�M bQHpBM; 7Q` k. T?�b2 BM/2T2M/2MiHv �i 2�+? 7Q+mb
TH�M2X AM Q`/2` iQ 7Q`KmH�i2 � HBM2�` BMp2`b2 T`Q#H2K- r2 +QMbB/2` QMHv r2�F b+�ii2`BM;
U1st "Q`Mf_viQp �TT`QtBK�iBQMV (RR- Ny- NR- Nk)X �b � `2bmHi- 2{+B2Mi BMp2`b2 �H;Q`Bi?Kb
i?�i bQHp2b 7Q` j. _A /B`2+iHv 7`QK i?2 BMi2MbBiv K2�bm`2K2Mib #2+QK2 TQbbB#H2- rBi?Qmi �M
BMi2`K2/B�i2 T?�b2 `2i`B2p�H bi2TX 6BM�HHv- r2 2tTHQ`2 i?2 mb2 Q7 T`BQ`b 7Q` KBiB;�iBM; #Qi?
Qmi@Q7@7Q+mb �M/ ?�HQ �`iB7�+ibX h?2 `2bmHiBM; MQM@BMi2`72`QK2i`B+ j. [m�MiBi�iBp2 T?�b2
BK�;BM; K2i?Q/ Bb bBKTH2 iQ BKTH2K2Mi BM � +QKK2`+B�H KB+`Qb+QT2- �+?B2p2b i?2 BM+Q?2`2Mi
`2bQHmiBQM HBKBi Uk× i?2 +Q?2`2Mi `2bQHmiBQM HBKBiV �M/ Bb �++m`�i2 7Q` KQbi #BQHQ;B+�H b�KTH2bX
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6B;m`2 9XR, j. .Bz2`2MiB�H S?�b2 *QMi`�bi U.S*V KB+`Qb+QTvX h?2 b2imT Bb � KB+`Qb+QT2
2[mBTT2/ rBi? G1. �``�v BHHmKBM�iBQM �M/ �M �tB�H KQiBQM bi�;2X h?`Qm;?@7Q+mb BMi2MbBiv
bi�+Fb �`2 +�Tim`2/ mbBM; 9 bQm`+2 T�ii2`Mb UiQT- #QiiQK- `B;?i- �M/ H27i ?�H7@+B`+H2bVX h?2
BMi2MbBiv /�i� Bb `2H�i2/ iQ i?2 j. _A /Bbi`B#miBQM #v BHHmKBM�iBQM@/2T2M/2Mi i`�Mb72` 7mM+@
iBQMb- �++Q`/BM; iQ i?2 1st "Q`M �TT`QtBK�iBQMX � /2+QMpQHmiBQM �H;Q`Bi?K i?2M `2+Qp2`b
i?2 j. +QKTH2t _AX

9Xk S`BM+BTH2b Q7 j. .S* JB+`Qb+QTv
6Q`r�`/ KQ/2H
� j. b�KTH2 +�M #2 +?�`�+i2`Bx2/ #v Bib b+�ii2`BM; TQi2MiB�H V (r) = k2

o(n
2
b − n2(r)) (RR)-

r?2`2 nb Bb i?2 _A Q7 i?2 bm``QmM/BM; K2/B� �M/ n = nRe+inIm Bb i?2 b�KTH2Ƕb +QKTH2t _AX
h?2 `2�H T�`i Q7 i?2 _A- nRe- /2b+`B#2b ?Qr T?�b2 /2H�vb �++mKmH�i2 �b HB;?i T�bb2b i?`Qm;?
i?2 b�KTH2- r?BH2 i?2 BK�;BM�`v T�`i- nIm- /2b+`B#2b �#bQ`TiBQMX 6Q` r2�FHv b+�ii2`BM;
Q#D2+ib- KmHiBTH2@b+�ii2`BM; Bb M2;HB;B#H2 �M/ i?2 iQi�H }2H/ +�M #2 �TT`QtBK�i2/ #v i?2 bmK
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Q7 i?2 BM+B/2Mi }2H/ �M/ i?2 bBM;H2@b+�ii2`2/ }2H/ �b BM 1[X URXeV-

Utot(r) ≈ Uin(r) +

∫∫∫
Uin(r

′)V (r′)G(r − r′)d3r′. U9XRV

L2ti- [m�bB@KQMQ+?`QK�iB+ UrBi? r�p2H2M;i? λV bT�iB�HHv T�`iB�H +Q?2`2Mi BHHmKBM�iBQM
7`QK �M 2ti2M/2/ bQm`+2 BM Eƺ?H2` ;2QK2i`v Bb +QMbB/2`2/X 1�+? TQBMi QM i?2 bQm`+2 ;2M2`�i2b
� /BbiBM+i TH�M2 r�p2 �i i?2 b�KTH2 /2b+`B#2/ #v Uin(ρ, z) = e−i2π(u′·ρ+η′z)- r?2`2 u′ �M/ η′

�`2 7`2[m2M+B2b /2i2`KBMBM; i?2 T`QT�;�iBQM /B`2+iBQM BM j. bT�+2 �M/ ∥u′∥22 + η′2 = λ−2X
�7i2` T�bbBM; i?`Qm;? i?2 b�KTH2- i?2 }2H/ Bb HQr@T�bb }Hi2`2/ #v i?2 TmTBH 7mM+iBQM P (u) Q7
i?2 KB+`Qb+QT2- +Q``2bTQM/BM; iQ i?2 k. +Q?2`2Mi TQBMi bT`2�/ 7mM+iBQM h(ρ)X h?2 K2�bm`2/
BMi2MbBiv Iimg(ρ, z) Bb i?2 BM+Q?2`2Mi bmK Q7 BMi2MbBiB2b 7`QK 2�+? TQBMi bQm`+2X qBi? 1st "Q`M
�TT`QtBK�iBQM �M/ 1[X U9XRV- i?2 K2�bm`2/ BMi2MbBiv Bb

Iimg(ρ, z) =

∫∫
S(u′)

∣∣∣
[
Uin(ρ, z) +

(
Uin(ρ, z)V (ρ, z)

)
⊗3D G(ρ, z)

]
⊗3D h(ρ)

∣∣∣
2

d2u′,

U9XkV
r?2`2 ⊗3D Bb i?2 j. +QMpQHmiBQM QT2`�iQ`- ρ /2MQi2b k. i`�Mbp2`b2 +QQ`/BM�i2b- �M/ z i?2
�tB�H +QQ`/BM�i2- rBi? Bib Q`B;BM �i i?2 7Q+�H TH�M2 Q7 i?2 KB+`Qb+QT2X h?2 k. BMi2MbBiv
/Bbi`B#miBQM Q7 i?2 bQm`+2 Bb /2b+`B#2/ #v S(u′)X AM T`�+iB+2- QMHv k. BMi2MbBiv +�M #2
K2�bm`2/ 7`QK � bBM;H2 BK�;2X h?mb- b+�MMBM; i?2 b�KTH2 i?`Qm;? z �M/ +�Tim`2 BK�;2b �i
K�Mv 7Q+mb TH�M2b Bb M22/2/ BM Q`/2` iQ #mBH/ mT i?2 j. BMi2MbBiv K2�bm`2K2Mi QM i?2 H27i
bB/2 Q7 1[X U9XkVX h�FBM; � j. 6Qm`B2` i`�Mb7Q`K ·̃ Q7 #Qi? bB/2b Q7 1[X U9XkV b?Qrb � 6Qm`B2`
bT�+2 `2H�iBQM #2ir22M i?2 j. K2�bm`2/ BMi2MbBiv bT2+i`mK �M/ i?2 b+�ii2`BM; TQi2MiB�H-

Ĩimg(u, η) =

∫∫
S(u′)

[
P (u)

(
δ(u+ u′, η + η′) + Ṽ (u+ u′, η + η′)G̃(u, η)

)]
⊗3D

[P ∗(−u)
(
δ(u− u′, η − η′) + Ṽ ∗(u′ − u, η′ − η)G̃∗(−u,−η)

)]
d2u′, U9XjV

r?2`2 u /2MQi2b i`�Mbp2`b2 bT�iB�H 7`2[m2M+v p�`B�#H2b �M/ η `2T`2b2Mib i?2 �tB�H 7`2[m2M+v
p�`B�#H2X 1[X U9XjV +�M #2 7m`i?2` 2tT�M/2/ BMiQ i?2 7QHHQrBM; i?`22 i2`Kb,

Ĩimg(u, η) = Ĩo + Ĩss +

∫∫
S(u′)

[
P (−u′)Ṽ ∗(−u,−η)G̃∗(−u′ − u,−η − η′)P ∗(−u′ − u)

+ P ∗(−u′)Ṽ (u, η)G̃(−u′ + u,−η′ + η)P (−u′ + u)
]
d2u′,

U9X9V

r?2`2 Ĩo =
∫∫

S(u′) |P (−u′)|2d2u′δ(u, η) Bb i?2 .* i2`K `2T`2b2MiBM; i?2 #�+F;`QmM/
BMi2MbBivX Ĩss Bb � MQMHBM2�` i2`K /2b+`B#BM; 2nd Q`/2` b+�ii2`BM; BMi2`�+iBQMb- BMpQHpBM;
+QMpQHmiBQM #2ir22M Ṽ �M/ Ṽ ∗X A7 i?2 b�KTH2 ?�b bK�HH _A +QMi`�bi �M/ r2�F �#bQ`TiBQM-
i?Bb 2nd Q`/2` i2`K #2+QK2b M2;HB;B#H2X >2M+2- mM/2` i?2 r2�F Q#D2+i �TT`QtBK�iBQM UqP�V-
1[X U9X9V Bb HBM2�`Bx2/ #v /`QTTBM; ĨssX h?2 BKTHB+�iBQM Bb i?�i i?2 HBM2�` `2H�iBQM QMHv ?QH/b
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r?2M � K�DQ`Biv Q7 i?2 b+�ii2`2/ 2M2`;v Bb +QMi`B#mi2/ 7`QK i?2 BMi2`�+iBQM #2ir22M i?2
b+�ii2`2/ }2H/ �M/ i?2 BHHmKBM�iBQM (jk- jj- Ny)- �b QTTQb2/ iQ i?2 BMi2`�+iBQM Q7 i?2 b+�ii2`2/
}2H/ rBi? Bib2H7X h?Bb i2M/b iQ #2 � p�HB/ �TT`QtBK�iBQM 7Q` i`�MbT�`2Mi #BQHQ;B+�H +2HHb- r?B+?
T`QpB/2 � bi`QM; .* i2`K �M/ KBMBK�H b+�ii2`@b+�ii2` BMi2`�+iBQMbX

hQ 2p�Hm�i2 i?2 T?�b2 �M/ �#bQ`TiBQM 2z2+ib b2T�`�i2Hv- Bi Bb M2+2bb�`v iQ +QMbB/2` #Qi?
`2�H �M/ BK�;BM�`v T�`ib Q7 i?2 b+�ii2`BM; TQi2MiB�H- Ṽ = ṼRe + iṼImX 6BM�HHv- i?2 7Q`r�`/
KQ/2H- `2H�iBM; i?2 j. BMi2MbBiv BK�;2b mM/2` /Bz2`2Mi BHHmKBM�iBQM T�ii2`Mb iQ i?2 j.
b+�ii2`BM; TQi2MiB�H- #2+QK2b

Ĩimg = Ĩo +HReṼRe +HImṼIm, U9X8V

r?2`2 i?2 j. T?�b2 i`�Mb72` 7mM+iBQM HRe Bb

HRe(u, η) =

∫∫
S(u′)

[
P ∗(−u′)G̃(−u′ + u,−η′ + η)P (−u′ + u)+

P (−u′)G̃∗(−u′ − u,−η′ − η)P ∗(−u′ − u)
]
d2u′ U9XeV

�M/ i?2 j. �#bQ`TiBQM i`�Mb72` 7mM+iBQM HIm Bb

HIm(u, η) = i

∫∫
S(u′)

[
P ∗(−u′)G̃(−u′ + u,−η′ + η)P (−u′ + u)−

P (−u′)G̃∗(−u′ − u,−η′ − η)P ∗(−u′ − u)
]
d2u′. U9XdV

aBM+2 T?�b2 �M/ �#bQ`TiBQM i`�Mb72` 7mM+iBQMb QMHv /2T2M/ QM i?2 bQm`+2 S �M/ TmTBH P -
r?B+? �`2 FMQrM- i?2v +�M #2 T`2@+QKTmi2/X h?2 1st "Q`M �TT`QtBK�iBQM Bb �TTHB2/c ?Qr2p2`-
i?2 _viQp �TT`QtBK�iBQM +QmH/ BMbi2�/ #2 mb2/ iQ �``Bp2 �i i?2 b�K2 `2bmHi (Nj)X h?2v �`2
2[mBp�H2Mi ?2`2 #2+�mb2 � bK�HH T?�b2 �bbmKTiBQM UBX2X |φ| ≪ RV Bb K�/2 BM #Qi? +�b2b iQ
#mBH/ � HBM2�` `2H�iBQMb?BT #2ir22M i?2 b+�ii2`BM; TQi2MiB�H Q7 i?2 b�KTH2 �M/ i?2 K2�bm`2/
BMi2MbBivX LQi2 i?�i i?2 q2�F P#D2+i h`�Mb72` 6mM+iBQMb UqPh6bV BM 1[X U9XeV �M/ U9XdV
?�p2 #22M b?QrM iQ #2 p�HB/ #2vQM/ i?2 bK�HH@T?�b2 `2;BK2- 7Q` r2�FHv b+�ii2`BM; H�`;2@T?�b2
b�KTH2b i?�i ?�p2 bHQrHv p�`vBM; T?�b2f_A UBX2X |∇φ|≪ RV (Nj- N9- N8)X >2`2- MQM@T�`�tB�H
qPh6b �`2 +QMbB/2`2/ iQ �HbQ ;Q #2vQM/ i?2 T�`�tB�H `2;BK2 (Ny- Nj)X

j. `2M/2`BM;b �M/ Q`i?Q;QM�H bHB+2b Q7 i?2 T?�b2 �M/ �#bQ`TiBQM i`�Mb72` 7mM+iBQMb BM
1[X U9XeV �M/ U9XdV �`2 b?QrM BM 6B;X 9XkU�VX 6Q` #`B;?i}2H/ BK�;2b- QMHv i?2 �#bQ`TiBQM
i`�Mb72` 7mM+iBQM +QMi�BMb MQM@x2`Q p�Hm2b UBX2X MQ T?�b2 BM7Q`K�iBQM Bb 2M+Q/2/VX h?Bb Bb
i?2 7�KBHB�` j. BM+Q?2`2Mi i`�Mb72` 7mM+iBQM BM � rB/2@}2H/ KB+`Qb+QT2 (Ny)X 6Q` .S* BHHmKB@
M�iBQM- ?Qr2p2`- +QMi`�bi +QK2b KQbiHv 7`QK T?�b2 (kN) bBM+2 i?2 �bvKK2i`B+ BHHmKBM�iBQM
+QMp2`ib BM7Q`K�iBQM �#Qmi i?2 `2�H T�`i Q7 i?2 b+�ii2`BM; TQi2MiB�H BMiQ K2�bm`2/ BMi2MbBivX

h?2 bT�iB�H `2bQHmiBQM Q7 j. .S* K2i?Q/ Bb /2i2`KBM2/ #v r�p2H2M;i? λ �M/ NAX h?2
i`�Mbp2`b2 6Qm`B2` +Qp2`�;2 Q7 i?2 .S* i`�Mb72` 7mM+iBQM bT�Mb � #�M/rB/i? k× H�`;2` i?�M
i?2 NA Q7 i?2 Q#D2+iBp2 UNA⊥,max = 2 × NAV- bQ T?�b2 �M/ �#bQ`TiBQM K�v #2 `2+Qp2`2/
rBi? `2bQHmiBQM i?�i Bb k× i?2 +Q?2`2Mi `2bQHmiBQM HBKBiX �tB�H #�M/rB/i? Bb �HbQ /2i2`KBM2/
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#v L�- #mi Bb MQi /B`2+iHv T`QTQ`iBQM�HX Ai BKT`Qp2b MQM@HBM2�`Hv �b i?2 BHHmKBM�iBQM �M/
Q#D2+iBp2 L�b BM+`2�b2 UNA∥,max = 1−

√
1− NA2V (RR- jN- Ny)- �b b?QrM BM 6B;X 9XkU#VX 6Q`

BMbi�M+2- B7 �M Q#D2+iBp2 H2Mb rBi? yXe8 NA �M/ � HB;?i bQm`+2 rBi? λ = 0.500µm �`2 mb2/-
i?2 �##2 /Bz`�+iBQM@HBKBi2/ H�i2`�H �M/ �tB�H `2bQHmiBQM �`2 λ/(2 × NA) = 0.385µm �M/
λ/(1−

√
1− NA2) = 2.083µm- `2bT2+iBp2HvX

6B;m`2 9Xk, U�V �#bQ`TiBQM UHImV �M/ T?�b2 UHReV j. i`�Mb72` 7mM+iBQMb 7Q` i?2 #`B;?i}2H/
�M/ .S* bi�+FbX h?2 NA Q7 #Qi? BHHmKBM�iBQM �M/ /2i2+iBQM Bb yXe8X U#V G�i2`�H �M/ �tB�H
`2bQHmiBQM UK2�bm`2/ #v 6Qm`B2` #�M/rB/i? MQ`K�HBx2/ iQ mMBib Q7 L�V BKT`Qp2 �b i?2 NA
BM+`2�b2bX :`�v +B`+H2b BM/B+�i2 i?2 +�b2 b?QrM BM U�VX

AMp2`b2 T`Q#H2K
AMp2`b2 T`Q#H2K rBi? i?2 BK�;BM; KQ/2H BM a2+X 9Xk 2biBK�i2b i?2 b�KTH2Ƕb j. +QKTH2t _A
7`QK i?2 +�Tim`2/ BMi2MbBiv K2�bm`2K2MibX AM i?2 7QHHQrBM;- irQ `2+QMbi`m+iBQM �H;Q`Bi?Kb
�`2 +QKT�`2/, H2�bi b[m�`2b Uℓ2V �M/ ho `2;mH�`Bx2/X h?2 H2�bi b[m�`2b �H;Q`Bi?K KBMBKBx2b
i?2 ℓ2@MQ`K Q7 i?2 /Bz2`2M+2 #2ir22M i?2 �+im�H K2�bm`2K2Mib �M/ i?2 T`2/B+i2/ K2�bm`2@
K2Mib #�b2/ QM i?2 +m``2Mi 2biBK�i2 �M/ i?2 7Q`r�`/ KQ/2HX AM i?Bb T`Q#H2K- bBM+2 #Qi?
i?2 BHHmKBM�iBQM �M/ BK�;BM; QTiB+b QMHv +Qp2` � HBKBi2/ `�M;2 Q7 �M;H2b- i?2`2 Bb � ǵKBbbBM;
+QM2Ƕ �HQM; i?2 �tB�H /BK2MbBQM BM #Qi? i?2 T?�b2 �M/ �#bQ`TiBQM i`�Mb72` 7mM+iBQMb Ub22
6B;X 9XkVX .B`2+i BMp2`bBQM rBHH i?2`27Q`2 `2bmHi BM ?B;?@7`2[m2M+v �`iB7�+ib /m2 iQ i?2 KBbbBM;
BM7Q`K�iBQMX ℓ2 UhBF?QMQpV `2;mH�`Bx�iBQM Bb � bi�M/�`/ r�v iQ �HH2pB�i2 i?Bb T`Q#H2K (jk)
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#v BKTQbBM; � KBMBKmK iQi�H 2M2`;v +QMbi`�BMi �b /2b+`B#2/ BM a2+X RXj-

min
ṼRe,ṼIm

∑

m

∥∥∥Ĩ ′
m −H ′

Re,mṼRe −H ′
Im,mṼIm

∥∥∥
2

2
+ γRe

∥∥∥ṼRe

∥∥∥
2

+ γIm
∥∥∥ṼIm

∥∥∥
2

2
, U9X3V

r?2`2 m BM/2t2b i?2 BHHmKBM�iBQM T�ii2`Mb +Q``2bTQM/BM; iQ #`B;?i}2H/ �M/ .S*- γRe �M/ γIm
�`2 `2;mH�`Bx�iBQM T�`�K2i2`b- Ĩ ′ /2MQi2b i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 MQ`K�HBx2/ BMi2MbBiv
/�i� bi�+F �M/ H ′

Re = HRe/|Ĩo| �M/ H ′
Im = HIm/|Ĩo| �`2 MQ`K�HBx2/ i`�Mb72` 7mM+iBQMbX h?2

#`B;?i}2H/ BK�;2 bi�+F Bb +QKTmi2/ #v �p2`�;BM; i?2 BMi2MbBiB2b 7`QK �HH .S* BHHmKBM�iBQM
T�ii2`Mb UiQT- #QiiQK- H27i- `B;?iVX 1�+? #`B;?i}2H/ BK�;2 Bb MQ`K�HBx2/ #v }`bi bm#i`�+iBM;
� #�+F;`QmM/ BK�;2- �M/ i?2M /BpB/BM; Bi #v i?2 Ub+�H�`V .* i2`KX h?2 .S* BK�;2b �`2
+QKTmi2/ #v i�FBM; i?2 /Bz2`2M+2 Q7 i?2 T�B`b Q7 BK�;2b 7`QK +QKTHBK2Mi�`v BHHmKBM�iBQM
T�ii2`Mb- i?2M MQ`K�HBx2/ #v i?2 BHHmKBM�iBQM BMi2MbBivX J�i?2K�iB+�HHv- i?2b2 T`Q+2/m`2b
�`2 r`Bii2M �b,

IBF =
Itop + Ibottom + Iright + Ileft

2
, I ′BF =

IBF − |Ĩo|
|Ĩo|

, I ′DPC =
Itop/right − Ibottom/left

|Ĩo|
. U9XNV

r?2`2 Itop- Ibottom- Iright �M/ Ileft `2T`2b2Mi K2�bm`2/ BMi2MbBiB2b mbBM; iQT- #QiiQK- `B;?i-
�M/ H27i ?�H7@+B`+H2 BHHmKBM�iBQM- `2bT2+iBp2Hv- IBF Bb #`B;?i}2H/ BMi2MbBiv �M/ I ′

DPC Bb i?2
MQ`K�HBx2/ .S* BMi2MbBivX PM2 +�M �+[mB`2 i?2 .* i2`K #v K2�bm`BM; i?2 #�+F;`QmM/
#`B;?i}2H/ BMi2MbBiv rBi?Qmi i?2 b�KTH2X >Qr2p2`- Bi +�M #2 �TT`QtBK�i2/ #v i?2 �p2`�;2
BMi2MbBiv Q7 i?2 #`B;?i}2H/ BK�;2b r?2M i?2 qP� ?QH/b- BX2X |Ĩo| = ⟨IBF⟩X

1[m�iBQM U9X3V ?�b � +HQb2/@7Q`K bQHmiBQM i?�i +�M #2 Q#i�BM2/ #v b2iiBM; Bib /2`Bp�iBp2
rBi? `2bT2+iBp2 iQ VRe �M/ VIm iQ x2`Q- ;BpBM; i?2 H2�bi@b[m�`2b bQHmiBQM,

ṼRe =

(∑
m |H ′

Im,m|2 + γIm
)∑

m

(
H ′∗

Re,mĨ
′
m

)
−

∑
m

(
H ′∗

Re,mH
′
Im,m

)∑
m

(
H ′∗

Im,mĨ
′
)

(∑
m |H ′

Re,m|2 + γRe

) (∑
m |H ′

Im,m|2 + γIm
)
−

∑
m

(
H ′

Re,mH
′∗
Im,m

)∑
m

(
H ′∗

Re,mH
′
Im,m

)

ṼIm =

(∑
m |H ′

Re,m|2 + γRe

)∑
m

(
H ′∗

Im,mĨ
′
m

)
−

∑
m

(
H ′

Re,mH
′∗
Im,m

)∑
m

(
H ′∗

Re,mĨ
′
)

(∑
m |H ′

Re,m|2 + γRe

) (∑
m |H ′

Im,m|2 + γIm
)
−

∑
m

(
H ′

Re,mH
′∗
Im,m

)∑
m

(
H ′∗

Re,mH
′
Im,m

) .

U9XRyV

>2M+2- i?2 b+�ii2`BM; TQi2MiB�H +�M #2 `2+Qp2`2/ mbBM; /2+QMpQHmiBQM rBi? 66hbX h?2 irQ
`2;mH�`Bx�iBQM T�`�K2i2`b- γRe �M/ γIm- b?QmH/ b+�H2 rBi? i?2 K�;MBim/2 Q7 VRe �M/ VIm-
`2bT2+iBp2HvX Pp2`Hv H�`;2 `2;mH�`Bx�iBQM T�`�K2i2`b `2bmHi BM `2/m+iBQM Q7 �#bQ`TiBQM �M/
T?�b2 p�Hm2b- r?BH2 Qp2`Hv bK�HH `2;mH�`Bx�iBQM T�`�K2i2`b `2bmHi BM ?B;? 7`2[m2M+v MQBb2X

.m2 iQ i?2 KBbbBM; +QM2 T`Q#H2K- T?�b2 `2+QMbi`m+iBQMb bmz2` 7`QK ?�HQ �`iB7�+ib Ub22
6B;X 9XjU+VVX hQ KBiB;�i2 i?Bb- irQ /Bz2`2Mi T`BQ`b �`2 2tTHQBi2/X 6B`bi- � TB2+2@rBb2 +QMbi�Mi
�TT`QtBK�iBQM Q7 i?2 j. b+�ii2`BM; TQi2MiB�H UBX2X i?2 b�KTH2 +�M #2 `2T`2b2Mi2/ �b KmHiBTH2
`2;BQMb Q7 +QMbi�Mi _AV Bb K�/2 #v mbBM; � ho `2;mH�`Bx2` (j3- Ne)X a2+QM/- BM i?2 2tT2`BK2Mib-
i?2 b�KTH2 Bb BKK2`b2/ BM � K2/BmK r?Qb2 _A Bb �Hr�vb bK�HH2` i?�M i?2 b�KTH2ǶbX h?mb-
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TQbBiBpBiv +QMbi`�BMi +�M #2 7m`i?2` BKTQb2/ QM i?2 _AX AM+Hm/BM; #Qi? T`BQ`b- i?2 j. T?�b2
`2+QMbi`m+iBQM bQHp2b i?2 7QHHQrBM; KBMBKBx�iBQM T`Q#H2K bBKBH�` iQ 1[X URXkNV,

min
ṼRe,ṼIm

∑

m

∥∥∥Ĩ ′
m −H ′

Re,mṼRe −H ′
Im,mṼIm

∥∥∥
2

2
+ τRe

∥∥∥VRe

∥∥∥
TV

+ τIm
∥∥∥VIm

∥∥∥
TV

,

s.t. VRe,VIm ≤ 0, U9XRRV

r?2`2 τRe �M/ τIm �`2 i?2 `2;mH�`Bx�iBQM +Q2{+B2MibX q2 �/QTi i?2 �MBbQi`QTB+ j. ho
QT2`�iQ`- ∥ · ∥TV = ∥∇{·}∥1- BM r?B+? ∇ Bb i?2 j. ;`�/B2Mi QT2`�iQ`X 6BM�HHv- �.JJ
�H;Q`Bi?K BMi`Q/m+2/ BM a2+X RXj Bb i?2M �TTHB2/ iQ `2+Qp2` i?2 j. b+�ii2`BM; TQi2MiB�HX

9Xj 1tT2`BK2Mi�H _2bmHib
h?2 2tT2`BK2Mi�H b2imT Bb � +QKK2`+B�H KB+`Qb+QT2 ULBFQM h1jyyV rBi? bQm`+2 T�ii2`MBM;
�+?B2p2/ #v � T`Q;`�KK�#H2 G1. �``�v Ujk×jk- 9 KK bT�+BM;- +2Mi`�H λ = 0.514µmVX h?2
G1. �``�v Bb TH�+2/ �i eN KK �#Qp2 i?2 7Q+�H TH�M2 BM Q`/2` iQ T`QpB/2 BHHmKBM�iBQM NA yXe8X
�M �miQK�i2/ TB2xQ@bi�;2 Uh?Q`H�#b- Jwa8yy@1V BKTH2K2Mib �tB�H b+�MMBM; r?BH2 +�Tim`BM;
9 BK�;2b �i 2�+? TQbBiBQM mbBM; i?2 9 ?�H7@+B`+H2 BHHmKBM�iBQM T�ii2`Mb b?QrM BM 6B;X 9XRX AM
Q`/2` iQ �pQB/ �HB�bBM;- i?2 �tB�H bT�+BM; #2ir22M 7Q+mb TH�M2b rBi?BM i?2 j. BMi2MbBiv bi�+F
b?QmH/ #2 bK�HH2` i?�M i?2 .Q6- λ/(2 − 2

√
1− NA2)X �i i?2 b�K2 iBK2- Bi Bb `2[mB`2/

iQ +�Tim`2 i?2 7mHH �tB�H `�M;2 Q7 i?2 b�KTH2Ƕb BMi2MbBiv p�`B�iBQMbX >2M+2- 7Q` RyĜky µK
i?B+F b�KTH2b- /�i� �i Ryy /27Q+mb TH�M2b 2[m�HHv bT�+2/ #v R µK �`2 +QHH2+i2/X LQi2 i?�i
i?2 K2i?Q/ `2[mB`2b bBKBH�` �KQmMib Q7 /�i� �b +QKT�`2/ iQ Qi?2` /Bz`�+iBQM iQKQ;`�T?v
b+?2K2b- r?B+? mb2 9 T?�b2@b?B7i2/ BMi2`72`Q;`�Kb UQ` �M Qz@�tBb ?QHQ;`�K rBi? 4× KQ`2
TBt2HbV �i 2�+? �M;H2 (Nd) Q` �tB�H TH�M2 (8k)X "Qi? i?2 G1. �``�v �M/ i?2 TB2xQ@bi�;2 �`2
bvM+?`QMBx2/ iQ i?2 +�K2`� US*PX1/;2 8X8V- bQ �+[mBbBiBQM bT22/ Bb HBKBi2/ #v i?2 �tB�H
i`�MbH�iBQM bT22/ U∼ 90 b2+QM/b 7Q` 9yy BK�;2bVX

.m`BM; i?2 `2+QMbi`m+iBQM T`Q+2bb- i?2 9 BK�;2b �i 2�+? z �`2 }`bi mb2/ iQ bvMi?2bBx2 �
#`B;?i}2H/ �M/ irQ .S* BK�;2b �HQM; Q`i?Q;QM�H /B`2+iBQMb (jk)X h?2b2 #`B;?i}2H/ �M/ .S*
BK�;2 bi�+Fb T`QpB/2 +QKTH2K2Mi�`v BM7Q`K�iBQMX .B`2+i bQHmiBQMb 7`QK BMp2`b2 �H;Q`Bi?Kb
�`2 +QKTH2t b+�ii2`BM; TQi2MiB�Hb- r?B+? �`2 +QMp2`i2/ iQ _A /Bbi`B#miBQMbX lbBM; 66h@#�b2/
BKTH2K2Mi�iBQMb- `2+QMbi`m+iBQM Q7 8Rk×8Rk×Ryy pQt2Hb mbBM; 1[X U9X3V QM � /2bFiQT +QK@
Tmi2` UAMi2H Bd *SlV rBi? J�iH�# i�F2b ∼Ry b2+QM/b- r?2`2�b BKTH2K2Mi�iBQM Q7 1[X U9XRRV
ivTB+�HHv `2[mB`2b �#Qmi jy Bi2`�iBQMb iQ +QMp2`;2 U∼Rj KBMmi2bVX *QKTmi�iBQM iBK2b +QmH/
#2 7m`i?2` `2/m+2/ i?`Qm;? T�`�HH2H T`Q+2bbBM; QM :`�T?B+b S`Q+2bbBM; lMBib U:SlbVX

*QKT�`BbQM #2ir22M ℓ2 �M/ ho `2;mH�`Bx�iBQM
hQ +QKT�`2 `2+QMbi`m+iBQM �H;Q`Bi?Kb 7Q` � FMQrM i2bi b�KTH2- � bBM;H2 TQHvbiv`2M2 #2�/
UaB;K�@�H/`B+?V BKK2`b2/ BM BM/2t@K�i+?BM; ~mB/ U*�`;BHH2- BM/2t RX8NV Bb BK�;2/X h?Bb
b�KTH2 Bb � Tm`2 T?�b2 Q#D2+i rBi? TB2+2@rBb2 +QMbi�Mi _A- bQ b�iBb}2b i?2 ho +QMbi`�BMiX
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6B;m`2 9Xj, j. _A `2+QMbi`m+iBQMb Q7 � RyµK /B�K2i2` TQHvbiv`2M2 #2�/ BKK2`b2/ BM QBH Q7
_A RX8N U9y× yXe8 NA Q#D2+iBp2 H2MbVX U�V *`Qbb@b2+iBQM�H pB2rb Q7 j. #`B;?i}2H/ �M/ .S*
K2�bm`2K2MibX U#V �#bQ`TiBQM �M/ U+V T?�b2 `2+QMbi`m+iBQMb rBi? ℓ2 �M/ ho `2;mH�`Bx�iBQMX
U/V R. +`Qbb@b2+iBQMb Q7 `2+Qp2`2/ _A rBi? ho `2;mH�`Bx�iBQMX

hrQ +`Qbb@b2+iBQM�H pB2rb Q7 i?2 j. #`B;?i}2H/ �M/ .S* BMi2MbBiv bi�+Fb 7`QK 1[X U9XNV �`2
b?QrM BM 6B;X 9XjU�VX "`B;?i}2H/ BK�;2b �TT2�` iQ ?�p2 �#bQ`TiBQM �i i?2 2/;2b Q7 i?2 #2�/-
r?2`2 bi`QM; /Bz`�+iBQM +�mb2b HB;?i iQ b+�ii2` QmibB/2 i?2 i?2 Q#D2+iBp2Ƕb +QHH2+iBQM �T2`im`2X
aBM+2 i?Bb HQbb Bb bK�HH- i?2 `2+Qp2`2/ �#bQ`TiBQM K�T mbBM; ℓ2 UhBF?QMQpV `2;mH�`Bx�iBQM Bb
MQBbv U6B;X 9XjU#VVX

GQQFBM; �i i?2 `2+QMbi`m+i2/ j. _A U6B;X 9XjU+-/VV- bB;MB}+�MiHv H2bb ?�HQ �`iB7�+ib �`2
Q#b2`p2/ BM i?2 ho `2;mH�`Bx�iBQM +�b2- �b +QKT�`2/ iQ ℓ2- �b r2HH �b H2bb MQBb2X h?2 `2+QM@
bi`m+iBQM rBi? ℓ2 `2;mH�`Bx�iBQM bmz2`b 7`QK 2HQM;�iBQM �HQM; i?2 �tB�H /B`2+iBQM @ i?2 �tB�H
rB/i? Bb ∼RXe× H�`;2` i?�M i?2 #2�/X h?Bb Bb /m2 iQ i?2 KBbbBM; 7`2[m2M+B2b �HQM; i?2 �tB�H
/B`2+iBQM Ub22 6B;X 9XkU�VVX AM Q`/2` iQ `2/m+2 i?2 2HQM;�iBQM- QM2 +�M mb2 ?B;?2` NA- `Qi�i2
i?2 Q#D2+i (Nj)- Q` H2p2`�;2 T`BQ` FMQrH2/;2 bBKBH�` iQ i?Bb +�b2X �Hi2`M�iBp2Hv- MQMHBM2�` 7Q`@
r�`/ KQ/2Hb (9j- Ne) i?�i �++QmMib 7Q` KmHiBTH2@b+�ii2`BM; +�M #2 mb2/ iQ ;Q #2vQM/ i?2 1st

"Q`M �TT`QtBK�iBQM �M/ i?2 qP�- TQi2MiB�HHv �HHQrBM; `2+Qp2`v Q7 ?B;?2` 7`2[m2M+v +QK@
TQM2Mib �b r2HH �b KBbbBM; +QM2 BM7Q`K�iBQMX >Qr2p2`- bm+? �H;Q`Bi?Kb �`2 MQi ;m�`�Mi22/
iQ }M/ i?2 ;HQ#�H bQHmiBQM �M/ `2[mB`2 KQ`2 +QKTmi�iBQM TQr2` �M/ iBK2X .2bTBi2 mbBM;
� r2�F Q#D2+i �TT`QtBK�iBQM- i?2 `2+QMbi`m+i2/ _A U∼ RXeykV K�i+?2b r2HH rBi? T`2pBQmb
2tT2`BK2Mi�H K2�bm`2K2Mib (N3)- T`QpB/BM; �++m`�i2 [m�MiBi�iBp2 T?�b2 `2bmHibX AM i?2 `2bi
Q7 2tT2`BK2Mi�H `2bmHib- i?2 ho `2;mH�`Bx�iBQM �`2 �/QTi2/X

1z2+i Q7 MmK2`B+�H �T2`im`2
hQ 2tT2`BK2Mi�HHv bim/v i?2 2z2+ib Q7 NA QM }M�H j. T?�b2 `2+QMbi`m+iBQMb- `2bmHib 7`QK irQ
Q#D2+iBp2 H2Mb2b Uky× 0.40NA �M/ 9y× 0.65NAV �`2 +QKT�`2/X h?2 i2bi b�KTH2 Bb +QKTQb2/
Q7 b2p2`�H TQHvbiv`2M2 #2�/b BKK2`b2/ BM QBH Q7 _A RX89X �b 2tT2+i2/- ?B;?2` NA ;Bp2b #2ii2`
`2bQHmiBQM BM #Qi? H�i2`�H �M/ �tB�H /BK2MbBQMb- �b b?QrM BM 6B;X 9X9X SQQ` /2Ti? b2+iBQMBM;



*>�Sh1_ 9X j. S>�a1 AJ�:AL: qAh> .A661_1LhA�G S>�a1 *PLh_�ah 8y

6B;m`2 9X9, *QKT�`BbQM Q7 `2+Qp2`2/ j. _A Ue µK TQHvbiv`2M2 #2�/bV rBi? ky× yX9 NA
�M/ 9y× yXe8 NA Q#D2+iBp2bX G�`;2` NA T`QpB/2b #2ii2` H�i2`�H �M/ �tB�H `2bQHmiBQMX

7`QK i?2 HQr2` NA �HbQ +�mb2b bHQrHv p�`vBM; #�+F;`QmM/ �`iB7�+ib- r?B+? �`2 KBiB;�i2/ BM i?2
?B;? NA `2+QMbi`m+iBQMbX h?2 BKT`Qp2/ �tB�H `2bQHmiBQM #Qi? `2/m+2b i?2 �tB�H 2HQM;�iBQM
�M/ 2M�#H2b Q#b2`p�iBQM Q7 }M2` bi`m+im`2b rBi?BM i?2 H�`;2 #2�/b UBM/B+�i2/ #v i?2 r?Bi2
�``QrbVX h?2 /Bz`�+iBQM@HBKBi2/ H�i2`�H �M/ �tB�H `2bQHmiBQMb �`2 yXe9 µK �M/ eXR9 µK 7Q`
ky× Q#D2+iBp2- �M/ yXjN µK �M/ kXR9 µK 7Q` 9y× Q#D2+iBp2- `2bT2+iBp2HvX 6B;m`2 9X9 �HbQ
BHHmbi`�i2b � +�p2�i Q7 j. .S*X �b i?2 BM/2t /Bz2`2M+2 #2ir22M i?2 bm``QmM/BM; K2/B�
�M/ i?2 #2�/b #2+QK2b H�`;2` U∆n > 0.07 BM i?Bb +�b2V- i?2 qP� Q` bHQrHv@p�`vBM; T?�b2
�TT`QtBK�iBQM /Q2b MQi ?QH/ #mi i?2 KQ/2H �ii2KTib iQ }i i?2 K2�bm`2K2Mib rBi? i?Qb2
�bbmKTiBQMbX >2M+2- �Hi?Qm;? i?2 b?�T2 `2K�BMb i?2 b�K2- i?2 `2i`B2p2/ _A Bb HQr2` i?�M
i?2 �+im�H p�Hm2X

*QKT�`BbQM #2ir22M k. �M/ j. T?�b2 `2+QMbi`m+iBQMb
hQ BHHmbi`�i2 i?2 /Bz2`2M+2b #2ir22M k. �M/ j. T?�b2 BK�;BM;- irQ /Bz2`2Mi k. T?�b2 K2i?@
Q/b Uk. .S* (jk) �M/ i?2 i`�MbTQ`i Q7 BMi2MbBiv 2[m�iBQM UhA1V (R3)V �`2 �HbQ BKTH2K2Mi2/X
"Qi? mb2 i?`Qm;?@7Q+mb BMi2MbBiv bi�+Fb iQ `2+Qp2` i?2 QM@�tBb T`QD2+i2/ T?�b2- B;MQ`BM; b�K@
TH2 i?B+FM2bbX � 9y× yXe8 NA Q#D2+iBp2 Bb mb2/ �M/ }t2/ b�HBM2@BKK2`b2/ ?mK�M K�KK�`v
2TBi?2HB�H J*6Ry� +2HH Bb BK�;2/X hQ BKTH2K2Mi hA1- R8 BK�;2b �`2 `2+Q`/2/ rBi? 2tTQM2M@
iB�H �tB�H bT�+BM; 7`QK R µK iQ e9 µm- mbBM; +Q?2`2Mi UbBM;H2@G1.V BHHmKBM�iBQMX h?2 T?�b2
�i i?2 7Q+�H TH�M2 Bb `2+Qp2`2/ mbBM; � KQ/B}2/ hA1 �H;Q`Bi?K (R3)X LQi2 i?�i k. .S*
T`QpB/2b k× #2ii2` H�i2`�H `2bQHmiBQM i?�M hA1 Ub22 6B;X 9X8U�VV #2+�mb2 Bi mb2b T�`iB�HHv
+Q?2`2Mi BHHmKBM�iBQMX

aBM+2 i?2 k. T?�b2 `2+QMbi`m+iBQMb �`2 T`QTQ`iBQM�H iQ i?2 iQi�H T`QD2+i2/ QTiB+�H T�i?
H2M;i? Q7 i?2 b�KTH2- i?Bb [m�MiBiv �HQM2 +�MMQi /BbiBM;mBb? 72�im`2b �i /Bz2`2Mi �tB�H TQbB@
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6B;m`2 9X8, *QKT�`BbQM #2ir22M k. T?�b2 `2+QMbi`m+iBQMb UhA1 �M/ k. .S*V �M/ k.
bHB+2b Q7 j. .S* _A `2+QMbi`m+iBQM 7Q` � ?mK�M K�KK�`v 2TBi?2HB�H J*6Ry� +2HHX U�V hA1
�M/ k. .S*- M2ti iQ i?`22 bHB+2b Q7 i?2 `2+Qp2`2/ _A 7`QK j. .S* �i i?`22 /Bz2`2Mi /2Ti?bX
U#V j. pB2r Q7 i?2 `2+Qp2`2/ BM/2tǶb j. 6Qm`B2` bT2+i`mKX U+V j. `2M/2`BM; Q7 i?2 `2+Qp2`2/
_A /Bbi`B#miBQMX

iBQMbX h?2 j. .S* K2i?Q/- QM i?2 Qi?2` ?�M/- +�M +H2�`Hv /BbiBM;mBb? bm#@+2HHmH�` 72�im`2b
bm+? �b +viQbQH- +viQTH�bK �M/ Mm+H2mb- r?B+? �`2 HQ+�i2/ �i /Bz2`2Mi �tB�H TH�M2b Ub22
6B;X 9X8VX h?2 b?�`T2` �TT2�`�M+2 Q7 i?2 `2+QMbi`m+i2/ bHB+2b Bb � `2bmHi Q7 i?2 �tB�H b2+iBQM@
BM; i?�i `2KQp2b Qmi@Q7@7Q+mb 72�im`2bX j. .S* T`QpB/2b i?2 b�K2 H�i2`�H `2bQHmiBQM �b k.
.S* �M/ i?2 `2+QMbi`m+i2/ j. 6Qm`B2` bT2+i`mK U6B;X 9X8U#VV +Qp2`b i?2 b�K2 pQHmK2 BM
6Qm`B2` bT�+2 �b i?2 i`�Mb72` 7mM+iBQMb BM 6B;X 9XkU�VX AM 6B;X 9X8U+V- Bi b?Qrb i?2 j. `2M/2`2/
_A `2+QMbi`m+iBQM rBi? /Bz2`2Mi _A p�Hm2b K�TTBM; iQ /Bz2`2Mi +QHQ`b �b BM (je- 8k)X

j. .S* Bb �HbQ �TTHB2/ iQ BK�;2 2K#`vQ +2HHb U6B;X 9XeVX h?2b2 +2HHb ?�p2 /B�K2i2` ∼Ryy
µK �M/ �`2 bm``QmM/2/ #v xQM� T2HHm+B/� U#QiiQK �``QrVX h?2 iQT �``Qr TQBMib iQ i?2 TQH�`
#Q/v Q7 i?2 QQ+vi2X h?2 Mm+H2mb �b r2HH �b +viQTH�bK /Bbi`B#miBQM �HQM; i?2 �tB�H /B`2+iBQM
�`2 +H2�`Hv Q#b2`p2/ rBi?BM i?2 `2;BQM BM i?2 Q`�M;2 #QtX h?2 #Hm2 /�b?2/ #Qt b?Qrb � 9@+2HH
bi�;2 2K#`vQ �i i?`22 /BbiBM+i 7Q+mb TH�M2b- r?2`2 irQ b2ib Q7 irQ +2HHb bBi QM iQT Q7 2�+?
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50 µm�
z = -10 µm�

z = 0 µm�

z = 12 µm�

z = -10 µm�

z = 0 µm�

z = 12 µm�

1.33

1.345

6B;m`2 9Xe, _2+QMbi`m+i2/ j. _A Q7 2K#`vQ +2HHbX UG27iV 6mHH }2H/@Q7@pB2r �i � bBM;H2 7Q+mb
TH�M2X U_B;?iV j �tB�H bHB+2b 7Q` `2;BQMb BM i?2 #Hm2 /�b?2/ �M/ Q`�M;2 #Qt2bX

Qi?2`- rBi? +H2�p�;2 TH�M2b QM i?2 /B�;QM�H �M/ Qz@/B�;QM�H /B`2+iBQMbX _2+Qp2`BM; i?2 j.
BM7Q`K�iBQM 2M�#H2b mb iQ };m`2 Qmi i?2 HQ+�iBQM Q7 BM/BpB/m�H +2HHb- T`QpB/BM; � MQM@BMp�bBp2
r�v iQ BbQH�i2 bm#@+2HHmH�` 72�im`2b rBi? ?B;? `2bQHmiBQM �M/ �++m`�+vX

9X9 amKK�`v
� MQp2H [m�MiBi�iBp2 j. T?�b2 BK�;BM; i2+?MB[m2 Bb BMi`Q/m+2/- r?B+? +�Tim`2b BK�;2b rBi?
�bvKK2i`B+ T�`iB�HHv +Q?2`2Mi BHHmKBM�iBQM �i /Bz2`2Mi 7Q+mb TH�M2bX lM/2` i?2 1st "Q`M �T@
T`QtBK�iBQM- � HBM2�` j. KQ/2H +�M #2 /2`Bp2/ i?�i `2H�i2b BHHmKBM�iBQM@/2T2M/2Mi BMi2MbBiv
iQ j. _A �M/ �#bQ`TiBQMX h?2 `2+QMbi`m+iBQM �H;Q`Bi?K Bb 7�bi �M/ 2{+B2Mi- mbBM; 2Bi?2`
hBF?QMQp Uℓ2V Q` ho `2;mH�`Bx�iBQM rBi? � TQbBiBpBiv +QMbi`�BMiX h?2 2tT2`BK2Mi�H b2imT
Bb bBKTH2 �M/ BM2tT2MbBp2 UrBi? �M G1. �``�v �//@QMV- 2M�#HBM; H�#2H@7`22 �M/ bi�BM@7`22
bBM;H2@+2HH BK�;BM; rBi? bm#@+2HHmH�` 72�im`2 bT2+B}+BivX



8j

*?�Ti2` 8

j. S?�b2 AK�;BM; rBi?
JmHiBTH2@a+�ii2`BM; P#D2+ib

8XR KmHiBTH2@b+�ii2`BM; JQ/2Hb 7Q` j. S?�b2 AK�;BM;
q?BH2 K�Mv j. T?�b2 BK�;BM; K2i?Q/b HBF2 j. .S* BM *?�Ti2` 9 rQ`F rBi? r2�FHv b+�ii2`@
BM; Q#D2+ib- i?2v 7�BH BK�;BM; i?2 KmHiBTH2@b+�ii2`BM; Q#D2+ib /m2 iQ i?2B` BM�++m`�i2 7Q`r�`/
KQ/2HbX hQ T2`7Q`K j. T?�b2 BK�;BM; rBi? KmHiBTH2@b+�ii2`BM; Q#D2+ib Q` QTiB+�HHv /2Mb2
b�KTH2b- � b+�ii2`BM; KQ/2H i?�i /2b+`B#2b HB;?i@K�ii2` BMi2`�+iBQM #2vQM/ i?2 bBM;H2 b+�ii2`@
BM; `2;BK2 Bb M22/2/X �b � `2bmHi- JmHiB@aHB+2 UJaV Q` #2�K T`QT�;�iBQM K2i?Q/ b+�ii2`BM;
KQ/2H r�b �/QTi2/ iQ �++QmMi 7Q` KmHiBTH2@b+�ii2`BM; 2z2+ib r?2M HB;?i T`QT�;�i2b i?`Qm;?
i?2 Q#D2+ib- �M/ BMp2`b2 T`Q#H2Kb r2`2 bQHp2/ mbBM; Ja T`QT�;�iBQM rBi? #Qi? ?QHQ;`�T?v
�M/ BMi2MbBiv QMHv K2�bm`2K2Mib (9j- Ne)X Ja �bbmK2b 2�+? bHB+2 �b �M BM}MBi2bBK�HHv i?BM
i`�MbKBbbBQM H�v2`X >Qr2p2`- Bi Bb MQ HQM;2` �++m`�i2 BM i?2 +�b2 Q7 Q#HB[m2 BHHmKBM�iBQMbc
i?2 Qz@�tBb HB;?i i`�p2Hb � HQM;2` /Bbi�M+2 +QKT�`2/ iQ i?2 QM@�tBb HB;?iX h?2`27Q`2- i?2
�++m`�+v Q7 Ja H2bb2Mb �b i?2 �M;H2 Q7 BM+B/2M+2 BM+`2�b2bX a2p2`�H ?2m`BbiB+ �TT`Q�+?2b ?�p2
#22M T`QTQb2/ iQ KBiB;�i2 i?2 Bbbm2- #mi i?2v `2Hv QM ;2QK2i`B+ QTiB+b rBi?BM 2�+? bHB+2 �M/
�`2 2Bi?2` MQi bi�#H2 7Q` ?B;? �M;H2 Q#HB[m2 BHHmKBM�iBQMb Q` ;`2�iHv BM+`2�b2 +QKTmi�iBQM
+Qbi (NN- Ryy)X AM �//BiBQM- Ja QMHv /2b+`B#2b i?2 7Q`r�`/ b+�ii2`BM; T`Q+2bb �M/ KBbb2b i?2
#�+F@b+�ii2`2/ HB;?i- r?B+? +�M TQi2MiB�HHv #2 mb2/ iQ bQHp2 i?2 KBbbBM; +QM2 T`Q#H2Kb BM
P.hX JQ`2 [m�MiBi�iBp2Hv �++m`�i2 b+�ii2`BM; KQ/2Hb ?�p2 �HbQ #22M /2p2HQT2/ iQ ;2M2`�i2
7Q`r�`/ �M/ #�+Fr�`/ b+�ii2`BM; }2H/b +HQb2 iQ i?2 �M�HviB+ bQHmiBQM Q7 i?2 >2HK?QHx 2[m�iBQM
pB� b2`B2b Q7 +QMpQHmiBQMb rBi? � j. :`22MǶb 7mM+iBQMX h?2b2 BM+Hm/2 `2+m`bBp2 "Q`M (RR- RyR)-
+QMi`�bi bQm`+2 BMp2`bBQM K2i?Q/ (Ryk)- +QmTH2/ /BTQH2 K2i?Q/ (Ryj)- ?v#`B/ K2i?Q/ (Ry9)-
�M/ b2`B2b 2tT�MbBQM rBi? �++2H2`�i2/ ;`�/B2Mi /2b+2Mi QM i?2 GBTTK�MM@a+?rBM;2` 1[m�@
iBQM Ua1�:G1V (Ry8)X lMHBF2 i?2 r2�FHv b+�ii2`BM; KQ/2Hb Q` Ja- i?2v `2[mB`2 Q`/2`b Q7
K�;MBim/2 KQ`2 +QKTmi�iBQM �M/ K2KQ`v /m2 iQ j. K�i`Bt QT2`�iBQMb- r?B+? HBKBib i?2B`
�TTHB+�iBQM iQ k. bHB+2 `2+QMbi`m+iBQMb Q` bK�HH pQHmK2 j. T?�b2 iQKQ;`�T?v (Rye- Ryd)X
hQ +QM[m2` i?2 Bbbm2b K2MiBQM2/ �#Qp2- � M2r 2{+B2Mi b+�ii2`BM; KQ/2H- JmHiB@G�v2` "Q`M



*>�Sh1_ 8X j. S>�a1 AJ�:AL: qAh> JlGhASG1@a*�hh1_AL: P"C1*ha 89

UJG"V- Bb T`2b2Mi2/ BM i?Bb +?�Ti2`X h?2 KQ/2H +QMi�BMb irQ K�DQ` +QM+2Tim�H bi2TbX 6B`bi-
i?2 j. Q#D2+i Bb /2+QKTQb2/ BMiQ KmHiBTH2 j. bH�#b rBi? }MBi2 i?B+FM2bbX a2+QM/- 1st "Q`M
b+�ii2`BM; T`Q+2bb Bb b2[m2MiB�HHv �TTHB2/ iQ 2�+? bH�#X h?Bb M2r K2i?Q/ MQi QMHv `2KQp2b
i?2 T�`�tB�H �bbmKTiBQM BM Ja- #mi Bb �HbQ +�T�#H2 Q7 +QKTmiBM; #�+Fr�`/ b+�ii2`BM; HB;?i
7`QK i?2 b�KTH2bX

8Xk JmHiB@G�v2` "Q`M GB;?i a+�ii2`BM; JQ/2H 7Q` j.
S?�b2 hQKQ;`�T?v

6B;m`2 8XR, S`QTQb2/ j. T?�b2 BK�;BM; 7`�K2rQ`FX AMi2MbBiv K2�bm`2K2Mib rBi? bT�iB�HHv
+Q?2`2Mi BHHmKBM�iBQMb 7`QK /Bz2`2Mi �M;H2b �`2 +�Tim`2/ QM �M QTiB+�H KB+`Qb+QT2 �M/ 72/
BM �b BMTmib iQ i?2 j. T?�b2 iQKQ;`�T?v �H;Q`Bi?KX "v bQHpBM; � MQMHBM2�` QTiBKBx�iBQM
T`Q#H2K rBi? JG" b+�ii2`BM; KQ/2H- j. _A Q7 � KmHiBTH2@b+�ii2`BM; Q#D2+i +�M #2 `2+Qp2`2/X
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6Q`r�`/ b+�ii2`BM; KQ/2H
�Mv j. b+�ii2`BM; Q#D2+i +�M #2 /2b+`B#2/ #v � bT�iB�H /Bbi`B#miBQM Q7 b+�ii2`BM; TQi2MiB�H-
V (x, y, z)- r?B+? Bb `2H�i2/ iQ Bib _A- n(x, y, z)- BM i?2 7QHHQrBM; 2tT`2bbBQM,

V (x, y, z) = k2
o

(
n2
b − n2(x, y, z)

)
, U8XRV

r?2`2 (x, y, z) `2T`2b2Mib i?2 j. +QQ`/BM�i2b- ko = 2π
λ - λ Bb i?2 r�p2H2M;i? Q7 BM+B/2Mi }2H/-

�M/ nb /2MQi2b #�+F;`QmM/ _A Q7 i?2 bm``QmM/BM; K2/B�X �b HB;?i T`QT�;�i2b i?`Qm;? i?2
Q#D2+i- i?2 b+�ii2`2/ }2H/ BMi2`72`2b rBi? i?2 BM+B/2Mi }2H/ �M/ 7Q`Kb i?2 iQi�H }2H/X lM/2`
i?2 1st "Q`M �TT`QtBK�iBQM- i?2 b+�ii2`2/ }2H/ Bb HBM2�`Hv `2H�i2/ iQ i?2 b+�ii2`BM; TQi2MiB�H
#v � :`22MǶb 7mM+iBQM- G(x, y, z) (RR)X *QMb2[m2MiHv- ;Bp2M i?2 BM+B/2Mi }2H/- Uin- i?2 iQi�H
}2H/- Utot 7QHHQrb i?2 2tT`2bbBQM BM 1[X URXeV,

Utot(x, y, z) = Uin(x, y, z)+

∫∫∫
G(x− x′, y − y′, z − z′)Uin(x

′, y′, z′)V (x′, y′, z′)dx′dy′dz′ .

U8XkV
h?Bb HBM2�` �bbmKTiBQM QMHv ?QH/b r?2M i?2 K�;MBim/2 Q7 V Bb bK�HH UBX2X � r2�FHv b+�i@
i2`BM; Q#D2+iVX LQi2 i?�i 1[X U8XkV /Q2b MQi �++QmMi 7Q` KmHiBTHv b+�ii2`BM; T`Q+2bb2b BM
?B;?Hv b+�ii2`BM; Q#D2+ibX >Qr2p2`- KmHiBTH2@b+�ii2`BM; Bb �++QmMi2/ 7Q` r?2M i?2 Q#D2+i Bb
/BpB/2/ BMiQ KmHiBTH2 r2�FHv b+�ii2`BM; TB2+2b �M/ 2�+? #2BM; b2[m2MiB�HHv �TTHB2/ i?2 1st

"Q`M b+�ii2`BM; T`Q+2bbX AMimBiBp2Hv- � j. Q#D2+i +�M #2 pB2r2/ �b H�v2`@#v@H�v2` bH�#b- �M/
2�+? H�v2` ?�b � i?BM }MBi2 i?B+FM2bb ∆zX lM/2` i?Bb +QM};m`�iBQM- i?2 }2H/ �7i2` r�p2
T`QT�;�i2b i?`Qm;? i?2 nth H�v2` Bb i?2 iQi�H }2H/ �7i2` i?2 nth H�v2` #v 1[X U8XkV- �M/ b2`p2b
�b i?2 i?2 BM+B/2Mi }2H/ Q7 i?2 (n+1)th H�v2`X h?2`27Q`2- #v �TTHvBM; i?2 1st "Q`M b+�ii2`BM;
T`Q+2bb QM 2�+? H�v2` `2+m`bBp2Hv- i?2 iQi�H }2H/ 2p�Hm�i2/ 7`QK i?2 H�bi H�v2` #2+QK2b i?2
}M�H KmHiBTHv b+�ii2`2/ }2H/ i?�i rBHH `2�+? i?2 BK�;BM; TH�M2X :QBM; 7Q`r�`/- r2 rBHH `272`
iQ i?Bb K2i?Q/ �b i?2 JmHiB@G�v2` "Q`M UJG"V b+�ii2`BM; KQ/2HX G2i Un �M/ Un

s #2 i?2
BM+B/2Mi }2H/ �M/ i?2 b+�ii2`2/ }2H/ Q7 i?2 nth H�v2`- i?2 `2+m`bBp2 7Q`KmH� +�M #2 r`Bii2M �b

Un+1(ρ, (n+ 1)∆z) = Un(ρ, (n+ 1)∆z) +Un
s (ρ, (n+ 1)∆z) ,where U8XjV

Un
s (ρ, (n+ 1)∆z) =

∫ ∆z
2

−∆z
2

∫∫
G(ρ− ρ′,∆z − ζ)Un(ρ′, n∆z + ζ)V (ρ′, n∆z + ζ)d2ρ′dζ ,

U8X9V
r?2`2 ρ = (x, y) Bb i?2 k. p2+iQ` BM `2�H bT�+2 +QQ`/BM�i2bX

h?2 }`bi i2`K BM 1[X U8XjV Bb i?2 BM+B/2Mi }2H/ �i i?2 +2Mi2` Q7 nth H�v2` T`QT�;�iBM; iQ
� /Bbi�M+2 ∆z �r�vX :Bp2M i?2 k. 6Qm`B2` i`�Mb7Q`K QT2`�iQ` F{·}- i?2 bT�iB�H 7`2[m2M+v
bT2+i`mK Q7 i?2 BM+B/2Mi }2H/ Ũn(u) = F{Un(ρ, n∆z)}- �M/ i?2 �M;mH�` bT2+i`mK T`QT�@
;�iBQM F2`M2H K(u, z) = ei2πz

√
(nb/λ)2−∥u∥22 rBi? i?2 k. bT�iB�H 7`2[m2M+v bT�+2 +QQ`/BM�i2b

p2+iQ` u- r2 ;2i

Un(ρ, (n+ 1)∆z) = F−1
{
K(u,∆z)Ũn(u)

}
. U8X8V
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hQ bBKTHB7v 1[X U8X9V- Bi Bb mb27mH iQ mb2 i?2 6Qm`B2` `2T`2b2Mi�iBQM Q7 i?2 :`22MǶb 7mM+iBQM BM
1[X URXkRVX AM �//BiBQM- i?2 b+�ii2`BM; TQi2MiB�H Bb �bbmK2/ iQ MQi p�`v �tB�HHv rBi?BM 2�+?
H�v2` #2+�mb2 i?2 i?B+FM2bb- ∆z- Bb bK�HH- BX2X V (ρ, n∆z+ζ) = V n(ρ) 7Q` ζ ∈ [−∆z/2,∆z/2]X
"�b2/ QM 1[bX U8X9V- URXkRV �M/ i?2 +QMpQHmiBQM i?2Q`2K- i?2 bT�iB�H 7`2[m2M+v bT2+i`mK Q7
i?2 b+�ii2`2/ }2H/- Ũn

s (u) = F{Un
s (ρ, (n+ 1)∆z)}- #2+QK2b

Ũn
s (u) =

∫ ∆z
2

−∆z
2

∫∫ −iK(u,∆z − ζ)
4πΓ(u)

K(u′, ζ)Ũn(u′)Ṽ n(u− u′)d2u′dζ , U8XeV

r?2`2 Ṽ n(u) = F{V n(ρ)} /2MQi2b i?2 k. bT�iB�H 7`2[m2M+v bT2+i`mK Q7 i?2 b+�ii2`BM; TQ@
i2MiB�H �i i?2 nth H�v2`X h?2 BMi2;`�iBQM �HQM; i?2 ζ /BK2MbBQM QMHv BMpQHp2b irQ T`QT�;�iBQM
F2`M2Hb-

∫ ∆z
2

−∆z
2

K(u,∆z − ζ)K(u′, ζ)dζ = K(u,∆z)sinc
((

Γ(u′)− Γ(u)
)
∆z

)
∆z , U8XdV

r?2`2 sinc(x) = sin(πx)/(πx)X SHm;;BM; BM i?2 BMi2;`�iBQM `2bmHi BMiQ 1[X U8XeV- r2 Q#i�BM

Ũn
s (u) = G̃(u,∆z)

∫∫
sinc

((
Γ(u′)− Γ(u)

)
∆z

)
Ũn(u′)Ṽ n(u− u′)∆zd2u′ . U8X3V

1[bX U8X8V �M/ U8X3V +QM+Hm/2 i?2 7Q`r�`/ b+�ii2`BM; T�`i Q7 JG"X 1[X U8X3V Bb +QKTmi�iBQM
2tT2MbBp2c ?Qr2p2`- i?2 sinc 7mM+iBQM Bb �HKQbi 2[m�H iQ 1 r?2M � bK�HH ∆z Bb +?Qb2M �M/ i?2
BMi2;`�iBQM #2+QK2b � +QMpQHmiBQM- r?B+? +�M #2 2{+B2MiHv 2p�Hm�i2/ pB� 66hX h?2 K�DQ`
/Bz2`2M+2 #2ir22M JG" �M/ Ja b+�ii2`BM; KQ/2Hb Bb i?�i JG" +QMbB/2`b MQM@T�`�tB�H j.
b+�ii2`BM; 2z2+i rBi?BM 2�+? H�v2` r?BH2 Ja bBKTHB}2b Bi rBi? � k. }2H/ i`�MbKBbbBQMX >2M+2-
JG" #2+QK2b KQ`2 �++m`�i2 �b Q#HB[m2 HB;?i /QKBM�i2b BM i?2 Q#D2+iX .m2 iQ i?2 M�im`2
Q7 j. b+�ii2`BM;- JG" Bb �HbQ +�T�#H2 Q7 KQ/2HHBM; i?2 #�+Fr�`/ b+�ii2`BM; }2H/ U/2i�BH2/
/2`Bp�iBQM �M/ bBKmH�iBQM Q7 #�+Fr�`/ b+�ii2`BM; BM �TT2M/Bt �XkVX lbm�HHv- i?2 iQi�H }2H/
�7i2` i?2 HB;?i T�bb2b i?`Qm;? �HH i?2 H�v2`b Bb BK�;2/ #v � HQr@T�bb BK�;BM; bvbi2K- r?2`2 i?2
bT�iB�H 7`2[m2M+v #�M/rB/i? Bb /2i2`KBM2/ #v i?2 NA Q7 i?2 BK�;BM; bvbi2KX h?Bb T`Q+2bb
Bb /2b+`B#2/ #v `27Q+mbBM; i?2 iQi�H }2H/ iQ i?2 BK�;2 TH�M2 �M/ �TTHvBM; � HQr@T�bb }Hi2`X
hvTB+�HHv- i?2 Q#D2+iBp2 H2Mb 7Q+mb2b �i i?2 +2Mi2` TH�M2 Q7 i?2 Q#D2+i- r?2`2 i?2 `27Q+mbBM;
/Bbi�M+2 Bb ∆f = −N∆z/2 7`QK i?2 H�bi H�v2` iQ i?2 +2Mi2`X qBi? i?2 B/2�H +B`+mH�` HQr@T�bb
}Hi2` P (u) = Circ(uλ/NA)- i?2 K2�bm`2/ 7Q`r�`/ b+�ii2`2/ }2H/ +�M #2 2{+B2MiHv +QKTmi2/
mbBM; 66hb- �b b?QrM BM �H;Q`Bi?K RX

j. BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v rBi? JG"
�M BMimBiBp2 r�v iQ T`Q#2 j. bi`m+im`2 Q7 �M Q#D2+i Bb #v `Qi�iBM; i?2 Q#D2+i �`QmM/ i?2
�tBb T2`T2M/B+mH�` iQ i?2 QTiB+�H �tBb (Ry3- RyN)X >Qr2p2`- i?Bb Bb /B{+mHi iQ �+?B2p2 QM �M
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�H;Q`Bi?K R JmHiB@G�v2` "Q`M 6Q`r�`/ a+�ii2`BM;
AMTmi, AM+B/2Mi }2H/ �i i?2 1st H�v2` U 1(ρ,∆z)- N H�v2`b Q7 j. b+�ii2`BM; TQi2MiB�H
{V n(ρ)}Nn=1- H�v2` i?B+FM2bb ∆z- �M/ i?2 `27Q+mbBM; /Bbi�M+2 ∆f X

R, 7Q` n← 1 iQ N /Q ◃ JG" b+�ii2`BM;
k, Un(ρ, (n+ 1)∆z)← F−1 {K(u,∆z)F {Un(ρ, n∆z)}}
j, Un

s (ρ, (n+ 1)∆z)← F−1
{
G̃(u,∆z)F {Un(ρ, n∆z)V n(ρ)∆z}

}

9, Un+1(ρ, (n+ 1)∆z)← Un(ρ, (n+ 1)∆z) +Un
s (ρ, (n+ 1)∆z)

8, 2M/ 7Q`
e, Uimage(ρ)← F−1

{
P (u)K(u,∆f)F

{
UN+1(ρ, (N + 1)∆z)

}}
◃ `27Q+mb �M/ BK�;2

_2im`M, hQi�H }2H/ QM i?2 BK�;2 TH�M2 Uimage �M/ BM+B/2Mi }2H/b �i 2�+? H�v2`
{Un(ρ, n∆z)}Nn=1X

QTiB+�H KB+`Qb+QT2 rBi?Qmi �//BiBQM�H ?�`/r�`2 �M/ HBKBib i?2 ivT2b Q7 Q#D2+ib i?�i +�M #2
BK�;2/ (Nj- RRy)X AM +QMi`�bi- BHHmKBM�iBM; i?2 Q#D2+i �i p�`BQmb �M;H2b �HbQ `2p2�Hb i?2 j.
BM7Q`K�iBQM Q7 Q#D2+ibX h?Bb i2+?MB[m2 Bb rB/2Hv �/QTi2/ BM P.h bvbi2Kb mbBM; 2Bi?2` :�HpQ
KB``Q`b Q` bT�iB�H HB;?i KQ/mH�iQ`b (j8- 9R- RRR)X 6Q` BMi2MbBiv@#�b2/ j. T?�b2 iQKQ;`�T?v
i2+?MB[m2b- i?2 `2[mB`2K2Mi Q7 bT�iB�H �M/ i2KTQ`�H +Q?2`2M+2 Q7 i?2 HB;?i bQm`+2 Bb H2bb
bi`BM;2Mi- �M/ i?2 BHHmKBM�iBQM b+�MMBM; T`Q+2bb +�M #2 `2�HBx2/ mbBM; �M BM2tT2MbBp2 G1.
�``�v (8y- 33- RRk- RRj)X *QK#BMBM; i?2 BHHmKBM�iBQM b+�MMBM; b+?2K2 �M/ i?2 T`QTQb2/ JG"
b+�ii2`BM; KQ/2H- � j. BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v �H;Q`Bi?K i?�i �TTHB2b iQ KmHiBTH2@
b+�ii2`BM; Q#D2+ib Bb +QKTH2i2X aBKBH�` iQ i?Qb2 T`2pBQmbHv T`QTQb2/ KmHiBTH2@b+�ii2`BM;
K2i?Q/b (9j- Ne- Ry8)- �M Bi2`�iBp2 �H;Q`Bi?K Bb M22/2/ iQ `2+Qp2` i?2 j. _A Q7 i?2 b�KTH2
#2+�mb2 i?2 K2�bm`2K2Mib �`2 MQMHBM2�`Hv `2H�i2/ iQ i?2 b+�ii2`BM; TQi2MiB�HX 6B`bi- i?2
j. BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v Bb 7Q`KmH�i2/ �b �M QTiBKBx�iBQM T`Q#H2K rBi? �M
Q#D2+iBp2 7mM+iBQM L(V ) �b b?QrM BM 1[X U8XNV,

min
V

L(V ) =
NLED∑

j=1

∥|Uimage,j(V )|−
√
Imeasure,j∥2 + τR(V ) , U8XNV

r?2`2 NLED Bb i?2 iQi�H MmK#2` Q7 G1. mb2/ r?B+? /2i2`KBM2b i?2 MmK#2` Q7 BHHmKBM�iBQMbX
1[m�iBQM U8XNV +QMbBbib Q7 irQ i2`KbX h?2 }`bi i2`K Bb i?2 /�i� }/2HBiv i2`K i?�i K2�bm`2b
i?2 1m+HB/2�M /Bbi�M+2 #2ir22M i?2 2biBK�i2/ �KTHBim/2b �M/ i?2 b[m�`2 `QQi Q7 K2�bm`2/
BMi2MbBiB2b Imeasure 7`QK JG" T`2/B+iBQMX h?2 b2+QM/ i2`K Bb � `2;mH�`Bx�iBQM i2`K i?�i
2M7Q`+2b T`BQ` FMQrH2/;2 QM i?2 j. b+�ii2`BM; TQi2MiB�HX hQ #�H�M+2 i?2 bi`2M;i? Q7 /�i�
}/2HBiv �M/ `2;mH�`Bx�iBQM- τ Bb BMi`Q/m+2/ �b � imM�#H2 T�`�K2i2`X "2+�mb2 i?2 KBMBKmK
Q7 1[X U8XNV +�MMQi #2 +QKTmi2/ �M�HviB+�HHv- �M Bi2`�iBp2 �H;Q`Bi?K Bb `2[mB`2/X .m2 iQ
i?2 H�`;2 b+�H2 M�im`2 Q7 j. iQKQ;`�T?v T`Q#H2Kb- i?2 T`QtBK�H ;`�/B2Mi K2i?Q/ Bb +?Qb2M
7Q` KBMBKBxBM; 1[X U8XNV r?B+? ?�b `2H�iBp2Hv HQr2` K2KQ`v `2[mB`2K2Mib �M/ +QKTmi�iBQM
+QKTH2tBiv +QKT�`2/ iQ �.JJ Q` 2nd Q`/2` L2riQMǶb K2i?Q/X hQ BKTH2K2Mi i?2 BMp2`b2
�H;Q`Bi?K- ;`�/B2Mi Q7 i?2 /�i� }/2HBiv i2`K rBi? `2bT2+i iQ V - {V n

grad(ρ)}Nn=1- Bb `2[mB`2/
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�H;Q`Bi?K k :`�/B2Mi *QKTmi�iBQM
AMTmi, J2�bm`2/ BMi2MbBiv Imeasure- T`2/B+i2/ iQi�H }2H/ QM i?2 BK�;2 TH�M2 Uimage- BM+B/2Mi
}2H/b �i 2�+? H�v2` {Un(ρ, n∆z)}Nn=1- +m``2Mi 2biBK�i2/ j. b+�ii2`BM; TQi2MiB�H {V n(ρ)}Nn=1-
H�v2` i?B+FM2bb ∆z- �M/ i?2 `27Q+mbBM; /Bbi�M+2 ∆f X

R, R(ρ)← |Uimage(ρ)|−
√
Imeasure(ρ) ◃ `2bB/m�H

k, U †
image(ρ)← (Uimage(ρ)/|Uimage(ρ)|)R(ρ)

j, UN+1,†(ρ, (N + 1)∆z)← F−1
{
P (u)K(u,−∆f)F

{
U †

image(ρ)
}}

9, 7Q` n← N iQ 1 /Q ◃ JG" #�+F@T`QT�;�iBQM
8, Un,†(ρ, n∆z)← F−1

{
K(u,−∆z)F

{
Un+1,†(ρ, (n+ 1)∆z)

}}

e, Qn(ρ, n∆z)← F−1
{
G̃∗(u,∆z)F

{
Un+1,†(ρ, (n+ 1)∆z)

}}
∆z

d, V n
grad(ρ)← Un,∗(ρ, n∆z)Qn(ρ, n∆z)

3, Un,†(ρ, n∆z)← Un,†(ρ, n∆z) + V n,∗(ρ)Qn(ρ, n∆z)
N, 2M/ 7Q`

_2im`M, :`�/B2Mi �i 2�+? H�v2` {V n
grad(ρ)}Nn=1X

�i 2�+? Bi2`�iBQMX ai2Tb iQ 2p�Hm�i2 i?2 ;`�/B2Mi �`2 HBbi2/ BM �H;Q`Bi?K k- r?2`2 o∗ bi�M/b
7Q` i?2 +QKTH2t +QMDm;�i2 Q7 oX hvTB+�HHv i?2 �H;Q`Bi?K +QMp2`;2b 7�bi2` B7 V Bb b2[m2MiB�HHv
mT/�i2/ Qp2` /Bz2`2Mi �M;H2b Q7 BM+B/2M+2 (9j- Ne- RR9)- �b QTTQb2/ iQ bmKKBM; i?2 ;`�/B2Mib
+QKTmi2/ 7`QK �HH K2�bm`2K2Mib �M/ `2}MBM; V X h?2 T2M�Hiv 7mM+iBQM ?2HTb `2;mH�`Bx2
i?2 mT/�i2/ V iQ �pQB/ Qp2`@}iiBM; /m2 iQ ?B;? /2;`22 Q7 MQMHBM2�`Biv Q7 i?2 KQ/2HX h?2
7QHHQrBM; T`QtBK�H QT2`�iQ` Bb �TTHB2/ �7i2` i?2 ;`�/B2Mi bi2Tb

T`QtτR(V ) = arg min
x

τR(x) +
1

2
∥x− V ∥22 . U8XRyV

AM i?Bb +?�Ti2`- ho Bb mb2/ �b i?2 T2M�Hiv 7mM+iBQM #2+�mb2 Bi ?�b �M 2{+B2Mi T`QtBK�H
QT2`�iQ` �M/ T`QpB/2b `2�bQM�#H2 `2;mH�`Bx�iBQM (9d)X 6BM�HHv- i?2 L2bi2`QpǶb �++2H2`�iBQM
K2i?Q/ Bb mb2/ �i i?2 2M/ Q7 2p2`v Bi2`�iBQM iQ 7m`i?2` bT22/ mT i?2 +QMp2`;2M+2 (RR8)X
AM �//BiBQM- i?2 KQK2MimK `2bi�`iBM; K2+?�MBbK (RRe) Bb �HbQ �/QTi2/- r?B+? K�F2b i?2
�++2H2`�i2/ ;`�/B2Mi K2i?Q/ bi�#H2 #v T`2p2MiBM; Bi 7`QK /Bp2`;BM;X .2i�BH2/ BKTH2K2Mi�iBQM
Q7 i?2 j. BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v rBi? JG" Bb bmKK�`Bx2/ BM �H;Q`Bi?K jX LQi2
i?�i JG" �HbQ �TTHB2b iQ ?QHQ;`�T?B+ T?�b2 iQKQ;`�T?v rBi? +QKTH2t }2H/ K2�bm`2K2Mib #v
bBKTHv +?�M;BM; i?2 /�i� }/2HBiv i2`K BM 1[X U8XNVX �i i?2 b�K2 iBK2- i?2 BMp2`b2 �H;Q`Bi?K j
Bb +QKT�iB#H2 rBi? Qi?2` b+�ii2`BM; KQ/2Hb #v brBi+?BM; iQ i?2B` QrM �H;Q`Bi?Kb RĜkX AM
#Qi? bBKmH�iBQMb �M/ 2tT2`BK2Mib- bi2T bBx2 α Bb b2i rBi?BM � `�M;2 7`QK 0.5 iQ 5 �M/ τ Bb
K�Mm�HHv +?Qb2M iQ #2 �`QmM/ 10−2 7Q` i?2 1st "Q`M- _viQp- �M/ JG" KQ/2HbX AM +QMi`�bi-
i?2b2 irQ T�`�K2i2`b �`2 k iQ j Q`/2`b Q7 K�;MBim/2 bK�HH2` r?2M Ja Bb �TTHB2/X h?Bb Bb
/m2 iQ i?2 H�`;2 HQ+�H GBTb+?Bix +QMbi�Mi Q7 i?2 Q#D2+iBp2 7mM+iBQM r?2M mbBM; Ja- BM r?B+?
_A Bb bQHp2/ BMbi2�/ Q7 i?2 b+�ii2`BM; TQi2MiB�HX "�b2/ QM �H;Q`Bi?Kb RĜj- i?2 T`QTQb2/ j.
T?�b2 BK�;BM; 7`�K2rQ`F mbBM; JG" Bb bmKK�`Bx2/ BM 6B;X 8XRX



*>�Sh1_ 8X j. S>�a1 AJ�:AL: qAh> JlGhASG1@a*�hh1_AL: P"C1*ha 8N

�H;Q`Bi?K j j. BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v rBi? JG"
AMTmi, J2�bm`2/ BMi2MbBiB2b {Imeasure,j(ρ)}NLED

j=1 - BM+B/2Mi }2H/b �i i?2 1st H�v2`
{U 1

j (ρ,∆z)}NLED
j=1 - H�v2` i?B+FM2bb ∆z- `27Q+mbBM; /Bbi�M+2 ∆f - bi2T bBx2 α- `2;mH�`Bx�iBQM

T�`�K2i2` τ - �M/ K�t MmK#2` Q7 Bi2`�iBQM NiterX
AMBiB�HBx�iBQM, j. b+�ii2`BM; TQi2MiB�Hb {V n

1 (ρ)}Nn=1 = {V n
prox,0(ρ)}Nn=1 = 0 �M/ t0 = 1

R, 7Q` k ← 1 iQ Niter /Q
k, 7Q` j ← 1 iQ NLED /Q ◃ b2[m2MiB�H ;`�/B2Mi /2b+2Mi
j,

(
Uimage,j(ρ), {Un

j (ρ, n∆z)}Nn=1

)
← `mM �H;Q`Bi?K R

9, {V n
grad(ρ)}Nn=1 ← `mM �H;Q`Bi?K k

8, {V n
k (ρ)}Nn=1 ← {V n

k (ρ)}Nn=1 − α{V n
grad(ρ)}Nn=1

e, 2M/ 7Q`
d, B7 L({V n

k (ρ)}Nn=1) > L({V n
k−1(ρ)}Nn=1) i?2M ◃ KQK2MimK `2bi�`i

3, {V n
k+1(ρ)}Nn=1 ← {V n

prox,k−1}Nn=1

N, tk ← 1
Ry, ai�`i k + 1 Bi2`�iBQM
RR, 2M/ B7
Rk, {V n

prox,k}Nn=1 ← T`QtτR({V n
k (ρ)}Nn=1) ◃ `2;mH�`Bx�iBQM

Rj, tk ← 1
2

(
1 +

√
1 + 4t2k−1

)
◃ L2bi2`QpǶb �++2H2`�iBQM

R9, {V n
k+1(ρ)}Nn=1 ← {V n

prox,k(ρ)}Nn=1 +
tk−1−1

tk

(
{V n

prox,k(ρ)}Nn=1 − {V n
prox,k−1(ρ)}Nn=1

)

R8, 2M/ 7Q`
_2im`M, _2+QMbi`m+i2/ j. b+�ii2`BM; TQi2MiB�H {V n

Niter+1(ρ)}Nn=1X

8Xj aBKmH�iBQM _2bmHib
*QKT�`BbQM Q7 b+�ii2`BM; KQ/2Hb
6`QK 1[X U8XNV- MQiB+2 i?�i � b+�ii2`BM; KQ/2H 2p�Hm�iBM; �++m`�i2 �KTHBim/2 BK�;2b Bb
`2[mB`2/ BM Q`/2` iQ `2+Qp2` [m�MiBi�iBp2 j. _AX Ai Bb 2bT2+B�HHv BKTQ`i�Mi 7Q` Q#HB[m2 BHHmKB@
M�iBQM- r?2`2 i?2 �KTHBim/2 +QMi�BMb KQ`2 ?B;? bT�iB�H 7`2[m2M+v BM7Q`K�iBQM �M/ bi`QM;2`
T?�b2 +QMi`�biX hQ �M�Hvx2 i?2 �++m`�+v Q7 +QKKQM b+�ii2`BM; KQ/2Hb mb2/ BM j. T?�b2
BK�;BM;- BM+Hm/BM; 1st "Q`M- _viQp- �M/ Ja- �M/ i?2 T`QTQb2/ JG" K2i?Q/- i?2 �KTHBim/2
BK�;2b Q7 � j. +2HH T?�MiQK rBi? /Bz2`2Mi K2i?Q/b �`2 bBKmH�i2/X h?2M- i?2B` `2bmHib �`2
+QKT�`2/ rBi? i?Qb2 ;2M2`�i2/ #v a1�:G1- r?B+? Bb +QMbB/2`2/ iQ #2 i?2 ;`QmM/ i`mi?X
h?2 _A Q7 i?2 +2HH T?�MiQK Bb b2i H�`;2 2MQm;? bm+? i?�i Bi Bb MQi � r2�FHv b+�ii2`BM; Q#D2+iX
aT2+B}+�HHv- Bi ?�b � 15×15×7.5µm3 2HHBTbQB/ #Q/v- r?B+? +QMi�BMb +viQTH�bK U_A n = 1.35V-
� Mm+H2mb Un = 1.33V- irQ Mm+H2QHB Un = 1.36V- b2p2`�H bK�HH Q`;�M2HH2b Un = 1.39V- �M/ �
i?BM TH�bK� K2K#`�M2 Un = 1.37V 2M+HQbBM; i?2 #Q/vX AM �//BiBQM- i?2 j. +2HH T?�MiQK Bb
bm``QmM/2/ #v K2/BmK Q7 n = 1.33- `2bmHiBM; BM � pQHmK2 Q7 450 × 450 × 150 pQt2Hb rBi?
0.05µm `2bQHmiBQMX �bbmKBM; i?2 BHHmKBM�iBQM r�p2H2M;i? Bb 0.532µm �M/ NA Q7 i?2 Q#D2+@
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6B;m`2 8Xk, �++m`�+v Q7 BK�;2 7Q`K�iBQM rBi? � j. +2HH T?�MiQK mbBM; i?2 1st "Q`M- _viQp-
Ja- �M/ JG" b+�ii2`BM; KQ/2HbX U�V :`QmM/ i`mi? Q7 7Q`r�`/ �M/ #�+Fr�`/ b+�ii2`2/
�KTHBim/2 U}`bi `QrV rBi? QM@�tBb �M/ Qz@�tBb BHHmKBM�iBQMb- �M/ i?2 2``Q` K�Tb 7Q` �HH
KQ/2Hb U#QiiQK `QrbVX U#V �++m`�+v Q7 2�+? KQ/2H r?2M i?2 K�tBKmK T?�b2 rBi?BM 2�+?
H�v2` BM+`2�b2bX

iBp2 H2Mb Bb NAobj = 0.8- i?2 �KTHBim/2 BK�;2b �`2 +�H+mH�i2/ mbBM; 7Q`r�`/ �M/ #�+Fr�`/
b+�ii2`2/ HB;?i mM/2` QM@�tBb UNAillu = 0.00V �M/ Qz@�tBb UNAillu = 0.75V BHHmKBM�iBQM b+2M�`@
BQbX :`QmM/ i`mi? Q7 i?2 �KTHBim/2b �`2 b?QrM BM i?2 iQT `Qr Q7 6B;X 8XkU�V- r?BH2 i?2 2``Q`b-
2p�Hm�i2/ #v bm#i`�+iBM; i?2 ;`QmM/ i`mi?b 7`QK i?2 �KTHBim/2b ;2M2`�i2/ #v 2�+? KQ/2H-
�`2 HBbi2/ BM i?2 #QiiQK 9 `QrbX aBM+2 i?2 r2�FHv b+�ii2`BM; �TT`QtBK�iBQM /Q2b MQi ?QH/-
#Qi? 1st "Q`M �M/ _viQp K2i?Q/b T`Q/m+2 ?B;? 2``Q`b BM �KTHBim/2X AM +QMi`�bi- Ja �M/
JG" b+�ii2`BM; KQ/2Hb �++QmMi 7Q` KmHiBTH2 HB;?i b+�ii2`BM; rBi?BM i?2 Q#D2+i- r?B+? ;`2�iHv
BM+`2�b2 i?2 �++m`�+vX >Qr2p2`- i?2 2``Q` Q7 Ja #2+QK2b Q#pBQmb BM i?2 Qz@�tBb BHHmKBM�iBQM
b2iiBM; /m2 iQ T�`�tB�H �TT`QtBK�iBQM- �M/ i?2 K2i?Q/ /Q2b MQi KQ/2H #�+Fr�`/ b+�ii2`BM;X
�b � `2bmHi- JG" Bb i?2 KQbi �++m`�i2 KQ/2H �KQM; i?2 7Qm` K2MiBQM2/ �#Qp2X h?2`2 Bb �
i`�/2@Qz #2ir22M i?2 KQ/2H �++m`�+v �M/ i?2 K�tBKmK T?�b2 rBi?BM 2�+? H�v2` r?2M mbBM;
JG"X h?Bb Bb i?2 7�+i i?�i 1st "Q`M �TT`QtBK�iBQM KB;?i 7�BH #2ir22M H�v2`b �b i?2 T?�b2 BM
2�+? bHB+2 #2+QK2b iQQ H�`;2 iQ b�iBb7v i?2 r2�F Q#D2+i �bbmKTiBQMX 6B;m`2 8XkU#V pBbm�HBx2b
i?Bb i`�/2@Qz #v THQiiBM; i?2 2pQHmiBQM Q7 K2�M b[m�`2/ 2``Q` UJa1V Qp2` i?2 K�tBKmK
T?�b2 p�Hm2 BM 2�+? H�v2`X "v #BMMBM; i?2 M2B;?#Q`BM; H�v2`b �M/ �/�TiBM; � H�`;2` ∆z �HQM;
z@�tBb- i?2 K�tBKmK T?�b2 BM 2�+? H�v2` Bb 2z2+iBp2Hv BM+`2�b2/X Ja1 Q7 i?2 1st "Q`M `2bmHib
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Bb MQi /BbTH�v2/ #2+�mb2 Bib p�Hm2 Bb Q`/2` Q7 K�;MBim/2 H�`;2` i?�M i?2 Qi?2`bX AM i?2 7Q`r�`/
b+�ii2`BM; +�b2- Ja1 Q7 i?2 JG" `2bmHib ;`Qr HBM2�`Hv r?2M i?2 T?�b2 BM 2�+? H�v2` #2+QK2b
?B;?2`- r?BH2 i?2 Ja1b Q7 _viQp �M/ Ja `2K�BM bBKBH�`X J2�Mr?BH2- JG" T`QpB/2b KQ`2
�++m`�i2 �KTHBim/2 BK�;2b BM Q#HB[m2 BHHmKBM�iBQM b2iiBM;b r?2M i?2 T?�b2 rBi?BM 2�+? H�v2`
Bb bK�HH2` i?�M 0.04π 7Q` i?2 +2HH T?�MiQKX 6Q` #�+Fr�`/ b+�ii2`BM;- Ja1b mbBM; �HH KQ/2Hb
�`2 bK�HH2` /m2 iQ r2�F2` #�+F@b+�ii2`2/ HB;?i- #mi i?2 2``Q` [mB+FHv BM+`2�b2b �b i?2 T?�b2
BM 2�+? H�v2` ;`QrbX aBKBH�`Hv- JG" Bb 2tT2+i2/ iQ ?�p2 bB;MB}+�Mi �++m`�+v BKT`Qp2K2Mi
Qp2` i?2 Qi?2`b r?2M i?2 r2�FHv b+�ii2`BM; �bbmKTiBQM Bb p�HB/ rBi?BM 2�+? H�v2`X �HH i?2
T`Q+2bbBM; r�b /QM2 QM � LoA.A� hAh�L s :Sl BMbi�HH2/ QM � /2bFiQT +QKTmi2` UAMi2H
Bd@8Neys *SlV- �M/ i?2 7Q`r�`/ +QKTmi�iBQM iBK2 Q7 1st "Q`M- _viQp- Ja- �M/ JG" r2`2
0.22- 0.22- 0.25- �M/ 0.32 b2+QM/b `2bT2+iBp2Hv 7Q` i?2 R8y@H�v2` T?�MiQKX

*QKT�`BbQM Q7 j. _A `2+QMbi`m+iBQMb

6B;m`2 8Xj, *QKT�`BbQM Q7 j. _A `2+QMbi`m+iBQMb mbBM; i?2 1st "Q`M- _viQp- Ja- �M/ JG"
b+�ii2`BM; KQ/2Hb �M/ i?2 T`QTQb2/ BMp2`b2 �H;Q`Bi?K jX UhQT `QrV aBKmH�i2/ K2�bm`2K2Mib
+Q``2bTQM/ iQ 8 /BbiBM+i �M;H2b Q7 BM+B/2M+2X U"QiiQK `QrbV x− y �M/ x− z +`Qbb b2+iBQMb Q7
i`m2 _A /Bbi`B#miBQM Q7 i?2 +2HH T?�MiQK �b r2HH �b i?2 j. `2+QMbi`m+iBQM `2bmHibX h?2 Ja1b
�`2 H�#2H2/ �i i?2 HQr2` `B;?i +Q`M2` Q7 2�+? x− y +`Qbb b2+iBQMX
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hQ mM/2`bi�M/ ?Qr i?2 �++m`�+v Q7 i?2 7Q`r�`/ b+�ii2`BM; KQ/2H mb2/ BM �H;Q`Bi?K j
�z2+ib j. _A `2+QMbi`m+iBQMb- T?�b2 iQKQ;`�T?v `2bmHib rBi? 9 /Bz2`2Mi KQ/2Hb /2b+`B#2/
BM 8Xj �`2 +QKT�`2/X a1�:G1 r�b mb2/ iQ bBKmH�i2 ;`QmM/ i`mi? K2�bm`2K2Mib- r?2`2
Ry9 7Q`r�`/ b+�ii2`2/ �KTHBim/2b r2`2 ;2M2`�i2/ rBi? BHHmKBM�iBQMb UNAillu ≈ 0.75V 7`QK �M
�MMmH�` `2;BQM QM i?2 bQm`+2 TH�M2X �M/ i?2 `2bi Q7 i?2 BK�;BM; T�`�K2i2`b- BX2X NA- TBt2H
bBx2 �M/ r�p2H2M;i?- 7Q` BK�;2 7Q`K�iBQM bBKmH�iBQM `2K�BM i?2 b�K2 �b HBbi2/ BM a2+X 8XjX
aBKBH�` iQ .Bz2`2MiB�H S?�b2 *QMi`�bi U.S*V- K2�bm`2K2Mib +QMi�BM ?B;? bT�iB�H 7`2[m2M+v
+QMi2Mib �M/ `B+? T?�b2 BM7Q`K�iBQM r?2M i?2 Q#D2+i Bb BHHmKBM�i2/ #v Q#HB[m2 HB;?i rBi?
NAillu +HQb2 iQ NAobj (jk)- �b b?QrM BM i?2 }`bi `Qr Q7 6B;X 8XjX >2M+2- ?B;? `2bQHmiBQM
j. _A Q7 i?2 Q#D2+i +�M #2 `2+Qp2`2/ rBi? i?Qb2 K2�bm`2K2MibX *QKT�`BM; i?2 ;`QmM/
i`mi? _A Q7 i?2 +2HH T?�MiQK iQ `2bmHib +QKTmi2/ mbBM; /Bz2`2Mi KQ/2Hb- Q#pBQmb /Bz2`2M+2b
�KQM; i?2K �`2 Q#b2`p2/X �M/ i?2 �++m`�+v Bb [m�MiB}2/ #v i?2 Ja1 Q7 2�+? `2+QMbi`m+iBQM-
r?B+? �`2 0.0159- 0.0076- 0.0088- �M/ 0.0054 7Q` i?2 1st "Q`M- _viQp- Ja- �M/ JG" K2i?Q/b-
`2bT2+iBp2HvX aBM+2 1st "Q`M K2i?Q/ Qp2`2biBK�i2 i?2 �KTHBim/2 p�Hm2b QM i?2 BK�;2 TH�M2
Ub22 6B;X 8XkU�VV- i?2 _A `2i`B2p2/ mbBM; Bi #2+QK2b mM/2`2biBK�i2/X PM i?2 Qi?2` ?�M/- _viQp
b+�ii2`BM; KQ/2H `2bmHib BM � KQ`2 �++m`�i2 `2+QMbi`m+iBQM /m2 iQ � H2bb bi`B+i �TT`QtBK�iBQMX
>Qr2p2`- Bi bmz2`b 7`QK BM+Q``2+i #�+F;`QmM/ _A- �M/ _A Bb H2bb mMB7Q`K BMbB/2 i?2 Q#D2+i
2bT2+B�HHv QM i?2 KB//H2 TH�M2 Q7 i?2 Q#D2+i Ux − y +`Qbb b2+iBQMVX h?Bb bm;;2bib i?�i i?2
7Q`r�`/ KQ/2HHBM; 2``Q` Q7 _viQp Bb MQM@M2;HB;B#H2 7Q` i?Bb KmHiBTH2@b+�ii2`BM; Q#D2+iX AM
+QMi`�bi- Ja �M/ JG" `2+Qp2` _Ab rBi? KQ`2 mMB7Q`K #�+F;`QmM/- r?B+? �`2 bBKBH�` iQ
i?2 ;`QmM/ i`mi?X >Qr2p2`- i?2 j. T?�MiQK `2+Qp2`2/ mbBM; Ja ?�b 72�im`2b 2HQM;�i2/ BM
�tB�H /B`2+iBQM- r?B+? ;Bp2b `Bb2 iQ � H2bb �++m`�i2 b?�T2 �M/ BMi`Q/m+2b mM/2bB`2/ +QMi`�bi
QM i?2 x − y +`Qbb b2+iBQM- �b BM/B+�i2/ BM 6B;X 8XjX h?Bb Bb �HbQ i?2 K�BM `2�bQM i?�i
Ja1 rBi? Ja Bb bHB;?iHv ?B;?2` i?�M rBi? _viQp KQ/2H- i?Qm;? i?2 _A `2+QMbi`m+iBQM mbBM;
Ja T`QpB/2 #2ii2` pBbm�H �TT2�`�M+2 BM i?Bb bBKmH�iBQMX .2bTBi2 bmz2`BM; 7`QK i?2 KBbbBM;
+QM2 T`Q#H2K �b BM Qi?2` +�b2b �M/ b�+`B}+BM; i?2 �tB�H `2bQHmiBQM Q7 HQr bT�iB�H 7`2[m2M+v
+QMi2Mi- i?2 T`QTQb2/ �H;Q`Bi?K �/QTiBM; JG" `2+Qp2`b i?2 KQbi [m�MiBi�iBp2 j. _A #2+�mb2
Q7 i?2 ?B;? �++m`�+v Q7 i?2 b+�ii2`BM; KQ/2HX �HH i?2 +QKTmi�iBQMb r2`2 T2`7Q`K2/ QM i?2
b�K2 +QKTmi2` /2b+`B#2/ BM 8Xj- �M/ i?2 iQi�H `2+QMbi`m+iBQM iBK2b mbBM; �H;Q`Bi?K j rBi?
Ryy Bi2`�iBQMb r2`2 0.67- 1.19- 1.50 �M/ 1.67 ?Qm`b- `2bT2+iBp2HvX h?2 +QKTmi�iBQM iBK2
;`Qrb HBM2�`Hv rBi? i?2 T`Q/m+i Q7 MmK#2` Q7 H�v2`b- MmK#2` Q7 Bi2`�iBQMb �M/ MmK#2` Q7
K2�bm`2K2Mib- #mi #�`2Hv +?�M;2b �b i?2 MmK#2` Q7 TBt2Hb BM 2�+? H�v2` BM+`2�b2bX h?Bb
+QK2b 7`QK i?2 7�+i i?�i i?2 KQbi +QKTmi�iBQM�HHv 2tT2MbBp2 QT2`�iBQM BM 2�+? H�v2`- i?2
66h- +�M #2 2{+B2MiHv T�`�HH2HBx2/ QM � :SlX

8X9 1tT2`BK2Mi�H _2bmHib
AM i?2 7QHHQrBM; 2tT2`BK2Mib- �M G1. �``�v KB+`Qb+QT2 Bb mb2/ iQ `2�HBx2 i?2 j. BMi2MbBiv@
#�b2/ T?�b2 iQKQ;`�T?v /2b+`B#2/ BM a2+X 8XkX � TH�M�` 32× 32 T`Q;`�KK�#H2 G1. �``�v
Bb KQmMi2/ QM � LBFQM h1jyy BMp2`i2/ KB+`Qb+QT2- r?B+? ;2M2`�i2b 0.514µm HB;?i 7`QK
/Bz2`2Mi �M;H2b Q7 BM+B/2M+2 (9j)X aBM+2 i?2 G1.b �`2 TH�+2/ 7�` �r�v 7`QK i?2 Q#D2+i
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+QKT�`2/ iQ i?2 6Qo- i?2 BM+B/2Mi HB;?i 7`QK 2�+? G1. +�M #2 i`2�i2/ �b � TH�M2 r�p2 r?Qb2
T`QT�;�iBM; /B`2+iBQM Bb /2i2`KBM2/ #v i?2 TQbBiBQM Q7 i?2 G1.X h?2 /Bbi�M+2 #2ir22M i?2
G1. �``�v �M/ i?2 Q#D2+i TH�M2 Bb 68mm r?2M mbBM; i?2 40×- 0.65NA Q#D2+iBp2 H2MbX �M/
Bi Bb �/Dmbi2/ iQ 46mm r?2M i?2 20×- 0.50NA �M/ 60× 0.80NA Q#D2+iBp2 H2Mb2b �`2 mb2/
7Q` ?B;?2` BHHmKBM�iBQM BMi2MbBiv �M/ H�`;2` �M;H2 Q7 BM+B/2M+2X �HH i?2 BK�;2b �`2 +�Tim`2/
#v � KQMQ+?`QK2 b*JPa +�K2`� US*PX2/;2 8X8- 6.5µm TBt2H bBx2V �i i?2 7`QMi TQ`i Q7
i?2 KB+`Qb+QT2- r?2`2 �M �//BiBQM�H 2× K�;MB}+�iBQM Bb T`QpB/2/X 6Q` 2�+? BHHmKBM�iBQM-
irQ BMi2MbBiv BK�;2b �`2 `2+Q`/2/- rBi? �M/ rBi?Qmi i?2 Q#D2+i BM i?2 6QoX "v /BpB/BM; i?2
7Q`K2` #v i?2 H�ii2`- i?2 MQ`K�HBx2/ BMi2MbBiv- Imeasure- b2`p2b �b i?2 BMTmi r?2M bQHpBM; i?2
BMp2`b2 T`Q#H2K BM �H;Q`Bi?K jX

Zm�MiBi�iBp2 +QKT�`BbQM #2ir22M /Bz2`2Mi b+�ii2`BM; KQ/2Hb

6B;m`2 8X9, Zm�MiBi�iBp2 +QKT�`BbQM Q7 `2+Qp2`2/ _A mbBM; /Bz2`2Mi b+�ii2`BM; KQ/2HbX
U�V hrQ 2t�KTH2b Q7 i?2 MQ`K�HBx2/ i`�MbKBii2/ �KTHBim/2 Q7 #Qi? HQr �M/ ?B;? +QMi`�bi
TQHvbiv`2M2 #2�/bX U#VĜU+V *QKT�`BbQM #2ir22M Q`i?Q;QM�H bHB+2b Q7 j. _A `2+QMbi`m+iBQMb
Q7 HQrf?B;? +QMi`�bi TQHvbiv`2M2 #2�/b 7`QK /Bz2`2Mi b+�ii2`BM; KQ/2HbX R@. +`Qbb b2+iBQMb
�HQM; i?2 #H�+F /Qii2/ HBM2b �`2 THQii2/ QM i?2 `B;?iX

hQ [m�MiB7v i?2 �++m`�+v #2ir22M j. _A `2+QMbi`m+iBQMb 7`QK /Bz2`2Mi b+�ii2`BM; KQ/2Hb
BM T`�+iB+2- ;`QmM/ i`mi? T?�MiQKb �`2 M22/2/X >2M+2- irQ ∼ 5µm TQHvbiv`2M2 #2�/b
UaB;K�@�H/`B+?- n = 1.6010 !λ = 0.514µmV �`2 T`2T�`2/ �b i?2 b�KTH2b #v BKK2`bBM;
i?2K BMiQ irQ /Bz2`2Mi BM/2t@K�i+?BM; QBHb U*�`;BHH2V- `2bmHiBM; BM _A +QMi`�bib Q7 ∆n =
0.0113 �M/ ∆n = 0.0452- `2bT2+iBp2HvX � 40×- yXe8 NA Q#D2+iBp2 H2Mb ULBFQM *6A SH�M
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�+?`QK�iV r�b mb2/- r?Qb2 7`QMi 7Q+�H TH�M2 r�b �HB;M2/ rBi? i?2 +2Mi2` Q7 i?2 TQHvbiv`2M2
#2�/bX Ryy BK�;2b rBi? �M;H2b Q7 BM+B/2M+2 `�M;BM; 7`QK 22.77◦ iQ 44.09◦ r2`2 +�Tim`2/
�i 6.66 7`�K2@T2`@b2+QM/ U6SaV iQ `2+Qp2` 2�+? #2�/X .m`BM; i?2 Bi2`�iBp2 `2+QMbi`m+iBQMb-
� TQbBiBpBiv +QMbi`�BMi �M/ ho `2;mH�`Bx�iBQM r2`2 BM+Q`TQ`�i2/ BM i?2 T`QtBK�H bi2TX �b
b?QrM BM 6B;X 8X9U#V- #Qi? bBM;H2 �M/ KmHiBTH2@b+�ii2`BM; KQ/2Hb vB2H/ bBKBH�` `2bmHib �b _A
+QMi`�bi Bb HQr- bBM+2 �HH Q7 i?2K �`2 p�HB/ BM i?2 r2�FHv b+�ii2`BM; `2;BK2X AM +QMi`�bi- i?2
`2+Qp2`2/ _Ab /`�biB+�HHv +?�M;2b �KQM; /Bz2`2Mi KQ/2Hb r?2M i?2 _A +QMi`�bi BM+`2�b2b
#v � 7�+iQ` Q7 4- �b b?QrM BM 6B;X 8X9U+VX h?2 1st "Q`M �TT`QtBK�iBQM +QKTH2i2Hv 7�BHb #v
mM/2`2biBK�iBM; i?2 _A p�Hm2 �M/ KBbbBM; +QMi2Mi BM i?2 +2Mi2` `2;BQM Q7 i?2 #2�/X lbBM; i?2
_viQp b+�ii2`BM; KQ/2H KBiB;�i2b i?2 _A mM/2`2biBK�iBQM /m2 iQ H2bb bi`BM;2Mi �bbmKTiBQMb-
#mi `2bmHib BM � +Q``mTi2/ b?�T2 QM x − z TH�M2X q?BH2 `2+QMbi`m+iBQMb rBi? Ja �M/ JG"
K2i?Q/b #Qi? �++QmMib 7Q` KmHiBTH2@b+�ii2`BM; 2p2Mib- i?2 `2+QMbi`m+i2/ #2�/ mbBM; Ja ?�b
� 2HQM;�i2/ b?�T2 �M/ bHB;?iHv H2bb [m�MiBi�iBp2 +QMi`�bi- bBKBH�` iQ i?2 bBKmH�iBQMbX PM
i?2 Qi?2` ?�M/- i?2 `2+Qp2`2/ TQHvbiv`2M2 #2�/ mbBM; JG" ?�b ?B;?2` [m�MiBi�iBp2 �++m`�+v
�M/ KQ`2 BbQi`QTB+ `2bQHmiBQMX h?Bb BM/B+�i2b i?�i JG" #2bi /2b+`B#2b i?2 b+�ii2`BM; T`Q+2bb
+QKT�`2/ iQ i?2 Qi?2` j KQ/2Hb r?2M BK�;BM; Q#D2+ib Q7 ?B;? _A +QMi`�biX

JG" QM r2�FHv b+�ii2`BM; Q#D2+i
hQ b22 B7 i?2 T`QTQb2/ �H;Q`Bi?K rBi? JG" rQ`Fb rBi? r2�FHv b+�ii2`BM; Q#D2+i- r2 T`2T�`2
� }t2/ jhj +2HH �b Qm` b�KTH2X AM i?Bb +�b2- � 60×- yX3y NA Q#D2+iBp2 H2Mb ULBFQM *6A �+?`Q@
K�iV Bb mb2/ iQ +�Tim`2 Ryy BMi2MbBiv K2�bm`2K2Mib �i k 6Sa- �M/ i?2 �M;H2b Q7 BM+B/2M+2 Q7
G1. BHHmKBM�iBQMb r2`2 `�M;BM; 7`QK 49.40◦ iQ 51.43◦X aBM+2 i?2 NA Q7 BHHmKBM�iBQMb Bb b2i iQ
#2 +HQb2 iQ i?2 NA Q7 i?2 Q#D2+iBp2 H2Mb- #Qi? ?B;? 7`2[m2M+v +QMi2Mi �M/ HQr 7`2[m2M+v T?�b2
+QMi`�bi Q7 i?2 j. b�KTH2 �`2 bBKmHi�M2QmbHv 2M+Q/2/ BM i?2 K2�bm`2K2MibX h?Bb Bb +`BiB+�H
�b Bi Bb /2bB`2/ iQ �+?B2p2 ?B;? `2bQHmiBQM T?�b2 iQKQ;`�T?v rBi? `2�HBbiB+ j. bi`m+im`2X "v
mbBM; i?2 60× Q#D2+iBp2 H2Mb- i?2 BK�;2b 7Q`K2/ QM i?2 +�K2`� TH�M2 Bb Qp2`@b�KTH2/ /m2
iQ i?2 �//BiBQM�H K�;MB}+�iBQM T`QpB/2/ #v i?2 im#2 H2Mb �i 7`QMi TQ`iX >2M+2- �HH i?2 BK@
�;2b �`2 /QrM@b�KTH2/ #v � 7�+iQ` Q7 9 Uk BM 2�+? /BK2MbBQMV #27Q`2 b2`pBM; �b i?2 BMTmib
Q7 i?2 `2+QMbi`m+iBQM �H;Q`Bi?K- r?B+? ?2HTb `2/m+BM; i?2 MmK#2` Q7 mMFMQrMb- BM+`2�bBM;
aL_- �M/ b�pBM; +QKTmi�iBQM iBK2X aT2+B}+�HHv- i?2 K2�bm`2K2Mib �`2 /QrM@b�KTH2/ iQ
bBx2 612× 612 �M/ b2i ∆z #2 5× �b H�`;2 �b i?2 /2K�;MB}2/ TBt2H bBx2 r?2M bQHpBM; j. _A
rBi?BM � 612×612×120 pQHmK2- r?Qb2 pQt2H bBx2 Bb 0.108×0.108×0.540µm3X AM i?Bb `2bmHi-
M2Bi?2` i?2 TQbBiBpBiv +QMbi`�BMi MQ` ho `2;mH�`Bx�iBQM r�b mb2/X 6B;m`2 8X8U�V b?Qrb i?2
Q`i?QMQ`K�H pB2rb Q7 i?2 `2+Qp2`2/ j. _A Q7 jhj +2HHX �Hi?Qm;? i?2 `2+QMbi`m+iBQM bmz2`b
7`QK KBMQ` �MBbQi`QTB+ `2bQHmiBQM- i?2 +QKTQM2Mib rBi?BM i?2 +2HH +�M #2 B/2MiB}2/- bm+? �b
Mm+H2mb BM/B+�i2/ #v i?2 �``QrbX h?2 T?vbB+�H i?B+FM2bb Q7 i?2 +2HH Bb �HbQ B/2MiB}2/ iQ #2
∼ 17µmX "2bB/2b T`QpB/BM; [m�MiBi�iBp2 /2MbBiv Q7 i?2 b�KTH2- Bi Bb �HbQ Q#b2`p2/ i?�i � bHB+2
Q7 _A �+im�HHv T`QpB/2b #2ii2` +QMi`�bi +QKT�`2/ iQ +QMp2MiBQM�H k. T?�b2 U+QMi`�biV BK�;@
BM; K2i?Q/bX 6B;m`2 8X8U+V T`QpB/2b � +QKT�`BbQM #2ir22M .S* mbBM; #QiiQK@?�H7 +B`+mH�`
BHHmKBM�iBQM (jy- jk)- [m�MiBi�iBp2 T?�b2 7`QK .S* rBi? 7Qm` K2�bm`2K2Mib- �M/ i?2 `2+Qp@
2`2/ _A Q7 irQ `2;BQMb rBi?BM i?2 +2HH �i irQ /Bz2`2Mi /2Ti?bX q?BH2 �HH Q7 i?2K i?2Q`2iB+�HHv
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6B;m`2 8X8, j. _A `2+QMbi`m+iBQM Q7 � jhj +2HH mbBM; i?2 JG" b+�ii2`BM; KQ/2HX U�V
P`i?QMQ`K�H pB2rb Q7 i?2 `2+Qp2`2/ jhj +2HHX U#V j. `2M/2`BM; Q7 _A `2+QMbi`m+iBQMX U+V
wQQK2/@BM +QKT�`BbQM #2ir22M .S*- [m�MiBi�iBp2 T?�b2- �M/ bHB+2 Q7 j. _A Q7 i?2 jhj +2HH
�i irQ /Bz2`2Mi /2Ti?b rBi?BM ;`22M �M/ #Hm2 #Qt2b BM U�VX

?�p2 bBKBH�` .Q6 ∼ 0.64µm- r?B+? ?2HTb `2p2�H /Bz2`2Mi bi`m+im`2b �i 2�+? TH�M2 �b i?Qb2
p2bB+H2b BM/B+�i2/ #v i?2 �``Qrb- i?2B` +QMi`�bib p�`v /`�K�iB+�HHvX Pmi@Q7@7Q+mb BM7Q`K�iBQM
Bb BMi2;`�i2/ rBi? BM@7Q+mb +2HH +QMi2Mi BM i?2 T?�b2 BK�;2- K�FBM; Bi ?�`/ iQ /BbiBM;mBb?
QM2 7`QK i?2 Qi?2`X �Hi?Qm;? i?2 .S* BK�;2b ?B;?HB;?i i?2 BM@7Q+mb +QKTQM2Mib Q7 i?2 +2HH-
Bi Bb MQM@BMimBiBp2 iQ BMi2`T`2i i?2 �+im�H bi`m+im`2 7`QK i?2 [m�HBi�iBp2 /B`2+iBQM�H ;`�/B2Mi
�TT2�`�M+2X AM +QMi`�bi- j. _A `2+QMbi`m+iBQM M�im`�HHv /BbTH�vb QTiB+�H /2MbBiv �i 2�+?
/2Ti? �M/ #mBH/b mT ?B;? +QMi`�bi +QMiQm`b i?�i b2T�`�i2b /BbiBM+i Q`;�M2HH2bX

j. T?�b2 BK�;BM; Q7 KmHiBTH2@b+�ii2`BM; Q#D2+i
aBM+2 JG" KQ/2H +QMbB/2`b KmHiBTH2@b+�ii2`BM; 2p2Mib �b QTTQb2/ iQ Qi?2` bBKTHB}2/ r2�FHv
b+�ii2`BM; KQ/2Hb- i?2`2 �`2 BKT`Qp2K2Mib BM _A `2+QMbi`m+iBQMb Q7 �M QTiB+�HHv i?B+F Q#D2+i
r?2M +QKT�`BM; JG" �;�BMbi Qi?2` KQ/2HbX >2`2- � 9@+2HH bi�;2 2K#`vQ ?�`p2bi2/ 7`QK
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6B;m`2 8Xe, UhQTV hrQ 2t�KTH2b Q7 K2�bm`2/ BMi2MbBiB2b �M/ i?2B` bT�iB�H 7`2[m2M+v bT2+i`mK
Q7 � 9@+2HH bi�;2 KQmb2 2K#`vQ mM/2` i?2 G1. �``�v KB+`Qb+QT2- b?QrBM; i?2 2tBbi2M+2 Q7
KmHiBTH2@b+�ii2`BM; 2p2MiX U"QiiQKV hrQ H�v2`b Q7 j. _A `2+QMbi`m+iBQM Q7 � 9@+2HH bi�;2
KQmb2 2K#`vQ mbBM; i?2 1st "Q`M- _viQp- Ja- �M/ JG" b+�ii2`BM; KQ/2Hb- `2bT2+iBp2HvX

"eC KB+2 �M/ BKK2`b2/ BM EaPJ K2/B� Bb BK�;2/- r?B+? bT�Mb � bT?2`B+�H pQHmK2 Q7
∼ 100µm /B�K2i2`X h?2 2K#`vQ Bb `2H�iBp2Hv H�`;2 �M/ Bi +�M /`B7i /m`BM; i?2 /�i� +�Tim`2-
bQ � 20×- 0.5NA Q#D2+iBp2 H2Mb Bb mb2/ iQ i`�/2@Qz bT�iB�H `2bQHmiBQM 7Q` H�`;2 6Qo- ?B;?
HB;?i i?`Qm;?Tmi- �M/ 7�bi �+[mBbBiBQMX qBi? i?Bb bvbi2K �/DmbiK2Mi- Rjk #`B;?i}2H/ BK�;2b
�`2 `2+Q`/2/ �i 8y 6Sa iQ �+?B2p2 bBM;H2 pQHmK2 j. T?�b2 iQKQ;`�T?v rBi?BM jbX h?2
}`bi `Qr BM 6B;X 8Xe b?Qrb BMi2MbBiv K2�bm`2K2Mib mbBM; QM@�tBb UNAillu = 0V �M/ Qz@�tBb
UNAillu ∼ 0.5V BHHmKBM�iBQMb �M/ i?2B` +Q``2bTQM/BM; 6Qm`B2` bT2+i`�X :`22M +B`+H2b QM i?2
TQr2` bT2+i`� BM/B+�i2 i?2 bT�iB�H 7`2[m2M+v +Qp2`�;2 Q7 i?2 r2�F Q#D2+i i`�Mb72` 7mM+iBQMb
#�b2/ QM i?2 BHHmKBM�iBQM �M;H2b (jk- jj)- BM r?B+? bBM;H2 b+�ii2`BM; bB;M�Hb 2tBbiX �M/ bQK2
bi`QM; bB;M�Hb TQBMi2/ #v ;`22M �``Qrb �TT2�` QmibB/2 i?Qb2 `2;BQMb- BM/B+�iBM; i?�i MQM@
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M2;HB;B#H2 KmHiBTH2@b+�ii2`BM; 2p2Mib ?�TT2M r?2M HB;?i T`QT�;�i2b i?`Qm;? i?2 2K#`vQX �b
K2MiBQM2/ BM a2+X 8X9- i?2 K2�bm`2K2Mib �`2 /QrM@b�KTH2/ #27Q`2 b2M/BM; iQ �H;Q`Bi?K j-
�M/ i?2 pQHmK2 Q7 `2+QMbi`m+iBQM Bb b2i iQ #2 600 × 600 × 50 pQt2Hb- r?2`2 i?2 pQt2H bBx2
Bb 0.244 × 0.244 × 2.44µm3X �b � `2bmHi- j. _Ab Q7 i?2 2K#`vQ �`2 `2+Qp2`2/ rBi? 2�+?
7Q`r�`/ b+�ii2`BM; KQ/2HX h?2 #QiiQK `Qrb BM 6B;X 8Xe +QKT�`2 _A bHB+2b 7Q+mbBM; �i i?2
HQr2` irQ +2HHb U�HB;M2/ ?Q`BxQMi�HHvV �M/ i?2 mTT2` irQ +2HHb U�HB;M2/ p2`iB+�HHvV- `2bT2+iBp2HvX
q?2M Q#b2`pBM; i?2 r2�FHv b+�ii2`BM; +QKTQM2Mib- 2X;X xQM� T2HHm+B/� U`2/ �``QrbV- #Qi?
r2�FHv b+�ii2`BM; �M/ KmHiBTH2@b+�ii2`BM; K2i?Q/b ;Bp2 `Bb2 iQ bBKBH�` `2bmHibX >Qr2p2`-
Q#pBQmb /Bz2`2M+2b +�M #2 7QmM/ �`QmM/ i?2 +2Mi2` Q7 i?2 6Qo- r?2`2 i?2 #QiiQK +2HHb
�`2 Q++Hm/2/ #v i?2 iQT +2HHbX 6Q` BMbi�M+2- Mm+H2QHB `2+QMbi`m+i2/ mbBM; i?2 1st "Q`M �M/
_viQp �TT`QtBK�iBQM 2Bi?2` p�MBb? Q` /2;`�/2 r?BH2 i?2 `2bmHib rBi? Ja �M/ JG" T`QpB/2
;`2�i2` +QMi`�bi +QKT�`2/ iQ i?2 bm``QmM/BM; +viQTH�bK- �b BM/B+�i2/ #v i?2 Q`�M;2 �``QrbX
h?Bb 2tTH�BMb r?v � KmHiBTH2@b+�ii2`BM; KQ/2H Bb M2+2bb�`v 7Q` j. T?�b2 iQKQ;`�T?v rBi?
QTiB+�HHv /2Mb2 Q#D2+ibX >2`2- MQi Km+? /Bz2`2M+2 #2ir22M _A `2bmHib 7`QK Ja �M/ JG" Bb
Q#b2`p2/- bBM+2 i?2 BHHmKBM�iBQM �M;H2b �M/ i?2 Q#D2+iBp2Ƕb NA �`2 #Qi? bK�HH �M/ T�`�tB�H
�bbmKTiBQM ?QH/b BM Ja T`QT�;�iBQMX AM Q`/2` iQ 2tTHQ`2 i?2 #2M2}i Q7 JG" Qp2` Ja BM
`2+QMbi`m+iBQMb- ?B;? `2bQHmiBQM QTiB+�H KB+`Qb+QT2b b?QmH/ #2 mb2/ �b /2KQMbi`�i2/ BM i?2
M2ti a2+iBQMX

>B;? `2bQHmiBQM j. T?�b2 AK�;BM; Q7 KmHiBTH2@b+�ii2`BM; Q#D2+ib

6B;m`2 8Xd, j. _A `2+QMbi`m+iBQMb Q7 �M 2MiB`2 �/mHi ?2`K�T?`Q/Bi2 *X 2H2;�Mb rQ`KX h?2
BMb2ib b?Qr xQQK2/@BM +QKT�`BbQM #2ir22M Q`i?QMQ`K�H +`Qbb@b2+iBQMb Q7 `2+Qp2`2/ _Ab mbBM;
i?2 1st "Q`M- Ja- �M/ JG" K2i?Q/b- BM/B+�i2/ BM i?2 r?Bi2 #Qt `2;BQM i?�i BM+Hm/2b i?2
KQmi? �M/ T?�`vMt Q7 i?2 *X 2H2;�MbX
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JG" /2b+`B#2b i?2 KmHiBTH2 HB;?i b+�ii2`BM; T`Q+2bb #�b2/ QM b+�H�` r�p2 i?2Q`v BM i?2
Q#D2+i bT�+2 rBi?Qmi �Mv �bbmKTiBQMb QM i?2 BK�;BM; bvbi2KX >2M+2- Bi M�im`�HHv �TTHB2b iQ
/Bz2`2Mi KB+`Qb+QTB+ b2imTb BM �//BiBQM i?2 G1. �``�v KB+`Qb+QT2bX JQ`2Qp2`- mMHBF2 i?2
JmHiB@aHB+2 UJaV Q` #2�K T`QT�;�iBQM K2i?Q/- JG" +QMbB/2`b MQM@T�`�tB�H r�p2 BMi2`�+iBQM
rBi? j. Q#D2+ibX hQ /2KQMbi`�i2 i?2b2 72�im`2b- i?2 �7Q`2K2MiBQM2/ BMi2MbBiv@#�b2/ T?�b2
iQKQ;`�T?v Bb �TTHB2/ iQ � +mbiQK #mBHi ?B;? `2bQHmiBQM QTiB+�H KB+`Qb+QT2 (RRd)X AMbi2�/ Q7
mbBM; �M G1. �``�v �b i?2 HB;?i bQm`+2- � }#2`@+QmTH2/ G1. Uh?Q`H�#b J8jy6k- λ = 0.530µm
+2Mi2` r�p2H2M;i?V Bb +QK#BM2/ rBi? � KB``Q` KQmMi2/ QM � KQiQ`Bx2/ FBM2K�iB+ KQmMi
Uh?Q`H�#b EaR@w3V iQ �+?B2p2 � T`Q;`�KK�#H2 �M;H2@b+�MMBM; BHHmKBM�iBQM KQ/mH2X hrQ
?B;?@NA QBH@BKK2`bBQM Q#D2+iBp2 H2Mb2b ULBFQM- *6A SH�M �TQ G�K#/� 100×- NA = 1.45V
b2`p2 �b i?2 +QM/2Mb2` �M/ i?2 BK�;BM; H2Mb `2bT2+iBp2Hv- r?B+? 2M�#H2b � bm#@r�p2H2M;i?
`2bQHmiBQM T?�b2 BK�;BM; bvbi2KX hQ �pQB/ b2p2`2 �#2``�iBQMb 7`QK bi22T@�M;H2 BHHmKBM�iBQMb-
#Qi? i?2 BHHmKBM�iBQM �M/ i?2 /2i2+iBQM NA �`2 HBKBi2/ mT iQ 1.1 #v TH�+BM; � T?vbB+�H
�T2`im`2 BM i?2 TmTBH TH�M2X � }t2/ *X 2H2;�Mb b�M/rB+?2/ #2ir22M irQ +Qp2`bHBTb Bb i`2�i2/
�b i?2 KmHiBTH2@b+�ii2`BM; Q#D2+i- �M/ i?2 K�;MB}2/ BMi2MbBiv BK�;2 +Q``2bTQM/b iQ 2�+?
BHHmKBM�iBQM Bb +�Tim`2/ #v � *JPa +�K2`� U6GA_ "6a@lj@kyyaeJVX 6Q` i?Bb bT2+B}+ b2imT-
Rky BK�;2b �`2 +QHH2+i2/ rBi? i?2 BHHmKBM�iBQM �M;H2b b+�MM2/ QM � bTB`�H@b?�T2/ i`�D2+iQ`v
7Q` j. _A `2+QMbi`m+iBQMX aBM+2 i?2 �M;H2 Q7 BM+B/2M+2 Bb K2+?�MB+�HHv +QMi`QHH2/ #v iBHiBM; i?2
KB``Q`- Bi ?�b HQr2` T`2+BbBQM +QKT�`2/ iQ KQiBQM@7`22 b+�MMBM; mbBM; i?2 G1. �``�vX AM Q`/2`
iQ ;2i `Q#mbi `2+QMbi`m+iBQMb- � b2H7@+�HB#`�iBQM T`Q+2bb Bb �/QTi2/ i?�i mb2b i?2 `�r BMi2MbBiv
K2�bm`2K2Mib iQ 2biBK�i2 +Q``2+i BHHmKBM�iBQM �M;H2b +QKTmi�iBQM�HHv (kd)X �H;Q`Bi?K j +�M
i?2M #2 �TTHB2/ �M/ T`QpB/2b [m�MiBi�iBp2 _A rBi?BM � pQHmK2 Q7 1200 × 1200 × 100 pQt2Hb-
r?Qb2 pQt2H bBx2 Bb 0.12× 0.12× 0.35µm3X >Qr2p2`- i?2 H2M;i? Q7 i?2 *X 2H2;�Mb Bb iQQ HQM;
U∼ 1mmV iQ }i BM bBM;H2 6Qo Q7 i?2 ?B;? `2bQHmiBQM KB+`Qb+QTB+ bvbi2KX h?2`27Q`2- Rk T?�b2
iQKQ;`�T?v /�i�b2i �i /Bz2`2Mi `2;BQMb �`2 K2�bm`2/- �M/ i?2 j. _Ab 7`QK �HH 6Qob �`2
/B;Bi�HHv `2;Bbi2`2/ �M/ biBi+?2/ iQ pBbm�HBx2 i?2 2MiB`2 rQ`KX AM 6B;X 8Xd- /`�biB+ /Bz2`2M+2b
#2ir22M _A `2bmHib mbBM; i?2 1st "Q`M- Ja- �M/ JG" KQ/2Hb +�M #2 Q#b2`p2/X �b 2tT2+i2/-
i?2 _A +QMi`�bi Q7 #Q/v Q7 *X 2H2;�Mb Bb H�`;2 �M/ i?2 b�KTH2 Bb i?B+F bQ i?�i i?2 r2�FHv
b+�ii2`BM; �TT`QtBK�iBQM 7�BHbX >2M+2- i?2 `2+Qp2`2/ _A 7`QK 1st "Q`M K2i?Q/ QMHv b?Qrb
QmiHBM2b Q7 i?2 b�KTH2 #mi HQb2b KQbi Q7 i?2 HQr 7`2[m2M+v +QMi2MiX JQ`2Qp2`- bi`m+im`2b QM
i?2 y−z +`Qbb@b2+iBQM /Q MQi HQQF bBKBH�` iQ i?Qb2 `2+Qp2`2/ rBi? KmHiBTH2@b+�ii2`BM; KQ/2HbX
PM i?2 Qi?2` ?�M/- i?2 _A p�Hm2b `2+Qp2`2/ mbBM; Ja �`2 bHB;?iHv ?B;?2` i?�M _Ab BM i?2
JG" +�b2X h?Bb �;`22b r2HH rBi? i?2 bBKmH�iBQM `2bmHib- r?2`2 i?2 T?vbB+�H �++m`�+v Q7 i?2
7Q`r�`/ b+�ii2`BM; KQ/2Hb KB``Q`b i?2 �++m`�+v Q7 i?2 }M�H `2+QMbi`m+iBQMbX AM �//BiBQM- i?2
mM`2�HBbiB+ ?�HQ �`iB7�+ib TQBMi2/ #v i?2 �``Qrb BM 6B;X 8Xd �`2 KBiB;�i2/ #v bBKTHv +?�M;BM;
i?2 b+�ii2`BM; KQ/2H 7`QK Ja iQ JG"X �HH 7�+ib K2MiBQM2/ �#Qp2 bmTTQ`i i?�i JG" rQ`Fb
rBi? ?B;?@NA BK�;BM; bvbi2KX �M/ i?2 BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v mbBM; JG" ?�b
bmT2`BQ` T2`7Q`K�M+2 BM i2`Kb Q7 �++m`�+v �b BK�;BM; KmHiBTH2@b+�ii2`BM; Q#D2+ibX �i i?2
b�K2 iBK2- i?2 +QKTmi�iBQM �M/ K2KQ`v +Qbi Q7 JG" Bb bBKBH�` iQ Ja- r?B+? Bb �M 2{+B2Mi
K2i?Q/ iQ 2p�Hm�i2 j. b+�ii2`BM;X �b � `2bmHi- Bi Bb TQbbB#H2 iQ �+?B2p2 k :B;�@pQt2Hb j. _A
`2i`B2p�H Q7 i?2 r?QH2 *X 2H2;�Mb- b?QrM �i i?2 #QiiQK BM 6B;X 8Xd- QM � /2bFiQT +QKTmi2`
rBi? :SlbX
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8X8 amKK�`v
JG" b+�ii2`BM; KQ/2H Bb BMi`Q/m+2/- r?B+? 7mM/�K2Mi�HHv `2KQp2b i?2 T�`�tB�H �TT`QtBK�@
iBQM �b mb2/ BM Ja �M/ Bb �#H2 iQ +QKTmi2 i?2 #�+Fr�`/ b+�ii2`BM; }2H/ bBKmHi�M2QmbHvX JG"
b?Qrb bmT2`BQ` �++m`�+v BM 7�`@}2H/ bBKmH�iBQMb mbBM; KmHiBTH2@b+�ii2`BM; Q#D2+ib +QKT�`2/
iQ rB/2Hv mb2/ 1st "Q`M- _viQp �M/ Ja K2i?Q/bX �b � `2bmHi- i?2 j. _A `2+QMbi`m+iBQM
mbBM; JG" ?�b #2ii2` [m�MiBi�iBp2 �++m`�+v �M/ ?B;?2` }/2HBiv BM ;2QK2i`B+ b?�T2 �b BK�;@
BM; bi`QM;Hv b+�ii2`BM; b�KTH2bX h?2 G1. �``�v KB+`Qb+QT2 ?�b MQ KQpBM; T�`i /m`BM;
/�i� �+[mBbBiBQM- r?B+? ?2HTb �+?B2pBM; 7�bi j. BK�;BM; +�T�#BHBiv i?�i Bb QMHv HBKBi2/ iQ
i?2 TQr2` Q7 i?2 G1.b Q` 7`�K2 `�i2 i?2 Q7 +�K2`�X J2�Mr?BH2- i?�MFb iQ KQ/2`�i2 +QK@
Tmi�iBQM +QKTH2tBiv �M/ ?B;?Hv T�`�HH2HBx�#H2 QT2`�iBQMb- i?2 BMp2`b2 �H;Q`Bi?K rBi? JG"
�+?B2p2b H�`;2 pQHmK2 j. T?�b2 BK�;BM; BM T`�+iB+2X h?2 j. T?�b2 iQKQ;`�T?v b+?2K2 �HbQ
�TTHB2b iQ QTiB+�H KB+`Qb+QT2b rBi? ?B;? NA �M/ 2M�#H2b M2�`Hv BbQi`QTB+ ?B;? `2bQHmiBQM j.
_A `2+QMbi`m+iBQMbX aBM+2 JG" T`QpB/2b � +QKTmi�iBQM�HHv 2{+B2Mi r�v iQ KQ/2H i?2 HB;?i
b+�ii2`BM; T`Q+2bb- Bi ?2HTb Tmb? i?2 HBKBib Q7 2tBbiBM; K2i?Q/b �M/ BMbTB`2 M2r QTiB+�H /2bB;M
iQ 7m`i?2` BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 j. T?�b2 iQKQ;`�T?vX



dy

*?�Ti2` e

*QM+HmbBQM �M/ 6mim`2 qQ`F

AM i?Bb rQ`F- r2 ?�p2 T`QTQb2/ b2p2`�H [m�MiBi�iBp2 T?�b2 BK�;BM; K2i?Q/b BM QTiB+�H KB+`Q@
b+QT2b mbBM; � +QKTmi�iBQM�H BK�;BM; 7`�K2rQ`FX AM +QMp2MiBQM�H KB+`Qb+QT2b- i?2 T?�b2
Q` `27`�+iBp2 BM/2t Q7 Q#D2+ib +�MMQi #2 /B`2+iHv K2�bm`2/ �M/ bBM;H2 T?�b2 +QMi`�bi BK@
�;2 /Q2b MQi +QMi�BM 2MQm;? BM7Q`K�iBQM 7Q` ZSAX >2M+2- r2 M22/ iQ KQ/B7v i?2 QTiB+b Q7
i?2 BK�;BM; bvbi2K- /2bB;M i?2 /�i� �+[mBbBiBQM iQ QT2`�i2 BM i�M/2K rBi? T`Q;`�KK�#H2
KQ/mH2b- �M/ /2p2HQT � TQbi@T`Q+2bbBM; �H;Q`Bi?K iQ �++QKTHBb? T?�b2 `2i`B2p�HX >Qr2p2`-
BMi`Q/m+BM; �//BiBQM�H ?�`/r�`2 Qi?2` i?�M 2tBbiBM; QTiB+b MQi QMHv BM+`2�b2b i?2 +Qbi- #mi
�HbQ K�F2b ZSA H2bb 72�bB#H2 QM +QMp2MiBQM�H KB+`Qb+QT2bX JQ`2Qp2`- i2+?MB[m2b i?�i BMpQHp2
bT�iB�H HB;?i KQ/mH�iBQMb �i i?2 TmTBH TH�M2 KB;?i `2bmHi BM �`iB7�+ib B7 i?2 bvbi2K Bb MQi
T2`72+iHv +�HB#`�i2/X AM i?Bb rQ`F- b2p2`�H KmHiB/BK2MbBQM�H T?�b2 `2+QMbi`m+iBQM K2i?Q/b
�`2 T`QTQb2/ mbBM; Tm`2Hv +Q/2/ BHHmKBM�iBQMX "v `2TH�+BM; i?2 +QMp2MiBQM�H HB;?i bQm`+2
rBi? � HQr@+Qbi T`Q;`�KK�#H2 G1. �``�v- /Bz2`2Mi k. �M/ j. ZSA b+?2K2b �`2 `2�HBx2/ QM
� +QKK2`+B�HHv �p�BH�#H2 KB+`Qb+QT2X P#D2+i KQp2K2Mi /m`BM; /�i� �+[mBbBiBQM Bb KBMBKBx2/
i?�MFb iQ i?2 7�bi bT22/ Q7 BHHmKBM�iBQM +Q/BM; pB� G1.b- r?B+? T`QpB/2b /2b+2Mi i2KTQ`�H
`2bQHmiBQM �M/ 2M?�M+2b i?2 `Q#mbiM2bb Q7 Q#D2+i `2+QMbi`m+iBQMX h?2 K�BM +QMi`B#miBQMb Q7
i?Bb /Bbb2`i�iBQM BM+Hm/2 � MQp2H +Q/2/ BHHmKBM�iBQM bi`�i2;v 7Q` `2�H@iBK2 ZSA- DQBMi T?�b2
`2+Qp2`v �M/ ?B;?@/BK2MbBQM�H TmTBH �#2``�iBQM +�HB#`�iBQM BM � HQr@/BK2MbBQM�H bT�+2- �++m@
`�i2 j. b+�ii2`BM; KQ/2HHBM; 7Q` #Qi? r2�FHv �M/ KmHiBTH2@b+�ii2`BM; Q#D2+ib- �M/ 2{+B2Mi
�H;Q`Bi?Kb 7Q` bQHpBM; i?2 BMp2`b2 T`Q#H2KbX

AM *?�Ti2` k- � `2�H@iBK2 ZSA K2i?Q/ Bb /2KQMbi`�i2/ #�b2/ QM .S* KB+`Qb+QTvX hQ
7m`i?2` BKT`Qp2 i?2 i2KTQ`�H `2bQHmiBQM �M/ BM+`2�b2 i?2 7`�K2 `�i2- j .S* K2�bm`2K2Mib
7Q` T?�b2 `2i`B2p�H �`2 +�Tim`2/ bBKmHi�M2QmbHv #v � _:" +�K2`� mbBM; +QHQ`@KmHiBTH2tBM;
U+.S*VX h?Bb `2HB2b QM � +Q/2/ BHHmKBM�iBQM i?�i bTHBib j ?�H7@+B`+mH�` bQm`+2 T�ii2`Mb BMiQ
/Bz2`2Mi +QHQ` +?�MM2Hb- r?B+? +�M #2 2�bBHv ;2M2`�i2/ pB� � _:" G1. �``�v Q` � +QHQ`
}Hi2` BMb2`i rBi? #`Q�/#�M/ HB;?i bQm`+2X hvTB+�HHv- i?2 +QHQ` +�K2`� ?�b rB/2 #�M/ "�v2`
}Hi2`b QM iQT Q7 Bib TBt2Hb- bQ r2 BKTH2K2Mi � /2KQb�B+ T`Q+2bb iQ 2ti`�+i .S* BK�;2b
7`QK i?2 `�r K2�bm`2K2MiX "v bQHpBM; � H2�bi@b[m�`2b T`Q#H2K- � bBM;H2@b?Qi `2p2�Hb k.
[m�MiBi�iBp2 �#bQ`TiBQM �M/ T?�b2- �M/ +�K2`�@HBKBi2/ bT22/ ZSA Bb �+?B2p2/X AM �//BiBQM-
KmHiBTH2 +QMi`�bib- bm+? �b S?* �M/ .A*- +�M �HbQ #2 bvMi?2bBx2/ bBM+2 i?2v ?�p2 r2HH@
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/2}M2/ 7Q`r�`/ KQ/2Hb mbBM; i?2 T?�b2 `2+QMbi`m+iBQMX >2M+2- +.S* Qz2`b KmHiB@+QMi`�bi
?B;?@bT22/ BK�;BM; rBi? 7�bi KQpBM; Q#D2+ib- 2X;X *X 2H2;�Mb �M/ ~Q�iBM; +2HHb BM KB+`Q~mB/B+
+?�MM2HX

AM *?�Ti2` j- Bi Bb b?QrM i?�i � +QKTmi�iBQM�H K2i?Q/ bBKmHi�M2QmbHv bQHp2b 7Q` i?2 +QK@
TH2t }2H/ �M/ +�HB#`�i2b bT�iB�HHv@p�`vBM; �#2``�iBQMb rBi? �b H2bb �b 9 K2�bm`2K2MibX q?BH2
.S* BK�;2b �`2 MQi b2MbBiBp2 iQ bvbi2K �#2``�iBQMb- BMi2MbBiv K2�bm`2/ rBi? bT�iB�HHv +Q?2`@
2Mi BHHmKBM�iBQMb +QMi�BMb `B+? BM7Q`K�iBQM Q7 i?2 �#2``�i2/ TQBMi bT`2�/ 7mM+iBQMX h?2`27Q`2-
+QK#BMBM; #Qi? .S* �M/ +Q?2`2Mi BMi2MbBiv BK�;2b 2M�#H2b DQBMi 2biBK�iBQM Q7 �#bQ`TiBQM-
T?�b2- �M/ TmTBH �#2``�iBQMbX A7 MQ �bbmKTiBQM Bb �TTHB2/ /m`BM; �#2``�iBQM `2+Qp2`v- i?2
MmK#2` Q7 mMFMQrMb �`2 +QKT�`�#H2 iQ i?2 bBx2 Q7 2�+? BK�;2- r?B+? `2[mB`2b K�Mv /�i� iQ
+�H+mH�i2 �++m`�i2 `2bmHibX >Qr2p2`- Bi Bb r2HH@FMQrM i?�i i?2 �#2``�iBQMb Q7 +B`+mH�` BK�;BM;
H2Mb2b BM QTiB+�H KB+`Qb+QT2b +�M #2 /2+QKTQb2/ mbBM; w2`MBF2 TQHvMQKB�HbX AM +QMb2[m2M+2-
� 72r T�`�K2i2`b BM � HQr@/BK2MbBQM�H bT�+2 �`2 �#H2 iQ `2T`2b2Mi i?2 TmTBH 7mM+iBQM- r?B+?
;`2�iHv `2/m+2b /�i� `2[mB`2K2Mi Q7 i?2 i2+?MB[m2X 6m`i?2`KQ`2- r?2M i?2 �#2``�iBQMb bHQrHv
p�`B2b �+`Qbb i?2 6Qo- i?2 TmTBH 7mM+iBQMb �M/ Q#D2+ib �i /Bz2`2Mi HQ+�iBQMb +�M #2 `2bQHp2/
BM T�`�HH2H #v bTHBiiBM; i?2 6Qo BMiQ KmHiBTH2 `2;BQMb rBi? bT�iB�HHv@BMp�`B�Mi �#2``�iBQMbX

AM *?�Ti2` 9- r2 2ti2M/ i?2 .S* KB+`Qb+QTv iQ j. ZSAX aBM+2 .Q6 Bb M�``Qr +QKT�`2/
iQ i?2 i?B+FM2bb Q7 Q#D2+ib r?2M mbBM; bT�iB�HHv T�`iB�H +Q?2`2Mi BHHmKBM�iBQM- i?`Qm;?@7Q+mb
.S* BK�;2b �`2 K2�bm`2/ iQ ;�i?2` T?�b2 +QMi`�bib �i KmHiBTH2 /2Ti?bX aBKBH�` iQ k. .S*
ZSA- � HBM2�` `2H�iBQMb?BT #2ir22M i?2 b+�ii2`BM; TQi2MiB�H Q7 i?2 Q#D2+i �M/ i?2 +�Tim`2/
BMi2MbBiv bi�+Fb Bb /2`Bp2/ #�b2/ QM r2�FHv b+�ii2`BM; �bbmKTiBQMbX qBi? Qm` T`QTQb2/
�M�HviB+ j. HBM2�` i`�Mb72` 7mM+iBQMb 7Q` �#bQ`TiBQM �M/ T?�b2- i?2 _A Q7 i?2 Q#D2+ib �`2
`2+QMbi`m+i2/ pB� � j. /2+QMpQHmiBQM �H;Q`Bi?KX AMbi2�/ Q7 mbBM; hBF?QMQp `2;mH�`Bx�iBQM-
BM+Q`TQ`�iBM; � T`BQ`B FMQrH2/;2 UBX2X TB2+2@rBb2 bKQQi?M2bb �M/ MQM@M2;�iBpBiv +QMbi`�BMibV
Q7 i?2 Q#D2+ib KBiB;�i2b ?�HQ �`iB7�+ib �M/ �MBbQi`QTB+ `2bQHmiBQM /m2 iQ i?2 KBbbBM; +QM2 BM
j. bT�iB�H 7`2[m2M+v bT2+i`mKX �b � `2bmHi- i?2 [m�MiBi�iBp2 QTiB+�H /2MbBiv �M/ pQHmK2i`B+
bi`m+im`2b Q7 #BQHQ;B+�H b�KTH2b �`2 pBbm�HBx2/ mM/2` i?2 G1. �``�v KB+`Qb+QT2X

AM *?�Ti2` 8- � +QKTmi�iBQM�HHv 2{+B2Mi �M/ �++m`�i2 JG" b+�ii2`BM; KQ/2H Bb T`Q@
TQb2/ 7Q` j. ZSA rBi? KmHiBTH2@b+�ii2`BM; Q#D2+ibX h?2 2MiB`2 pQHmK2 +QMi�BMBM; i?2 Q#D2+i
Q7 BMi2`2bi Bb /2+QKTQb2/ BMiQ +�b+�/2/ i?BM j. bH�#b- �M/ i?2 BM+B/2Mi HB;?i b2[m2MiB�HHv
T`QT�;�i2b i?`Qm;? 2�+? H�v2`X aBM+2 i?2 T?�b2 BM 2�+? bH�# Bb bK�HH- i?2 1st "Q`M b+�ii2`@
BM; bi�vb p�HB/ rBi?BM BM/BpB/m�H H�v2` �M/ i?2 KmHiBTH2@b+�ii2`BM; T?2MQK2MQM #2+QK2b �
b2`B2b Q7 bBM;H2 b+�ii2`BM; T`Q+2bbX lMHBF2 #2�K T`QT�;�iBQM Q` Ja K2i?Q/- JG" /Q2b MQi
K�F2 T�`�tB�H �bbmKTiBQM �M/ BKT`Qp2b i?2 [m�MiBi�iBp2 �++m`�+v- 2bT2+B�HHv 7Q` Q#HB[m2
BHHmKBM�iBQMbX �i i?2 b�K2 iBK2- KmHiBTH2 #�+Fr�`/ b+�ii2`BM; HB;?i Bb �HbQ KQ/2H2/X "v
BHHmKBM�iBM; i?2 Q#D2+i rBi? bT�iB�HHv +Q?2`2Mi TH�M2 r�p2b �i p�`BQmb �M;H2b �M/ +�Tim`BM;
i?2 BMi2MbBiv BK�;2b- j. T?�b2 BM7Q`K�iBQM +�M #2 `�TB/Hv `2+Q`/2/X h?2 T`QTQb2/ Bi2`�iBp2
�H;Q`Bi?K Bb i?2M mb2/ iQ `2+Qp2` j. _A Q7 KmHiBTH2@b+�ii2`BM; Q#D2+ibX AM �//BiBQM- i?2 j.
ZSA 7`�K2rQ`F Bb +QKT�iB#H2 iQ ?B;? L� QTiB+�H KB+`Qb+QT2b- r?2`2 Bi �+?B2p2b :B;�@pQt2H
*X 2H2;�Mb `2+QMbi`m+iBQM �i bm#@r�p2H2M;i? `2bQHmiBQMX

q?BH2 K�Mv k. ZSA K2i?Q/b ?�p2 #22M 2tTHQ`2/ �M/ QTiBKBx2/- j. ZSA i2+?MB[m2b �`2
`2H�iBp2Hv M2r �M/ /2bB`2 #Qi? ?�`/r�`2 �M/ bQ7ir�`2 bQHmiBQMb iQ BKT`Qp2 T2`7Q`K�M+2 BM



*>�Sh1_ eX *PL*GlaAPL �L. 6lhl_1 qP_E dk

T`�+iB+2X h?2 7QHHQrBM; �`2 b2p2`�H BMi2`2biBM; TQi2MiB�H 2ti2MbBQMb Q7 i?Bb rQ`F,

Ç AbQi`QTB+ ?B;? `2bQHmiBQM j. ZSA mbBM; #�+F@b+�ii2`BM;, hQ 2bb2MiB�HHv bQHp2
i?2 KBbbBM; +QM2 T`Q#H2K �b /2b+`B#2/ BM a2+X RXk- � b�KTH2 +QmH/ #2 T?vbB+�HHv `Q@
i�i2/ iQ T2`7Q`K T?�b2 `2i`B2p�H �i KmHiBTH2 T`QD2+i2/ pB2rb (Nj- RRy)X >Qr2p2`- i?2b2
�TT`Q�+?2b BM+`2�b2 i?2 +QKTH2tBiv Q7 BK�;BM; bvbi2Kb �M/ �`2 MQi i`BpB�H iQ �TTHv 7Q`
2p2`v Q#D2+iX �M �Hi2`M�iBp2 K2i?Q/ Bb iQ K2�bm`2 i?2 i`�MbKBii2/ �b r2HH �b `2~2+i2/
HB;?i bBKmHi�M2QmbHvX AM i?Bb +�b2- bT�iB�H 7`2[m2M+v bT2+i`mK Q7 i?2 Q#D2+i +�M #2
mMB7Q`KHv b�KTH2/ �M/ j. ZSA rBi? BbQi`QTB+ `2bQHmiBQM #2+QK2b TQbbB#H2 2p2M BM i?2
r2�FHv b+�ii2`BM; `2;BK2X (RR3- RRN)X hQ +QKTH2i2Hv }HH i?2 KBbbBM; +QM2 BM 6Qm`B2`
bT2+i`mK �M/ �+?B2p2 ?B;? `2bQHmiBQM T?�b2 iQKQ;`�T?v- ?B;? L� Q#D2+iBp2 H2Mb2b �M/
�M �++m`�i2 7Q`r�`/f#�+Fr�`/ b+�ii2`BM; KQ/2H- 2X;X JG"- Kmbi #2 mb2/X

Ç a2H7@+�HB#`�iBQM �H;Q`Bi?K BM j. ZSA, aBKBH�` iQ .S* rBi? �#2``�iBQM +Q``2+iBQM
BM *?�Ti2` j- Qi?2` +QKTmi�iBQM�H b2H7@+�HB#`�iBQM K2i?Q/b (ke- de- kd) 7Q` k. ZSA
mbBM; +Q/2/ BHHmKBM�iBQM ?�p2 #22M /2KQMbi`�i2/X aBM+2 j. ZSA Bb 2p2M KQ`2 b2MbBiBp2
iQ KQ/2HHBM; 2``Q`b- bvbi2K +�HB#`�iBQM #2+QK2b BM2pBi�#H2 BM Q`/2` iQ `2+QMbi`m+i i?2
Q#D2+i rBi? 2ti`2K2 `2bQHmiBQMX S`2+Bb2 BM+B/2Mi r�p2b �M/ TmTBH �#2``�iBQMb M22/ iQ
#2 `2+Qp2`2/ iQ ;2i #�+F i?2 �++m`�i2 [m�MiBi�iBp2 `2bmHibX h?Bb �HbQ �TTHB2b iQ j. ZSA
#2vQM/ QTiB+�H KB+`Qb+QTv- bm+? �b 2H2+i`QM iQKQ;`�T?v- r?2`2 Bi `2[mB`2b iBHi �M;H2b-
H�i2`�H �M/ �tB�H /BbTH�+2K2Mib- �M/ bvbi2K �#2``�iBQMb iQ #2 r2HH +�HB#`�i2/ 7Q` j.
`2+QMbi`m+iBQMb �i �iQKB+ b+�H2 (Rky- RkR)X

Ç .�i�@/`Bp2M QTiB+�H bvbi2KfT`BQ`b /2bB;M 7Q` j. ZSA, h?2 BHHmKBM�iBQM T�i@
i2`Mb mb2/ BM i?Bb rQ`F �`2 ?2m`BbiB+�HHv /2bB;M2/ #�b2/ QM T?vbB+�H BMimBiBQMb- r?B+?
KB;?i MQi #2 QTiBK�H 7Q` ZSAX aBM+2 KQbi T?�b2 `2i`B2p�H T`Q#H2Kb �`2 MQM@HBM2�` �M/
BMpQHp2b Bi2`�iBp2 `2+QMbi`m+iBQM- i?2 QTiBK�H bvbi2K +�MMQi #2 /2i2`KBM2/ �M�HviB@
+�HHvX �Hi2`M�iBp2Hv- T?vbB+b@#�b2/ mM`QHH2/ �H;Q`Bi?K ?�b #22M /2KQMbi`�i2/ iQ T`Q@
pB/2 bQm`+2 +Q/BM; i?�i `2bmHib BM i?2 #2bi T2`7Q`K�M+2 ;Bp2M � k. ZSA K2i?Q/ (Rkk)X
q?BH2 i?2 Bi2`�iBp2 �H;Q`Bi?Kb bQHpBM; 1[X URXjV Bb pB2r2/ �b � /22T M2m`�H M2irQ`F-
T?vbB+�H bvbi2K T�`�K2i2`b HBF2 �M;H2 �M/ BMi2MbBiv /Bbi`B#miBQM Q7 i?2 HB;?i bQm`+2
Q` T?�b2 �i i?2 TmTBH TH�M2 �`2 H2�`M2/X qBi? �++m`�i2 HB;?i b+�ii2`BM; KQ/2Hb i?�i
;2M2`�i2 T?�b2 +QMi`�bib K2�bm`2K2Mib Q7 p�`BQmb FBM/b Q7 Q#D2+ib �b i?2 i`�BMBM; /�i�-
Bi Bb TQbbB#H2 iQ /2bB;M i?2 KQbi 2{+B2Mi QTiB+�H bvbi2K 7Q` j. ZSAX �i i?2 b�K2 iBK2-
i?2 TQbi@T`Q+2bbBM; �H;Q`Bi?Kb �`2 /2p2HQT2/ #�b2/ QM 2tBbiBM; `2;mH�`Bx�iBQM b+?2K2b-
r?B+? KB;?i MQi #2 B/2�H 7Q` i?2 Q#D2+ib #2BM; BK�;2/X aBKBH�`Hv- T`BQ`b 7Q` bT2+B}+
ivT2 Q7 Q#D2+ib +�M �HbQ #2 H2�`M2/ (Rkj- Rk9) �HQM; rBi? i?2 bvbi2K T�`�K2i2`b �M/
BKT`Qp2 i?2 j. ZSA `2bmHibX
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"B#HBQ;`�T?v

(R) 6`Bib w2`MBF2X ǳS?�b2 +QMi`�bi- � M2r K2i?Q/ 7Q` i?2 KB+`Qb+QTB+ Q#b2`p�iBQM Q7 i`�Mb@
T�`2Mi Q#D2+ibǴX AM, S?vbB+� NXRy U.2+X RN9kV- TTX e3eĜeN3X

(k) _X .X �HH2M- :X "X .�pB/- �M/ LQK�`bFB :X ǳh?2 w2Bbb@LQK�`bFB /Bz2`2MiB�H BMi2`@
72`2M+2 2[mBTK2Mi 7Q` i`�MbKBii2/@HB;?i KB+`Qb+QTvǴX AM, w qBbb JBF`QbF eNXRNjĜkkR
URNeNVX

(j) 1`B+ "2ixB; 2i �HX ǳAK�;BM; AMi`�+2HHmH�` 6HmQ`2b+2Mi S`Qi2BMb �i L�MQK2i2` _2bQHm@
iBQMǴX AM, a+B2M+2 jRjX8dNj UkyyeV- TTX Re9kĜRe98X /QB, RyXRRkefb+B2M+2XRRkdj99X

(9) a�Km2H hX >2bb- h?�Mm SXEX :B`B`�D�M- �M/ JB+?�2H .X J�bQMX ǳlHi`�@>B;? _2bQHm@
iBQM AK�;BM; #v 6HmQ`2b+2M+2 S?QiQ�+iBp�iBQM GQ+�HBx�iBQM JB+`Qb+QTvǴX AM, "BQT?vbB@
+�H CQm`M�H NRXRR UkyyeV- TTX 9k83Ĝ9kdkX /QB, ?iiTb,ff/QBXQ`;fRyXR8kNf#BQT?vbDX
RyeXyNRRReX

(8) JB+?�2H C _mbi- J�`F "�i2b- �M/ sB�Qr2B w?m�M;X ǳam#@/Bz`�+iBQM@HBKBi BK�;BM; #v
biQ+?�biB+ QTiB+�H `2+QMbi`m+iBQM KB+`Qb+QTv UahP_JVǴX AM, L�im`2 J2i?Q/b j U�m;X
kyyeV- TTX dNjĜdN8X

(e) JX :X GX :mbi�7bbQMX ǳam`T�bbBM; i?2 H�i2`�H `2bQHmiBQM HBKBi #v � 7�+iQ` Q7 irQ mbBM;
bi`m+im`2/ BHHmKBM�iBQM KB+`Qb+QTvǴX AM, CQm`M�H Q7 JB+`Qb+QTv RN3Xk UkyyyV- TTX 3kĜ
3dX /QB, RyXRy9efDXRje8@k3R3XkyyyXyydRyXtX

(d) J�`+ G2pQv 2i �HX ǳGB;?i 6B2H/ JB+`Qb+QTvǴX AM, �*J h`�MbX :`�T?X k8Xj UCmHv kyyeV-
TTX Nk9ĜNj9X /QB, RyXRR98fRR9RNRRXRR9RNdeX

(3) _Q#2`i >QQF2- C�K2b �HH2bi`v- �M/ CQ?M J�`ivMX JB+`Q;`�T?B�- Q`- aQK2 T?vbBQHQ;B+�H
/2b+`BTiBQMb Q7 KBMmi2 #Q/B2b K�/2 #v K�;MB7vBM; ;H�bb2b ,rBi? Q#b2`p�iBQMb �M/
BM[mB`B2b i?2`2mTQMX GQM/QM ,S`BMi2/ #v CQX J�`ivM �M/ C�X �HH2bi`v- T`BMi2`b iQ i?2
_Qv�H aQ+B2iv XXX - Ree8- TX jkjX

(N) CQb2T? q :QQ/K�MX ǳAMi`Q/m+iBQM iQ 6Qm`B2` QTiB+bǴX AM, AMi`Q/m+iBQM iQ 6Qm`B2`
QTiB+b- j`/ 2/X- #v Cq :QQ/K�MX 1M;H2rQQ/- *P, _Q#2`ib � *QX Sm#HBb?2`b- kyy8 R
Ukyy8VX

(Ry) "X �X GBTTK�MM �M/ CmHB�M a+?rBM;2`X ǳo�`B�iBQM�H S`BM+BTH2b 7Q` a+�ii2`BM; S`Q@
+2bb2bX AǴX AM, S?vbX _2pX dN Uj �m;X RN8yV- TTX 9eNĜ93yX /QB, RyXRRyjfS?vb_2pXdNX
9eNX
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(RR) JX "Q`M �M/ 1X qQH7X S`BM+BTH2b Q7 PTiB+b, 1H2+i`QK�;M2iB+ h?2Q`v Q7 S`QT�;�iBQM-
AMi2`72`2M+2 �M/ .Bz`�+iBQM Q7 GB;?iX di? 2/X *�K#`B/;2 lMBp2`bBiv S`2bb- P+iX RNNNX

(Rk) :B�M;@L�K L;mv2M 2i �HX ǳ*QKTmi�iBQM�HHv 2{+B2Mi b+�H�` MQMT�`�tB�H KQ/2HBM; Q7
QTiB+�H r�p2 T`QT�;�iBQM BM i?2 7�`@}2H/ǴX AM, �TTHX PTiX 8jXRy U�T`X kyR9V- TTX kRNeĜ
kky8X /QB, RyXRje9f�PX8jXyykRNeX

(Rj) 1`Mbi �##2X ǳ"2Bi` ;2 xm` h?2Q`B2 /2b JBF`QbFQTb mM/ /2` KBF`QbFQTBb+?2M q�?`M2?KmM;ǴX
AM, �`+?Bp 7Ƀ` KBF`QbFQTBb+?2 �M�iQKB2 N UR3djV- TTX 9RjĜ9e3X

(R9) A+?B`Qm u�K�;m+?B �M/ hQM; w?�M;X ǳS?�b2@b?B7iBM; /B;Bi�H ?QHQ;`�T?vǴX AM, PTiX G2iiX
kkXRe U�m;X RNNdV- TTX Rke3ĜRkdyX /QB, RyXRje9fPGXkkXyyRke3X

(R8) ai27�M qBii2 2i �HX ǳa?Q`i@+Q?2`2M+2 Qz@�tBb ?QHQ;`�T?B+ T?�b2 KB+`Qb+QTv Q7 HBp2 +2HH
/vM�KB+bǴX AM, "BQK2/X PTiX 1tT`2bb jXN Ua2TiX kyRkV- TTX kR39ĜkR3NX /QB, RyXRje9f
"P1XjXyykR39X

(Re) JB+?�2H h2�;m2X ǳ.2i2`KBMBbiB+ T?�b2 `2i`B2p�H, � :`22MǶb 7mM+iBQM bQHmiBQMǴX AM, CX
PTiX aQ+X �KX djXRR ULQpX RN3jV- TTX R9j9ĜR99RX /QB, RyXRje9fCPa�XdjXyyR9j9X

(Rd) GX q�HH2`- GX hB�M- �M/ :X "�`#�bi�i?BbX ǳh`�MbTQ`i Q7 BMi2MbBiv T?�b2@�KTHBim/2
BK�;BM; rBi? ?B;?2` Q`/2` BMi2MbBiv /2`Bp�iBp2bǴX AM, PTiX 1tT`2bb R3XRk UJ�v kyRyV-
TTX Rk88kĜRk8eRX

(R3) w?QM; CBM;b?�M 2i �HX ǳh`�MbTQ`i Q7 AMi2MbBiv T?�b2 BK�;BM; #v BMi2MbBiv bT2+i`mK
}iiBM; Q7 2tTQM2MiB�HHv bT�+2/ /27Q+mb TH�M2bǴX AM, PTiX 1tT`2bb kkXN UJ�v kyR9V-
TTX RyeeRĜRyed9X /QB, RyXRje9fP1XkkXyRyeeRX

(RN) .X S�;�MBM �M/ EX �X Lm;2MiX ǳLQMBMi2`72`QK2i`B+ S?�b2 AK�;BM; rBi? S�`iB�HHv
*Q?2`2Mi GB;?iǴX AM, S?vbX _2pX G2iiX 3yXRk UJ�`X RNN3V- TTX k83eĜk83NX

(ky) *QHBM CX _X a?2TT�`/X ǳ.27Q+mb2/ i`�Mb72` 7mM+iBQM 7Q` � T�`iB�HHv +Q?2`2Mi KB+`Qb+QT2
�M/ �TTHB+�iBQM iQ T?�b2 `2i`B2p�HǴX AM, CX PTiX aQ+X �KX � kRX8 UJ�v kyy9V- TTX 3k3Ĝ
3jRX /QB, RyXRje9fCPa��XkRXyyy3k3X

(kR) w?mQ q�M; 2i �HX ǳaT�iB�H HB;?i BMi2`72`2M+2 KB+`Qb+QTv UaGAJVǴX AM, PTiX 1tT`2bb
RNXk UC�MX kyRRV- TTX RyReĜRykeX /QB, RyXRje9fP1XRNXyyRyReX

(kk) CQM�i?�M *X S2i`m++2HHB- G2B hB�M- �M/ :2Q`;2 "�`#�bi�i?BbX ǳh?2 i`�MbTQ`i Q7 BMi2M@
bBiv 2[m�iBQM 7Q` QTiB+�H T�i? H2M;i? `2+Qp2`v mbBM; T�`iB�HHv +Q?2`2Mi BHHmKBM�iBQMǴX
AM, PTiX 1tT`2bb kRXRk UCmM2 kyRjV- TTX R99jyĜR999RX /QB, RyXRje9fP1XkRXyR99jyX

(kj) hQK�Ȓ aH�#ɷ 2i �HX ǳPz@�tBb b2imT i�FBM; 7mHH �/p�Mi�;2 Q7 BM+Q?2`2Mi BHHmKBM�iBQM
BM +Q?2`2M+2@+QMi`QHH2/ ?QHQ;`�T?B+ KB+`Qb+QT2ǴX AM, PTiX 1tT`2bb kRXRk UCmM2 kyRjV-
TTX R9d9dĜR9dekX /QB, RyXRje9fP1XkRXyR9d9dX

(k9) CQbû � _Q/`B;Q h�iB�M� �HB2p�X ǳ_�TB/ Zm�MiBi�iBp2 S?�b2 AK�;BM; 7Q` S�`iB�HHv
*Q?2`2Mi GB;?i JB+`Qb+QTvǴX AM, PTiB+b 1tT`2bb kkXRR UCmM2 kyR9V- TTX Rj9dkĜRj93jX

(k8) :mQ�M w?2M;- _Q�`F2 >Q`biK2v2`- �M/ *?�M;?m2B u�M;X ǳqB/2@}2H/- ?B;?@`2bQHmiBQM
6Qm`B2` Siv+?Q;`�T?B+ KB+`Qb+QTvǴX AM, L�im`2 S?QiQMB+b dXN UkyRjV- TTX djNĜd98X

https://doi.org/10.1364/AO.53.002196
https://doi.org/10.1364/OL.22.001268
https://doi.org/10.1364/BOE.3.002184
https://doi.org/10.1364/BOE.3.002184
https://doi.org/10.1364/JOSA.73.001434
https://doi.org/10.1364/OE.22.010661
https://doi.org/10.1364/JOSAA.21.000828
https://doi.org/10.1364/OE.19.001016
https://doi.org/10.1364/OE.21.014430
https://doi.org/10.1364/OE.21.014747
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(ke) sB�Qx2 Pm- :mQ�M w?2M;- �M/ *?�M;?m2B u�M;X ǳ1K#2//2/ TmTBH 7mM+iBQM `2+Qp2`v
7Q` 6Qm`B2` Tiv+?Q;`�T?B+ KB+`Qb+QTvǴX AM, PTiX 1tT`2bb kkX8 UJ�`X kyR9V- TTX 9NeyĜ
9NdkX /QB, RyXRje9fP1XkkXyy9NeyX

(kd) _2;BM� 1+F2`i- w�+?�`v 6X S?BHHBTb- �M/ G�m`� q�HH2`X ǳ1{+B2Mi BHHmKBM�iBQM �M;H2
b2H7@+�HB#`�iBQM BM 6Qm`B2` Tiv+?Q;`�T?vǴX AM, �TTHX PTiX 8dXRN UkyR3V- TTX 89j9Ĝ899kX

(k3) G2B hB�M 2i �HX ǳ*QKTmi�iBQM�H BHHmKBM�iBQM 7Q` ?B;?@bT22/ BM pBi`Q 6Qm`B2` Tiv+?Q@
;`�T?B+ KB+`Qb+QTvǴX AM, PTiB+� kXRy UkyR8V- TTX Ny9ĜNRRX

(kN) .E >�KBHiQM �M/ *C_ a?2TT�`/X ǳ.Bz2`2MiB�H T?�b2 +QMi`�bi BM b+�MMBM; QTiB+�H
KB+`Qb+QTvǴX AM, CX JB+`Qb+X RjjXR U�m;X RN39V- TTX kdĜjNX

(jy) a?�HBM " J2?i� �M/ *QHBM C_ a?2TT�`/X ǳZm�MiBi�iBp2 T?�b2@;`�/B2Mi BK�;BM; �i
?B;? `2bQHmiBQM rBi? �bvKK2i`B+ BHHmKBM�iBQM@#�b2/ /Bz2`2MiB�H T?�b2 +QMi`�biǴX AM,
PTiX G2iiX j9XRj UCmHv kyyNV- TTX RNk9ĜRNkeX

(jR) G2B hB�M- CBM;v�M q�M;- �M/ G�m`� q�HH2`X ǳj. /Bz2`2MiB�H T?�b2@+QMi`�bi KB+`Qb+QTv
rBi? +QKTmi�iBQM�H BHHmKBM�iBQM mbBM; �M G1. �``�vǴX AM, PTiX G2iiX jNX8 UJ�`X kyR9V-
TTX RjkeĜRjkNX /QB, RyXRje9fPGXjNXyyRjkeX

(jk) G2B hB�M �M/ G�m`� q�HH2`X ǳZm�MiBi�iBp2 /Bz2`2MiB�H T?�b2 +QMi`�bi BK�;BM; BM �M
G1. �``�v KB+`Qb+QT2ǴX AM, PTiX 1tT`2bb kjXN U�T`X kyR8V- TTX RRjN9ĜRR9yjX

(jj) _2M2 �X *H�mb 2i �HX ǳZm�MiBi�iBp2 T?�b2 `2i`B2p�H rBi? �`#Bi`�`v TmTBH �M/ BHHmKBM�@
iBQMǴX AM, PTiX 1tT`2bb kjXky UP+iX kyR8V- TTX keedkĜkee3kX

(j9) SX *HQ2i2Mb 2i �HX ǳ>QHQiQKQ;`�T?v, Zm�MiBi�iBp2 T?�b2 iQKQ;`�T?v rBi? KB+`QK2i2`
`2bQHmiBQM mbBM; ?�`/ bvM+?`Qi`QM `�/B�iBQM s `�vbǴX AM, �TTHX S?vbX G2iiX d8XRN URNNNV-
TTX kNRkĜkNR9X /QB, RyXRyejfRXRk8kk8X

(j8) uQM;DBM amM; 2i �HX ǳPTiB+�H /Bz`�+iBQM iQKQ;`�T?v 7Q` ?B;? `2bQHmiBQM HBp2 +2HH BK�;@
BM;ǴX AM, PTiX 1tT`2bb RdXR UC�MX kyyNV- TTX keeĜkddX /QB, RyXRje9fP1XRdXyyykeeX

(je) u�MM *Qii2 2i �HX ǳJ�`F2`@7`22 T?�b2 M�MQb+QTvǴX AM, L�im`2 S?QiQMX d UkyRjV- TTX RRjĜ
RRdX

(jd) �X "`QMMBFQpX ǳh?2Q`v Q7 [m�MiBi�iBp2 T?�b2@+QMi`�bi +QKTmi2/ iQKQ;`�T?vǴX AM, CX
PTiX aQ+X �KX � RNXj UJ�`X kyykV- TTX 9dkĜ93yX /QB, RyXRje9fCPa��XRNXyyy9dkX

(j3) G2B hB�M 2i �HX ǳ*QKT`2bbBp2 s@`�v T?�b2 iQKQ;`�T?v #�b2/ QM i?2 i`�MbTQ`i Q7
BMi2MbBiv 2[m�iBQMǴX AM, PTiX G2iiX j3XRd UkyRjV- TTX j9R3Ĝj9kRX

(jN) 1KBH qQH7X ǳh?`22@/BK2MbBQM�H bi`m+im`2 /2i2`KBM�iBQM Q7 b2KB@i`�MbT�`2Mi Q#D2+ib
7`QK ?QHQ;`�T?B+ /�i�ǴX AM, PTiX *QKKmMX R URNeNV- TTX R8jĜR8eX BbbM, yyjy@9yR3X
/QB, .PA,RyXRyRefyyjy@9yR3UeNVNyy8k@kX

(9y) SX SX 1r�H/X ǳAMi`Q/m+iBQM iQ i?2 /vM�KB+�H i?2Q`v Q7 s@`�v /Bz`�+iBQMǴX AM, �+i�
*`vbi�HHQ;`�T?B+� a2+iBQM � k8XR UC�MX RNeNV- TTX RyjĜRy3X

(9R) Ev2Q_2? G22 2i �HX ǳhBK2@KmHiBTH2t2/ bi`m+im`2/ BHHmKBM�iBQM mbBM; � .J. 7Q` QT@
iB+�H /Bz`�+iBQM iQKQ;`�T?vǴX AM, PTiX G2iiX 9kX8 UkyRdV- TTX NNNĜRyykX

https://doi.org/10.1364/OE.22.004960
https://doi.org/10.1364/OL.39.001326
https://doi.org/10.1063/1.125225
https://doi.org/10.1364/OE.17.000266
https://doi.org/10.1364/JOSAA.19.000472
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(9k) :`2; :#m` 2i �HX ǳaT?2`B+�H@r�p2 BMi2MbBiv /Bz`�+iBQM iQKQ;`�T?vǴX AM, CX PTiX aQ+X
�KX � kkXk U62#X kyy8V- TTX kjyĜkj3X /QB, RyXRje9fCPa��XkkXyyykjyX

(9j) G2B hB�M �M/ G�m`� q�HH2`X ǳj. BMi2MbBiv �M/ T?�b2 BK�;BM; 7`QK HB;?i }2H/ K2�@
bm`2K2Mib BM �M G1. �``�v KB+`Qb+QT2ǴX AM, PTiB+� kXk U62#X kyR8V- TTX Ry9ĜRRRX /QB,
RyXRje9fPShA*�XkXyyyRy9X

(99) a "Qv/ 2i �HX ǳ.Bbi`B#mi2/ PTiBKBx�iBQM �M/ ai�iBbiB+�H G2�`MBM; pB� i?2 �Hi2`M�iBM;
.B`2+iBQM J2i?Q/ Q7 JmHiBTHB2`bǴX AM, 6QmM/�iBQMb �M/ h`2M/b BM J�+?BM2 G2�`MBM;
jXR U.2+X kyRRV- TTX RĜRkkX

(98) E2M E`2mix@.2H;�/QX ǳh?2 *QKTH2t :`�/B2Mi PT2`�iQ` �M/ i?2 *_@*�H+mHmbǴX AM,
UCmM2 kyyNVX

(9e) L2�H S�`BF? �M/ ai2T?2M "Qv/X ǳS`QtBK�H �H;Q`Bi?KbǴX AM, 6QmM/X h`2M/b PTiBKX RXj
UC�MX kyR9V- TTX RkdĜkjNX BbbM, kRed@j333X /QB, RyXR8eRfk9yyyyyyyjX

(9d) �KB` "2+F �M/ J�`+ h2#QmHH2X ǳ6�bi ;`�/B2Mi@#�b2/ �H;Q`Bi?Kb 7Q` +QMbi`�BM2/ iQi�H
p�`B�iBQM BK�;2 /2MQBbBM; �M/ /2#Hm``BM; T`Q#H2KbǴX AM, A111 h`�MbX AK�;2 S`Q+2bbX
R3XRR UkyyNV- TTX k9RNĜk9j9X

(93) �KB` "2+F �M/ J�`+ h2#QmHH2X ǳ� 7�bi Bi2`�iBp2 b?`BMF�;2@i?`2b?QH/BM; �H;Q`Bi?K 7Q`
HBM2�` BMp2`b2 T`Q#H2KbǴX AM, aA�J CX AK�;BM; b+B2M+2b kXR UkyyNV- TTX R3jĜkykX

(9N) :mQ�M w?2M;- *?`BbiQT?2` EQHM2`- �M/ *?�M;?m2B u�M;X ǳJB+`Qb+QTv `27Q+mbBM; �M/
/�`F@}2H/ BK�;BM; #v mbBM; � bBKTH2 G1. �``�vǴX AM, PTiX G2iiX jeXky UP+iX kyRRV-
TTX jN3dĜjN3NX /QB, RyXRje9fPGXjeXyyjN3dX

(8y) wBDB GBm 2i �HX ǳ_2�H@iBK2 #`B;?i}2H/- /�`F}2H/- �M/ T?�b2 +QMi`�bi BK�;BM; BM � HB;?i@
2KBiiBM; /BQ/2 �``�v KB+`Qb+QT2ǴX AM, CX "BQK2/X PTiX RNXRy UP+iX kyR9V- TTX RyeyykĜ
RyeyykX

(8R) sB[m�M *mB- J�ii?2r G2r- �M/ *?�M;?m2B u�M;X ǳZm�MiBi�iBp2 /Bz2`2MiB�H BMi2`72`@
2M+2 +QMi`�bi KB+`Qb+QTv #�b2/ QM bi`m+im`2/@�T2`im`2 BMi2`72`2M+2ǴX AM, �TTHX S?vbX
G2iiX Nj Ukyy3V- TX yNRRRjX

(8k) h�2rQQ EBK 2i �HX ǳq?Bi2@HB;?i /Bz`�+iBQM iQKQ;`�T?v Q7 mMH�#2HH2/ HBp2 +2HHbǴX AM,
L�im`2 S?QiQMX 3Xj UJ�`X kyR9V- TTX k8eĜkejX

(8j) SX> o�M *Bii2`iX ǳ.B2 q�?`b+?2BMHB+?2 a+?rBM;mM;bp2`i2BHmM; BM 1BM2` pQM 1BM2`
GB+?i[m2HH2 .B`2Fi P/2` JBii2Hb 1BM2` GBMb2 "2H2m+?i2i2M 1#2M2ǴX AM, S?vbB+� RXRĜe
URNj9V- TTX kyRĜkRyX

(89) 6`Bib w2`MBF2X ǳh?2 +QM+2Ti Q7 /2;`22 Q7 +Q?2`2M+2 �M/ Bib �TTHB+�iBQM iQ QTiB+�H
T`Q#H2KbǴX AM, S?vbB+� 8X3 URNj3V- TTX d38ĜdN8X

(88) uX �r�ibmDB- JX a�b�/�- �M/ hX Em#Qi�X ǳS�`�HH2H [m�bB@T?�b2@b?B7iBM; /B;Bi�H ?QHQ;@
`�T?vǴX AM, �TTHX S?vbX G2iiX 38Xe Ukyy9V- TTX RyeNĜRydRX

(8e) S>�aA*a aX�X Zl�LhAh�hAo1 S>�a1 JA*_Pa*PSuX kyyNX m`H, ?iiT,ffrrrX
T?�bB+b+Q`TX+QKX

https://doi.org/10.1364/JOSAA.22.000230
https://doi.org/10.1364/OPTICA.2.000104
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http://www.phasicscorp.com
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(8d) SX "QM 2i �HX J2i?Q/ �M/ bvbi2K 7Q` bi`m+im`�H �M�HvbBb Q7 �M Q#D2+i #v K2�bm`BM; i?2
r�p2 7`QMi i?2`2Q7X la S�i2Mi �TTX Rjf8yy-j38X LQpX kyRkX

(83) "X1X �HHK�M- EX Lm;2Mi- �M/ *X SQ`i2`X �M QTiB+�H bvbi2K 7Q` T`Q/m+BM; /Bz2`2MiHv
7Q+mb2/ BK�;2bX qP S�i2Mi �TTX S*hf�lkyy8fyyy-ky9X a2TiX kyy8X

(8N) G�m`� q�HH2` 2i �HX ǳS?�b2 7`QK +?`QK�iB+ �#2``�iBQMbǴX AM, PTiX 1tT`2bb R3Xkk UP+iX
kyRyV- TTX kk3RdĜkk3k8X /QB, RyXRje9fP1XR3Xykk3RdX

(ey) oH�/BKB` S�`�KQMQp 2i �HX ǳ.2Ti? *�K2`� "�b2/ QM *QHQ`@*Q/2/ �T2`im`2ǴX AM, kyRe
A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM qQ`Fb?QTb U*oS_qVX
CmM2 kyRe- TTX NRyĜNR3X

(eR) *?2M;m�M; J� 2i �HX ǳJQiBQM /2#Hm``BM; rBi? i2KTQ`�HHv +Q/2/ BHHmKBM�iBQM BM �M
G1. �``�v KB+`Qb+QT2ǴX AM, PTiX G2iiX 9yXRy UJ�v kyR8V- TTX kk3RĜkk39X /QB, RyX
Rje9fPGX9yXyykk3RX

(ek) w�+?�`v 6X S?BHHBTb 2i �HX ǳJmHiB@*QMi`�bi AK�;BM; �M/ .B;Bi�H _27Q+mbBM; QM � JQ#BH2
JB+`Qb+QT2 rBi? � .QK2/ G1. �``�vǴX AM, SGQa PL1 RyX8 UJ�v kyR8V- TTX RĜRjX
/QB, RyXRjdRfDQm`M�HXTQM2XyRk9Nj3X

(ej) 1X .X "�`QM2@Lm;2Mi- �X "�`iv- �M/ EX �X Lm;2MiX ǳZm�MiBi�iBp2 T?�b2@�KTHBim/2
KB+`Qb+QTv A, QTiB+�H KB+`Qb+QTvǴX AM, CQm`M�H Q7 JB+`Qb+QTv kyeXj UkyykV- TTX RN9Ĝ
kyjX BbbM, Rje8@k3R3X

(e9) JQMbQM >X >�v2bX ai�iBbiB+�H .B;Bi�H aB;M�H S`Q+2bbBM; �M/ JQ/2HBM;X qBH2v- RNNeX
(e8) .�pB/ GX .QMQ?Q �M/ JB+?�2H 1H�/X ǳPTiBK�HHv bT�`b2 `2T`2b2Mi�iBQM BM ;2M2`�H

UMQMQ`i?Q;QM�HV /B+iBQM�`B2b pB� ℓ1 KBMBKBx�iBQMǴX AM, SL�a RyyX8 UkyykV- TTX kRNdĜ
kkykX

(ee) w?QM; CBM;b?�M 2i �HX ǳLQMHBM2�` PTiBKBx�iBQM �H;Q`Bi?K 7Q` S�`iB�HHv *Q?2`2Mi
S?�b2 _2i`B2p�H �M/ aQm`+2 _2+Qp2`vǴX AM, A111 h`�MbX *QKTmiX AK�;BM; UkyReVX

(ed) _X >Q`biK2v2` 2i �HX ǳai�M/�`/BxBM; i?2 `2bQHmiBQM +H�BKb 7Q` +Q?2`2Mi KB+`Qb+QTvǴX
AM, L�im`2 S?QiQMX UkyReVX

(e3) aKBi?X ǳJB+`Qb+QTB+ BMi2`72`QK2i`vǴX AM, _2b2�`+? UGQM/QMV 3 URN88V- TTX j38ĜjN8X
(eN) J�Mm2H :mBx�`@aB+�B`Qb �M/ C�K2b _ 6B2MmTX ǳS?�b2 `2i`B2p�H rBi? i`�Mbp2`b2 i`�Mb@

H�iBQM /Bp2`bBiv, � MQMHBM2�` QTiBKBx�iBQM �TT`Q�+?ǴX AM, PTiB+b 1tT`2bb ReXRy Ukyy3V-
TTX dke9Ĝdkd3X

(dy) �M/`2r J J�B/2M �M/ CQ?M J _Q/2M#m`;X ǳ�M BKT`Qp2/ Tiv+?Q;`�T?B+�H T?�b2
`2i`B2p�H �H;Q`Bi?K 7Q` /Bz`�+iBp2 BK�;BM;ǴX AM, lHi`�KB+`Qb+QTv RyNXRy Ua2TiX kyyNV-
TTX Rk8eĜRkekX

(dR) �b?Bb? h`BT�i?B- A�M J+LmHiv- �M/ PH2; : a?Tv`FQX ǳSiv+?Q;`�T?B+ Qp2`H�T +QM@
bi`�BMi 2``Q`b �M/ i?2 HBKBib Q7 i?2B` MmK2`B+�H `2+Qp2`v mbBM; +QMDm;�i2 ;`�/B2Mi
/2b+2Mi K2i?Q/bǴX AM, PTiX 1tT`2bb kkXk UkyR9V- TTX R98kĜR9eeX

https://doi.org/10.1364/OE.18.022817
https://doi.org/10.1364/OL.40.002281
https://doi.org/10.1364/OL.40.002281
https://doi.org/10.1371/journal.pone.0124938
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(dk) �X JX J�B/2M- JX CX >mKT?`v- �M/ CX JX _Q/2M#m`;X ǳSiv+?Q;`�T?B+ i`�MbKBbbBQM
KB+`Qb+QTv BM i?`22 /BK2MbBQMb mbBM; � KmHiB@bHB+2 �TT`Q�+?ǴX AM, CX PTiX aQ+X �KX �
kNX3 U�m;X kyRkV- TTX ReyeĜReR9X /QB, RyXRje9fCPa��XkNXyyReyeX

(dj) CBM;b?�M w?QM; 2i �HX ǳS�`iB�HHv +Q?2`2Mi T?�b2 BK�;BM; rBi? bBKmHi�M2Qmb bQm`+2
`2+Qp2`vǴX AM, PTiX 1tT`2bb eXR U.2+X kyR8V- TTX k8dĜke8X

(d9) CBM;b?�M w?QM; 2i �HX ǳLQMHBM2�` PTiBKBx�iBQM �H;Q`Bi?K 7Q` S�`iB�HHv *Q?2`2Mi
S?�b2 _2i`B2p�H �M/ aQm`+2 _2+Qp2`vǴX AM, A111 h`�MbX *QKTmiX AK�;X kXj UkyReV-
TTX jRyĜjkkX

(d8) wB+?�Q "B�M- aBvm�M .QM;- �M/ :mQ�M w?2M;X ǳ�/�TiBp2 bvbi2K +Q``2+iBQM 7Q` `Q#mbi
6Qm`B2` Tiv+?Q;`�T?B+ BK�;BM;ǴX AM, PTiX 1tT`2bb kRXke U.2+X kyRjV- TTX jk9yyĜjk9RyX
/QB, RyXRje9fP1XkRXyjk9yyX

(de) GB@>�Q u2? 2i �HX ǳ1tT2`BK2Mi�H `Q#mbiM2bb Q7 6Qm`B2` Tiv+?Q;`�T?v T?�b2 `2i`B2p�H
�H;Q`Bi?KbǴX AM, PTiX 1tT`2bb kjXke U.2+X kyR8V- TTX jjkR9Ĝjjk9yX /QB, RyXRje9fP1X
kjXyjjkR9X

(dd) GB?2M; "B�M 2i �HX ǳJQiBQM@+Q``2+i2/ 6Qm`B2` Tiv+?Q;`�T?vǴX AM, "BQK2/X PTiX 1tT`2bb
dXRR ULQpX kyReV- TTX 989jĜ988jX /QB, RyXRje9f"P1XdXyy989jX

(d3) :mv a�i�i 2i �HX ǳP#D2+i +H�bbB}+�iBQM i?`Qm;? b+�ii2`BM; K2/B� rBi? /22T H2�`MBM;
QM iBK2 `2bQHp2/ K2�bm`2K2MiǴX AM, PTiB+b 1tT`2bb k8XR8 UkyRdV- TTX Rd9eeĜRd9dNX

(dN) :mQ�M w?2M; 2i �HX ǳ*?�`�+i2`Bx�iBQM Q7 bT�iB�HHv p�`vBM; �#2``�iBQMb 7Q` rB/2 }2H/@
Q7@pB2r KB+`Qb+QTvǴX AM, PTiB+b 2tT`2bb kRXRj UkyRjV- TTX R8RjRĜR8R9jX

(3y) _Q�`F2 >Q`biK2v2` 2i �HX ǳPp2`H�TT2/ 6Qm`B2` +Q/BM; 7Q` QTiB+�H �#2``�iBQM `2KQp�HǴX
AM, PTiB+b 1tT`2bb kkXky UkyR9V- TTX k9yekĜk9y3yX

(3R) C�2#mK *?mM; 2i �HX ǳqB/2 }2H/@Q7@pB2r ~mQ`2b+2M+2 BK�;2 /2+QMpQHmiBQM rBi? �#2``�iBQM@
2biBK�iBQM 7`QK 6Qm`B2` Tiv+?Q;`�T?vǴX AM, "BQK2/X PTiX 1tT`2bb dXk UkyReV- TTX j8kĜ
je3X

(3k) sB�Qx2 Pm 2i �HX ǳ>B;? MmK2`B+�H �T2`im`2 6Qm`B2` Tiv+?Q;`�T?v, T`BM+BTH2- BKTH2@
K2Mi�iBQM �M/ +?�`�+i2`Bx�iBQMǴX AM, PTiX 1tT`2bb kjXj UkyR8V- TTX j9dkĜj9NRX

(3j) "2+?�`� E�+?�`X ǳ�bvKK2i`B+ BHHmKBM�iBQM +QMi`�bi, � K2i?Q/ Q7 BK�;2 7Q`K�iBQM
7Q` pB/2Q HB;?i KB+`Qb+QTvǴX AM, a+B2M+2 kkdX9e33 URN38V- TTX deeĜde3X

(39) >�M;r2M Gm 2i �HX ǳZm�MiBi�iBp2 T?�b2 BK�;BM; �M/ +QKTH2t }2H/ `2+QMbi`m+iBQM #v
TmTBH KQ/mH�iBQM /Bz2`2MiB�H T?�b2 +QMi`�biǴX AM, PTiX 1tT`2bb k9Xkk UkyReV- TTX k8j98Ĝ
k8jeRX

(38) oB`2M/`� LX J�?�D�MX ǳw2`MBF2 *B`+H2 SQHvMQKB�Hb �M/ PTiB+�H �#2``�iBQMb Q7 avb@
i2Kb rBi? *B`+mH�` SmTBHbǴX AM, �TTHX PTiX jjXj9 URNN9V- TTX 3RkRĜ3Rk9X

(3e) w�+?�`v 6X S?BHHBTb- JB+?�2H *?2M- �M/ G�m`� q�HH2`X ǳaBM;H2@b?Qi [m�MiBi�iBp2 T?�b2
KB+`Qb+QTv rBi? +QHQ`@KmHiBTH2t2/ /Bz2`2MiB�H T?�b2 +QMi`�bi U+.S*VǴX AM, SGPa
PL1 RkXk UkyRdV- 2yRdRkk3X

https://doi.org/10.1364/JOSAA.29.001606
https://doi.org/10.1364/OE.21.032400
https://doi.org/10.1364/OE.23.033214
https://doi.org/10.1364/OE.23.033214
https://doi.org/10.1364/BOE.7.004543
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(3d) .QM; *X GBm �M/ CQ`;2 LQ+2/�HX ǳPM i?2 HBKBi2/ K2KQ`v "6:a K2i?Q/ 7Q` H�`;2
b+�H2 QTiBKBx�iBQMǴX AM, J�i?2K�iB+�H S`Q;`�KKBM; 98XR URN3NV- TTX 8yjĜ8k3X

(33) :mQ�M w?2M;- _Q�`F2 >Q`biK2v2`- �M/ *?�M;?m2B u�M;X ǳqB/2@}2H/- ?B;?@`2bQHmiBQM
6Qm`B2` Tiv+?Q;`�T?B+ KB+`Qb+QTvǴX AM, L�im`2 S?QiQMX dXN Ua2TiX kyRjV- TTX djNĜd98X

(3N) G2B hB�M 2i �HX ǳJmHiBTH2t2/ +Q/2/ BHHmKBM�iBQM 7Q` 6Qm`B2` Siv+?Q;`�T?v rBi? �M
G1. �``�v KB+`Qb+QT2ǴX AM, "BQK2/X PTiX 1tT`2bb 8Xd UCmHv kyR9V- TTX kjdeĜkj3NX
/QB, RyXRje9f"P1X8XyykjdeX

(Ny) LX ai`2B#HX ǳh?`22@/BK2MbBQM�H BK�;BM; #v � KB+`Qb+QT2ǴX AM, CX PTiX aQ+X �KX � kXk
U62#X RN38V- TTX RkRĜRkdX

(NR) uQM;DBM amM; �M/ *QHBM CX _X a?2TT�`/X ǳh?`22@/BK2MbBQM�H BK�;BM; #v T�`iB�HHv
+Q?2`2Mi HB;?i mM/2` MQM@T�`�tB�H +QM/BiBQMǴX AM, CX PTiX aQ+X �KX � k3X9 U�T`X kyRRV-
TTX 889Ĝ88NX

(Nk) h�M > L;mv2M 2i �HX ǳZm�MiBi�iBp2 T?�b2 BK�;BM; Q7 r2�FHv b+�ii2`BM; Q#D2+ib mbBM;
T�`iB�HHv +Q?2`2Mi BHHmKBM�iBQMǴX AM, PTiX 1tT`2bb k9XRR UkyReV- TTX RRe3jĜRReNjX

(Nj) JB+?� >X C2MFBMb �M/ h?QK�b EX :�vHQ`/X ǳh?`22@/BK2MbBQM�H [m�MiBi�iBp2 T?�b2
BK�;BM; pB� iQKQ;`�T?B+ /2+QMpQHmiBQM T?�b2 KB+`Qb+QTvǴX AM, �TTHX PTiX 89XjR ULQpX
kyR8V- TTX NkRjĜNkkdX

(N9) CS :mB;�vX ǳ6Qm`B2` i`�Mb7Q`K �M�HvbBb Q7 6`2bM2H /Bz`�+iBQM T�ii2`Mb �M/ BM@HBM2
?QHQ;`�KbǴX AM, PTiBF 9NXR URNddV- TTX RkRĜRk8X

(N8) uX AX L2bi2`2bib �M/ hX 1X :m`2v2pX ǳS�`iB�HHv +Q?2`2Mi +QMi`�bi@i`�Mb72`@7mM+iBQM
�TT`QtBK�iBQMǴX AM, CX PTiX aQ+X �KX � jjX9 UkyReV- TTX 9e9Ĝ9d9X

(Ne) lHm;#2F aX E�KBHQp 2i �HX ǳG2�`MBM; �TT`Q�+? iQ QTiB+�H iQKQ;`�T?vǴX AM, PTiB+� kXe
UCmM2 kyR8V- TTX 8RdĜ8kkX

(Nd) qQMb?BF *?QB 2i �HX ǳhQKQ;`�T?B+ T?�b2 KB+`Qb+QTvǴX AM, L�iX J2i?Q/b 9XN U�m;X
kyydV- TTX dRdĜdRNX

(N3) aX CQM2b- JX EBM;- �M/ �X q�`/X ǳ.2i2`KBMBM; i?2 mMB[m2 `27`�+iBp2 BM/2t T`QT2`iB2b
Q7 bQHB/ TQHvbiv`2M2 �2`QbQH mbBM; #`Q�/#�M/ JB2 b+�ii2`BM; 7`QK QTiB+�HHv i`�TT2/
#2�/bǴX AM, S?vbX *?2KX R8 UP+iX kyRjV- TTX kydj8Ĝkyd9RX

(NN) SB2``2 "QM- "2MQBi q�ii2HHB2`- �M/ a2`;2 JQMM2`2iX ǳJQ/2HBM; [m�MiBi�iBp2 T?�b2
BK�;2 7Q`K�iBQM mM/2` iBHi2/ BHHmKBM�iBQMbǴX AM, PTiX G2iiX jdXRy UkyRkV- TTX RdR3Ĝ
RdkyX

(Ryy) sB+?�Q J�- q2M sB�Q- �M/ 62M; S�MX ǳPTiB+�H iQKQ;`�T?B+ `2+QMbi`m+iBQM #�b2/
QM KmHiB@bHB+2 r�p2 T`QT�;�iBQM K2i?Q/ǴX AM, PTiX 1tT`2bb k8XRN UkyRdV- TTX kk8N8Ĝ
kkeydX

(RyR) lHm;#2F aX E�KBHQp 2i �HX ǳ� _2+m`bBp2 "Q`M �TT`Q�+? iQ LQMHBM2�` AMp2`b2 a+�ii2`@
BM;ǴX AM, A111 aB;M�H S`Q+2bbBM; G2ii2`b kjX3 UkyReV- TTX Ry8kĜRy8eX

https://doi.org/10.1364/BOE.5.002376


"A"GAP:_�S>u 3y

(Ryk) � .m#QBb- E "2HF2#B`- �M/ J a�BHH�`/X ǳ_2i`B2p�H Q7 BM?QKQ;2M2Qmb i�`;2ib 7`QK
2tT2`BK2Mi�H 7`2[m2M+v /Bp2`bBiv /�i�ǴX AM, AMp2`b2 S`Q#H2Kb kRXe ULQpX kyy8V- ae8Ĝ
adNX /QB, RyXRy33fykee@8eRRfkRfefbyeX

(Ryj) S�i`B+F * *?�mK2i �M/ E�K�H "2HF2#B`X ǳh?`22@/BK2MbBQM�H `2+QMbi`m+iBQM 7`QK `2�H
/�i� mbBM; � +QMDm;�i2 ;`�/B2Mi@+QmTH2/ /BTQH2 K2i?Q/ǴX AM, AMp2`b2 S`Q#H2Kb k8Xk
U62#X kyyNV- TX yk9yyjX /QB, RyXRy33fykee@8eRRfk8fkfyk9yyjX

(Ry9) 1K2`B+ Jm/`v 2i �HX ǳ1H2+i`QK�;M2iB+ r�p2 BK�;BM; Q7 i?`22@/BK2MbBQM�H i�`;2ib
mbBM; � ?v#`B/ Bi2`�iBp2 BMp2`bBQM K2i?Q/ǴX AM, AMp2`b2 S`Q#H2Kb k3Xe U�T`X kyRkV-
TX ye8yydX /QB, RyXRy33fykee@8eRRfk3fefye8yydX

(Ry8) >bBQm@um�M GBm 2i �HX ǳa1�:G1, aT�`bBiv@.`Bp2M AK�;2 _2+QMbi`m+iBQM lM/2` JmH@
iBTH2 a+�ii2`BM;ǴX AM, A111 h`�MbX *QKTmiX AK�;X 9XR UkyR3V- TTX djĜ3eX

(Rye) h?�M?@�M S?�K 2i �HX ǳo2`b�iBH2 `2+QMbi`m+iBQM 7`�K2rQ`F 7Q` /Bz`�+iBQM iQKQ;@
`�T?v rBi? BMi2MbBiv K2�bm`2K2Mib �M/ KmHiBTH2 b+�ii2`BM;ǴX AM, PTiX 1tT`2bb keXj
UkyR3V- TTX kd9NĜkdejX

(Ryd) hBM; w?�M; 2i �HX ǳ6�`@}2H/ /Bz`�+iBQM KB+`Qb+QTv �i λ/10 `2bQHmiBQMǴX AM, PTiB+� jXe
UkyReV- TTX eyNĜeRkX

(Ry3) >2M`v LX *?�TK�M 2i �HX ǳ>B;?@`2bQHmiBQM �# BMBiBQ i?`22@/BK2MbBQM�H t@`�v /Bz`�+@
iBQM KB+`Qb+QTvǴX AM, CX PTiX aQ+X �KX � kjX8 UkyyeV- TTX RRdNĜRkyyX

(RyN) J�`iBM .B2`QH7 2i �HX ǳSiv+?Q;`�T?B+ s@`�v +QKTmi2/ iQKQ;`�T?v �i i?2 M�MQb+�H2ǴX
AM, L�im`2 9edXdjR9 UkyRyV- TTX 9jeĜ9jNX

(RRy) JQ` >�#�x� 2i �HX ǳhQKQ;`�T?B+ T?�b2 KB+`Qb+QTv rBi? R3y ◦ `Qi�iBQM Q7 HBp2 +2HHb BM
bmbT2MbBQM #v ?QHQ;`�T?B+ QTiB+�H ir22x2`bǴX AM, PTiX G2iiX 9yX3 U�T`X kyR8V- TTX R33RĜ
R339X /QB, RyXRje9fPGX9yXyyR33RX

(RRR) a?r2i�/rBT *?Qr/?m`v 2i �HX ǳ_27`�+iBp2 BM/2t iQKQ;`�T?v rBi? bi`m+im`2/ BHHmKB@
M�iBQMǴX AM, PTiB+� 9X8 UJ�v kyRdV- TTX 8jdĜ898X /QB, RyXRje9fPShA*�X9Xyyy8jdX

(RRk) *?�Q wmQ 2i �HX ǳG2MbH2bb T?�b2 KB+`Qb+QTv �M/ /Bz`�+iBQM iQKQ;`�T?v rBi? KmHiB@
�M;H2 �M/ KmHiB@r�p2H2M;i? BHHmKBM�iBQMb mbBM; � G1. K�i`BtǴX AM, PTiX 1tT`2bb kjXRR
UJ�v kyR8V- TTX R9jR9ĜR9jk3X

(RRj) _Q�`F2 >Q`biK2v2` 2i �HX ǳ.Bz`�+iBQM iQKQ;`�T?v rBi? 6Qm`B2` Tiv+?Q;`�T?vǴX AM,
PTiB+� jX3 UkyReV- TTX 3kdĜ3j8X

(RR9) > 1`/Q;�M �M/ C2z`2v � 62bbH2`X ǳP`/2`2/ bm#b2ib �H;Q`Bi?Kb 7Q` i`�MbKBbbBQM iQ@
KQ;`�T?vǴX AM, S?vbX J2/X "BQHX 99XRR URNNNV- TTX k3j8Ĝk38RX

(RR8) um`BB L2bi2`QpX ǳ� K2i?Q/ Q7 bQHpBM; � +QMp2t T`Q;`�KKBM; T`Q#H2K rBi? +QMp2`@
;2M+2 `�i2 P URfk2VǴX AM, aQpB2i J�i?2K�iB+b .QFH�/v kd URN3jV- TTX jdkĜjdeX

(RRe) "`2M/�M PǶ.QMQ;?m2 �M/ 1KK�Mm2H *�M/2bX ǳ�/�TiBp2 _2bi�`i 7Q` �++2H2`�i2/ :`�@
/B2Mi a+?2K2bǴX AM, 6QmM/X *QKTmiX J�i?X R8 UkyR8V- TTX dR8ĜdjkX
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(RRd) a?r2i�/rBT *?Qr/?m`v 2i �HX ǳ>B;?@`2bQHmiBQM j. `27`�+iBp2 BM/2t `2+QMbi`m+iBQM Q7
KmHiBTH2@b+�ii2`BM; Q#D2+ib 7`QK BMi2MbBiv@QMHv K2�bm`2K2MibǴX AM, aSA1 S?QiQMB+b
q2biX Ry33dĜeX kyRNX

(RR3) a?�M a?�M EQm �M/ *QHBM CX _X a?2TT�`/X ǳAK�;BM; BM /B;Bi�H ?QHQ;`�T?B+ KB+`Qb+QTvǴX
AM, PTiX 1tT`2bb R8XkR UP+iX kyydV- TTX Rje9yĜRje93X /QB, RyXRje9fP1XR8XyRje9yX

(RRN) .B CBM 2i �HX ǳhQKQ;`�T?B+ T?�b2 KB+`Qb+QTv, T`BM+BTH2b �M/ �TTHB+�iBQMb BM #BQBK�;@
BM;ǴX AM, CX PTiX aQ+X �KX " j9X8 UJ�v kyRdV- "e9Ĝ"ddX /QB, RyXRje9fCPa�"Xj9X
yyy"e9X

(Rky) uQM;bQQ u�M; 2i �HX ǳ.2+BT?2`BM; +?2KB+�H Q`/2`f/BbQ`/2` �M/ K�i2`B�H T`QT2`iB2b �i
i?2 bBM;H2@�iQK H2p2HǴX AM, L�im`2 89k U62#X kyRdV- TTX d8ĜdNX

(RkR) .�pB/ _2M 2i �HX � S`�+iB+�H _2+QMbi`m+iBQM J2i?Q/ 7Q` h?`22@.BK2MbBQM�H S?�b2
*QMi`�bi �iQKB+ 1H2+i`QM hQKQ;`�T?vX kyR3X 2T`BMi, �`sBp,R3ydXyj33eX

(Rkk) JX E2HHK�M 2i �HX ǳS?vbB+b@#�b2/ G2�`M2/ .2bB;M, PTiBKBx2/ *Q/2/@AHHmKBM�iBQM
7Q` Zm�MiBi�iBp2 S?�b2 AK�;BM;ǴX AM, A111 h`�Mb�+iBQMb QM *QKTmi�iBQM�H AK�;BM;
UkyRNV- TTX RĜRX BbbM, kjjj@N9yjX /QB, RyXRRyNfh*AXkyRNXkNy89j9X

(Rkj) ai2p2M .B�KQM/ 2i �HX ǳlM`QHH2/ PTiBKBx�iBQM rBi? .22T S`BQ`bǴX AM, �`sBp,Rdy8Xy3y9R
(+bX*o) UkyRdV- TTX RĜRRX

(Rk9) 1X "Qbi�M- lX aX E�KBHQp- �M/ GX q�HH2`X ǳG2�`MBM;@"�b2/ AK�;2 _2+QMbi`m+iBQM pB�
S�`�HH2H S`QtBK�H �H;Q`Bi?KǴX AM, A111 aB;M�H S`Q+2bbBM; G2ii2`b k8Xd UCmHv kyR3V-
TTX N3NĜNNjX BbbM, Rydy@NNy3X /QB, RyXRRyNfGaSXkyR3Xk3jj3RkX
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3k

�TT2M/Bt

�XR .2`Bp�iBQM Q7 .S* 7Q`r�`/ KQ/2H
�Mv k. QTiB+�H }2H/ �i i?2 b�KTH2 TH�M2 +�M #2 r`Bii2M �b exp(Φ)X h?2`27Q`2- i?2 QmiTmi
}2H/ T�bb2/ i?`Qm;? i?2 BK�;BM; bvbi2K #2+QK2b � +QMpQHmiBQM #2ir22M exp(Φ) �M/ h- r?2`2
h Bb i?2 TQBMi bT`2�/ 7mM+iBQM Q` i?2 BMp2`b2 6Qm`B2` i`�Mb7Q`K Q7 � b?B7i2/ TmTBH P (u+u′)-
r?B+? /2T2M/b QM BHHmKBM�iBQM �M;H2 Uu′V QM k. bT�iB�H 7`2[m2M+v +QQ`/BM�i2 UuVX >2M+2-
BMi2MbBiv I �i i?2 BK�;2 TH�M2 +�M #2 2tT`2bb2/ �b,

I(ρ,u′) = S(u′)|eΦ(ρ,u′) ⊗2D h(ρ,u′)|2 . UdXRV
>2`2- ⊗2D Bb k. +QMpQHmiBQM QT2`�iQ` �M/ S Bb i?2 BMi2MbBiv Q7 i?2 BM+B/2Mi TH�M2 r�p2X
1[X UdXRV +�M �HbQ #2 `2T`2b2Mi2/ BM �M BMi2;`�H 7Q`K,

I(ρ,u′) = S(u′)

∫∫∫∫
eΦ(ρ1,u′)+Φ∗(ρ2,u′)h(ρ− ρ1,u

′)h∗(ρ− ρ2,u
′)d2ρ1d

2ρ2 . UdXkV

q?2M i?2 �#bQ`TiBQM �M/ T?�b2 ;`�/B2Mi �`2 bK�HH 2MQm;?- i?2 2tTQM2MiB�H i2`K BM 1[X UdXkV
Bb �TT`QtBK�i2Hv i?2 b�K2 �b Bib }`bi Q`/2` h�vHQ` b2`B2b 2tT�MbBQM- BX2X exp(x) ≈ 1+xX �b
� `2bmHi- 1[X UdXkV #2+QK2b � +QK#BM�iBQM Q7 +QMpQHmiBQMb �M/ KmHiBTHB+�iBQMb,

I(ρ,u′) =S(u′) (1⊗2D h(ρ,u′)) (1⊗2D h∗(ρ,u′))+

S(u′) (Φ(ρ,u′)⊗2D h(ρ,u′)) (1⊗2D h∗(ρ,u′))+

S(u′) (Φ∗(ρ,u′)⊗2D h∗(ρ,u′)) (1⊗2D h(ρ,u′)) .

UdXjV

�bbmKBM; Eƺ?H2` BHHmKBM�iBQM- i?2 QmiTmi BMi2MbBiv mM/2` T�`iB�HHv +Q?2`2Mi BHHmKBM�iBQM Bb
�M BM+Q?2`2Mi bmK Q7 +Q?2`2Mi BMi2MbBiv- BX2X �M BMi2;`�iBQM Q7 1[X UdXjV Qp2` u′X "v i�FBM;
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6Qm`B2` i`�Mb7Q`K Ũ·V Q7 i?2 }M�H BMi2MbBiv- i?2 bT�iB�H 7`2[m2M+v bT2+i`mK #2+QK2b,

Ĩ(u) =

∫∫
S(u′)|P (u′)|2d2u′δ(u)+

∫∫
S(u′)

[
Φ̃(u,u′)P (u+ u′)⊗2D P ∗(−u+ u′)δ(u)

]
d2u′+

∫∫
S(u′)

[
Φ̃∗(−u,u′)P ∗(−u+ u′)⊗2D P (u+ u′)δ(u)

]
d2u′ .

UdX9V

aBM+2 1[X UdX9V b�iBb}2b bHQrHv p�`vBM; T?�b2- Φ̃(u,u′) Q7 k. b�KTH2b +�M #2 2tT`2bb2/
�b −iṼ (u)/(4π(λ−2 − ∥u + u′∥22)0.5) #�b2/ QM _viQp �TT`QtBK�iBQM (RR)- r?2`2 V Bb i?2
b+�ii2`BM; TQi2MiB�H �M/ λ Bb i?2 r�p2H2M;i? Q7 HB;?iX G2i Φ̃(u, 0) = µ̃(u) + iφ̃(u)- �M/
2tT`2bb i?2 bT�iB�H 7`2[m2M+v Q7 +QKTH2t T?�b2 mM/2` /Bz2`2Mi BHHmKBM�iBQM �b Φ̃(u,u′) =
Φ̃(u, 0)((λ−2−∥u∥22)/(λ−2−∥u+u′∥22))0.5X "v bm#biBimiBM; i?Bb 2tT`2bbBQM Q7 Φ(u,u′) BMiQ
1[X UdX9V- bm#i`�+iBM; �M/ /BpB/2/ #v i?2 .* i2`K Io U}`bi i2`K BM 1[X UdX9VV- i?2 bT2+i`mK
Q7 i?2 MQ`K�HBx2/ BMi2MbBiv Ĩn Bb `2H�i2/ iQ i?2 �#bQ`TiBQM Uµ̃V �M/ T?�b2 Uφ̃V #v,

Ĩn(u) =

√
λ−2 − ∥u∥22

Io

∫∫
S(u′)

[
P (u+ u′)P ∗(u′)√
λ−2 − ∥u+ u′∥22

+
P (u′)P ∗(−u+ u′)√
λ−2 − ∥ − u+ u′∥22

]
d2u′µ̃(u)+

i
√
λ−2 − ∥u∥22

Io

∫∫
S(u′)

[
P (u+ u′)P ∗(u′)√
λ−2 − ∥u+ u′∥22

− P (u′)P ∗(−u+ u′)√
λ−2 − ∥ − u+ u′∥22

]
d2u′φ̃(u) .

UdX8V

A7 i?2 NA Q7 i?2 Q#D2+iBp2 H2Mb Bb bK�HH- i?2 Q#HB[m2 7�+iQ`b (λ−2 − ∥u∥22)0.5- (λ−2 − ∥ −
u+u′∥22)0.5- �M/ (λ−2−∥u+u′∥22)0.5 BM 1[X UdX8V #2+QK2 1/λ- �M/ i?2 .S* 7Q`r�`/ KQ/2H
mbBM; T�`iB�HHv +Q?2`2Mi BHHmKBM�iBQM +�M #2 r`Bii2M �b 1[bX URXRdV@URXR3VX

�Xk JQ/2HHBM; #�+Fr�`/ b+�ii2`BM; mbBM; JG"
_2+�HH i?2 1st #Q`M �TT`QtBK�iBQM BM 1[X U8XkV- i?2 iQi�H }2H/ �i � ;Bp2M +QQ`/BM�i2 Bb i?2
bmK Q7 BM+B/2Mi }2H/ �M/ i?2 b+�ii2`2/ }2H/X aBKBH�`Hv- BM i?2 JG" KQ/2H- i?2 #�+F BM+B/2Mi
}2H/ Un

bi �i i?2 nth H�v2` +�M #2 2tT`2bb2/ BM UdXeV �b,

Un−1
bi (ρ, (n− 1)∆z) = Un

bi(ρ, (n− 1)∆z) +Un
bi,scattered(ρ, (n− 1)∆z) . UdXeV

q?2M � j. Q#D2+i Bb i`2�i2/ �b KmHiBTH2 +QMM2+i2/ H�v2`b- i?2 #�+Fr�`/ b+�ii2`BM; }2H/-
b2+QM/ i2`K BM UdXeV- rBi?BM 2�+? H�v2` ?�b irQ +QKTQM2Mib- �b b?QrM BM 6B;X �XkXRX PM2
+QK2b 7`QK i?2 Ǵ7Q`r�`/Ǵ b+�ii2`BM; Q7 #�+F BM+B/2Mi }2H/ BM −z /B`2+iBQM- /2MQi2/ #v Un

bi,fs-
/m2 iQ i?2 #�+F@b+�ii2`2/ HB;?i 7`QK H�v2`b #2?BM/X �M/ i?2 Qi?2` Bb � TQ`iBQM Q7 BM+B/2Mi
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6B;m`2 �XkXR, JG" #�+Fr�`/ b+�ii2`BM; KQ/2HX AM 2�+? H�v2`- i?2 b+�ii2`2/ HB;?i 7`QK #Qi?
7Q`r�`/ BM+B/2Mi }2H/ �M/ #�+Fr�`/ BM+B/2Mi }2H/ BM −z /B`2+iBQM b2`p2b �b i?2 #�+Fr�`/
BM+B/2Mi HB;?i iQ i?2 T`2pBQmb H�v2`X

}2H/ `2~2+i2/- /2MQi2/ #v Un
bs- #2+�mb2 Q7 i?2 BM?QKQ;2M2Qmb `27`�+iBp2 BM/2t U_AV BM i?2

H�v2`X AM i?Bb +�b2- i?2 1st "Q`M b+�ii2`BM; KQ/2H +�M #2 �TTHB2/ BM 2�+? H�v2` iQ �+?B2p2 i?2
#�+Fr�`/ b+�ii2`BM; p2`bBQM Q7 JG"X h?2M- i?2 `2+m`bBp2 `2H�iBQMb?BT Q7 #�+Fr�`/ b+�ii2`BM;
}2H/ #2ir22M i?2 H�v2`b b?QrM BM UdXeV +�M #2 2tT�M/2/ iQ #2,

Un−1
bi (ρ, (n− 1)∆z) = Un

bi(ρ, (n− 1)∆z) +Un
bi,fs(ρ, (n− 1)∆z) +Un

bs(ρ, (n− 1)∆z), UdXdV

LQiB+2 i?�i i?2 }`bi irQ i2`Kb QM i?2 `B;?i ?�M/ bB/2 Q7 1[X UdXdV Bb B/2MiB+�H iQ i?2 7Q`r�`/
b+�ii2`BM; T`Q+2bb /2b+`B#2/ BM 1[X U8XjV- 2t+2Ti rBi? i?2 T`QT�;�iBM; /B`2+iBQM M2;�i2/X
h?2`27Q`2- QMHv i?2 #�+F@b+�ii2`2/ HB;?i- Un

bs- M22/ iQ #2 };m`2/ Qmi iQ +QKTH2i2 i?2 #�+Fr�`/
b+�ii2`BM; KQ/2H Q7 JG"X "�b2/ QM i?2 1st "Q`M �TT`QtBK�iBQM- i?2 #�+F@b+�ii2`2/ }2H/
7QHHQrb i?2 7QHHQrBM; 2tT`2bbBQM

Un
bs(ρ, (n− 1)∆z) =

∫ ∆z
2

−∆z
2

∫∫
G(ρ− ρ′,−∆z − ζ)Un(ρ′, n∆z + ζ)V (ρ′, n∆z + ζ)d2ρ′dζ .

UdX3V
LQi2 i?�i i?2 QMHv /Bz2`2M+2 #2ir22M i?2 #�+F@b+�ii2`2/ }2H/ �M/ i?2 7Q`r�`/@b+�ii2`2/ }2H/
U1[X U8X9VV Q7 i?2 BM+B/2Mi }2H/ Bb i?2 bB;M Q7 ∆z BM :`22MǶb 7mM+iBQMǶb +QQ`/BM�i2X >2M+2- #
mbBM; 1[X UdX3V �M/ 7QHHQrBM; i?2 b�K2 /2`Bp�iBQM BM 1[bX URXkRV@U8X3V- i?2 6Qm`B2` i`�Mb7Q`K
Q7 Un

bs Bb Q#i�BM2/

Ũn
bs(u) = G̃(u,∆z)

∫∫
sinc

((
Γ(u′) + Γ(u)

)
∆z

)
Ũn(u′)Ṽ n(u− u′)∆zd2u′ . UdXNV

�b 2tT2+i2/- i?2 /Bz2`2M+2 #2ir22M 1[X UdXNV �M/ 1[X U8X3V Bb QMHv � bB;M +?�M;2 BM �`@
;mK2Mi Q7 i?2 sinc 7mM+iBQMX >Qr2p2`- i?Bb K�F2b i?2 sinc(x) ≈ 1 �bbmKTiBQM BMp�HB/ BM
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�H;Q`Bi?K 9 JmHiB@G�v2` "Q`M "�+Fr�`/ a+�ii2`BM;
AMTmi, aT2+i`� Q7 BM+B/2Mi }2H/b �i 2�+? H�v2` {Ũn(u)}Nn=1 7`QK �H;Q`Bi?K R- N H�v2`b Q7
j. b+�ii2`BM; TQi2MiB�H {V n(ρ)}Nn=1- H�v2` i?B+FM2bb ∆z- i?2 `27Q+mbBM; /Bbi�M+2 ∆f - �M/
?B;?2bi Q`/2` Q7 h�vHQ` 2tT�MbBQM tX
AMBiB�HBx�iBQM, "�+F BM+B/2Mi }2H/ �i N th H�v2` UN

bi (ρ, N∆z) = 0

R, 7Q` n← N iQ 1 /Q ◃ JG" b+�ii2`BM;
k, Ũn

bi(ρ, (n− 1)∆z)←K(u,∆z)F {Un
bi(ρ, n∆z)}

j, Ũn
bi,fs(ρ, (n− 1)∆z)← G̃(u,∆z)F {Un

bi(ρ, n∆z)V n(ρ)∆z}
9, Ũn

bs(ρ, (n− 1)∆z)← 0
8, 7Q` j ← 0 iQ t /Q ◃ h�vHQ` 2tT�MbBQM
e, Ũn

bs(ρ, (n− 1)∆z)← Ũn
bs(ρ, (n− 1)∆z) +

G̃(u,∆z)f j
t

(
Q(u)

)
F
{
F−1

{
Qj(u)Ũn(u)

}
V n(ρ)∆z

}

d, 2M/ 7Q`
3, Un−1

bi (ρ, (n− 1)∆z)← F−1
{
Ũn

bi(ρ, (n− 1)∆z) + Ũn
bi,fs(ρ, (n− 1)∆z) +

Ũn
bs(ρ, (n− 1)∆z)

}

N, 2M/ 7Q`
Ry, Uimage(ρ)← F−1 {P (u)K(u,∆f)F {U 0

bi(ρ, 0)}} ◃ `27Q+mb �M/ BK�;2
_2im`M, hQi�H #�+F@b+�ii2`2/ }2H/ QM i?2 BK�;2 TH�M2 UimageX

#�+F b+�ii2`BM; 2p�Hm�iBQMX �M/ i?2 BMi2;`�iBQM BM 1[X UdXNV +�MMQi #2 i`2�i2/ �b � +QMpQ@
HmiBQM- �M/ i?mb +QKTmi�iBQM�HHv 2tT2MbBp2X PM2 r�v iQ b�p2 i?2 +QKTmi�iBQM #m`/2M Q7
JG" #�+Fr�`/ b+�ii2`BM; +�H+mH�iBQM Bb �TT`QtBK�iBM; i?2 sinc 7mM+iBQM rBi? TQHvMQKB�Hb
Q7 Q(u′) = π∆zΓ(u′) �M/ Q(u) = π∆zΓ(u) mbBM; h�vHQ` 2tT�MbBQM mT iQ bQK2 Q`/2` tX
h�F2 t = 2 �b �M 2t�KTH2- i?2 b2+QM/ Q`/2` 2tT�MbBQM Bb sinc(x) ≈ 1 + (πx)2/6- ?2M+2-

sinc
((

Q(u′) +Q(u)
)
/π

)
= 1 +

1

6
Q2(u) +

1

3
Q(u)Q(u′) +

1

6
Q2(u′), UdXRyV

r?B+? +�M #2 r`Bii2M BM i?2 7Q`K

sinc
((

Q(u′) +Q(u)
)
/π

)
=

t∑

j=0

f j
t

(
Q(u)

)
Qj(u′), UdXRRV

r?2`2 f j
t

(
Q(u)

)
Bb � TQHvMQKB�H BM i2`Kb Q7 Q(u) �bbQ+B�i2/ rBi? Q(u′) iQ i?2 jth TQr2`

BM Q`/2` t h�vHQ` 2tT�MbBQM Q7 � bBM+ 7mM+iBQMX "v bm#biBimiBM; 1[X UdXRRV BMiQ 1[X UdXNV- i?2
7`2[m2M+v bT2+i`mK Q7 Un

bs #2+QK2b

Ũn
bs(u) =

t∑

j=0

G̃(u,∆z)f j
t

(
Q(u)

)∫∫
Qj(u′)Ũn(u′)Ṽ n(u− u′)∆zd2u′ . UdXRkV
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�b � `2bmHi- i?2 #�+Fr�`/ b+�ii2`BM; i2`K +�M #2 pB2r2/ �b � r2B;?i2/ bmK Q7 +QMpQHmiBQMb
�M/ #2 2{+B2MiHv +QKTmi2/ mbBM; 6�bi 6Qm`B2` h`�Mb7Q`K U66hVX ai�`iBM; 7`QK i?2 H�bi
H�v2` Q7 i?2 Q#D2+i- i?2 #�+F b+�ii2`BM; }2H/ Bb �++mKmH�i2/ �i 2�+? H�v2` r?2M HB;?i i`�p2H@
BM; BM −z /B`2+iBQMX �i i?2 2M/ Q7 i?2 `2+m`bBp2 T`Q+2bb- U 0

bi(ρ, 0) Bb i?2 iQi�H #�+F@b+�ii2`2/
}2H/ i?�i QM2 Bb �#H2 iQ K2�bm`2 pB� �M `2~2+iBp2 BK�;BM; bvbi2KX aBKBH�` iQ BK�;BM; BM
i?2 7Q`r�`/ b+�ii2`BM; +�b2- U 0

bi(ρ, 0) Bb `27Q+mb2/ iQ i?2 BK�;BM; TH�M2 �M/ T�bb2b i?`Qm;?
i?2 BK�;BM; QTiB+b rBi? �M �T2`im`2 P (u) = Circ(uλ/NA) BM i?2 TmTBH TH�M2X "�b2/ QM
1[bX U8XjV- U8X3V- UdXdV �M/ UdXRkV- i?2 /2i�BH2/ BKTH2K2Mi�iBQM Q7 #�+Fr�`/ b+�ii2`BM; mb@
BM; JG" Bb bmKK�`Bx2/ BM �H;Q`Bi?K 9X 6Q` �HH #�+Fr�`/ b+�ii2`BM; bBKmH�iBQM b?QrM BM
b2+iBQM 8Xj- i?2 Q`/2` Q7 h�vHQ` 2tT�MbBQM Bb b2i iQ #2 3- BX2X t = 8- bQ i?�i i?2 KQ/2H Bb
�++m`�i2 2MQm;? +QKT�`2/ iQ i?2 ;`QmM/ i`mi?X �Hi?Qm;? Bi Bb MQi /2KQMbi`�i2/ ?2`2- BK@
TH2K2Mi�iBQM Q7 BMi2MbBiv@#�b2/ T?�b2 iQKQ;`�T?v rBi? #�+Fr�`/ b+�ii2`BM; K2�bm`2K2Mib
`2[mB`2b i?2 ;`�/B2Mi Q7 Uimage rBi? `2bT2+i iQ {V n(ρ)}Nn=1X h?2 �M�HviB+ ;`�/B2Mi +�M #2
/2`Bp2/ rBi? i?2 b�K2 T`Q+2/m`2 �b BM i?2 7Q`r�`/ b+�ii2`BM; +�b2 �M/ r`Bii2M BM � bBKBH�`
7Q`K �b �H;Q`Bi?K k- Q` Bi +�M #2 2p�Hm�i2/ mbBM; �miQ@/Bz2`2MiB�iBQM T�+F�;2b 2K#2//2/
BM K�+?BM2 H2�`MBM; iQQHb- bm+? �b h2MbQ`6HQr �M/ SvhQ`+?X
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