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Except for the neighborhood of the galactic plane, radio sources are uniformly
distributed over the sky. The isotropic distribution suggests that these sources
are external galaxies which are indeed among the first objects that were identified
as radio sources. Positions of relatively moderate accuracy pointed clearly to
some nearby bright galaxies that were long known as peculiar. But the second
strongest small source in the sky, Cygnus A, turned out to be a faint extra-
galactic object. Since sources of the intrinsic strength of Cygnus A may be ex-
pected to be observable at distances beyond the reach of the 200-inch telescope,
it was clear that not all the sources can be expected to be optically observable.

Precise positions have now been obtained for a large number of sources, but
all attempts to identify them have led to the conclusion that, even with positions
of an accuracy of the order of a few minutes of arc, only a fraction of all sources
can be identified [1]. The main reason for the difficulty of finding identifications
always has been sought in the assumption that most sources are intrinsically
strong sources of the Cygnus A type at distances where the galaxies are too
faint to permit identifications. Sufficient progress has now been made to put
this assumption to a quantitative test by a determination of the luminosity
function of radio sources.
A preliminary quantitative study of the problem was first made by Ryle [2].

Essentially the argument was that the small sizes found for many of the un-
identified sources indicate large distance and therefore small space density. The
number-intensity relation of radio sources then requires that most of the sources
have high luminosity, comparable to that of the strongest sources known.

Since radio methods do not yet permit the determination of distances, the
luminosity function can be determined only with the aid of optical data, and
therefore only for identified sources. For the comparison of optical and radio
data it is convenient to use radio magnitudes instead of flux density. The radio
magnitude is defined as

(1) m, =53.4 -2.5 log Slbg,
where S1ib is the flux density in Wm:2(c/sec)-' at a frequency of 158 Mc/sec.
All logarithms are to the base 10. The spectrum of the extragalactic sources
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follows a simple power law of the frequency v. The flux density is proportional
to w$; the spectral index x of extragalactic sources is in the range between about
-0.6 and -0.9.
The first attempt at a determination of the luminosity function was made

recently by Mills [3]. Photographic magnitudes m, of identified objects were
determined by eye estimates. The difference mr-m, which is independent of
distance, can now be used as a measure of the strength of a source. The number
niAm of identifications with galaxies brighter than np, having ni, - mn, in an
interval Am then can be obtained from the list of identified sources. By combining
this result with Hubble's [4] relation for the number of galaxies brighter than
mi, the probability then can be derived that a galaxy chosen at random has a
value of m, - m, in the interval Am. Since the difference m, - nz, is equal to
the difference of the absolute magnitudes M, - M, and since there is reason,
as will be shown below, to assume that M, has a well-determined mean value
M1, the probability of a value of m, - m, can be considered as the probability
of the absolute radio magnitude M, = i, -m, + M,.
No better procedure is feasible as long as the photographic magnitudes are

the only optical data available. But it is unsatisfactory that the counts do not
refer to a fixed volume. They extend to a given limiting magnitude, and there-
fore refer to a volume that depends on the absolute magnitude of the objects
and sources.

Investigation with the 200-inch telescope of objects suspected as possible
identifications has now reached a stage in which for about half of the objects
considered as true identifications the nebular redshift has been determined. Suf-
ficient absolute magnitudes are therefore available to permit a new approach
to a determination of the luminosity function.

For those objects for which the redshift z = BX/Xo is known, the distance
modulus is obtained from
(2) m-M = 5logcz - 5logH -5,

as long as cosmological effecl.s can be neglected. H is the Hubble constant, the
value 75 km/sec per 106 psc will be adopted. Absolute magnitudes M, and
M, can then be obtained for the sources with known redshift. If the values of
Mp are found to have a well-determined mean Mp, the assumption can be made
that this value is valid for all sources. The value mp,- Mp, is then assumed for
the distance modulus and values of Mr can thus be derived for sources with
unknown z. The number k(M)Am of sources with absolute magnitude between
M - Am/2 and M + Am/2 can now be counted.

If m,0 is the limiting radio magnitude to which the search for identifications
is complete, sources with M, are contained in the volume whose radius r in
parsec is given by
(3) log r = 0.2(mo - M,) + 1.

If q is the area of the sky in steradians that has been searched completely for
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identifications, the volume VM in Mpc3 that contains the sources with absolute
radio magnitude Mr is then given by

(4) log VM = -15.5 + 0.6(mro - Mr) + log q.
The number nM of sources with absolute radio magnitude M, per Mpc3 thus
becomes, per interval AM = 1,
(5) log nm = log k(M) + 15.5 - 0.6(mo - M,) - log q.

There are two surveys from which lists of identified sources can be compiled
that fulfill the necessary condition of at least approximate completeness to a
limiting radio magnitude in a defined area of the sky: the survey by Mills,
Slee, and Hill [5] in Sydney at 86.5 Mc/sec and the new survey (3C survey) by
Ryle's group [6] at 159 Mc/sec. Precise positions for 84 sources of the 3C survey
have been determined by Elsmore, Ryle, and Leslie [7]. Precise right ascensions
determined by J. Bolton and his group are now available for a large part of the
3C sources. Sources were identified by inspection of the plates of the National
Geographic Society-Palomar Observatory Sky Survey. The search for identifi-
cations can consider only galaxies brighter than a certain limit determined by
the accuracy of the radio positions. The presence of a galaxy as bright as m,
within the error area e2 of a radio position can be considered as significant only
if e2n(m,) << 1, where n(mp) is the number of galaxies brighter than m, per unit
area. Since multiple galaxies are less frequent than single galaxies the limit for
their acceptance as identification is 2 to 3 magnitudes fainter than for single
galaxies.
The survey of Mills, Slee, and Hill covers the zone between declination -20°

to + 10°, an area of roughly 3 steradians if the area within 120 from the galactic
equator is excluded. This area has been searched completely to a flux density
of 20 X 10-26 or mr = 9.2 by the author and by Mills. A list of identifications
has been given by Mills [3]. Investigation of all suspected objects with the
200-inch telescope showed, however, that some of these identifications are to
be rejected because the objects in question were actually not double galaxies,
as judged on the 48-inch plates, but a star in the foreground and a single galaxy
too faint to be acceptable as identification. On the other hand, some new identi-
fications could be added with the aid of the 200-inch plates. The relevant data
for the revised list of identifications are given in table I, which contains the
identifications of all sources above m, = 9.2 in the area.
The great variety of objects with which sources have been identified is evident.

Obviously, it would be desirable to determine the luminosity function separately
for different types of objects, but the number of identifications is still too small
to permit a division into separate classes. In thus grouping together single and
double galaxies, a choice has to be made of which magnitude to use for doubles.
Since the components are not clearly separated in all doubles, the combined
magnitude of the components has been used throughout. With this choice the
mean value of M, for the sources with measured redshift is -20'3 4i 0.8. This
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value has been adopted for the rest of the objects to obtain distance moduli
and absolute radio magnitudes. The small number of identifications made it
necessary to choose a counting interval of 2 magnitudes for k(M,). The values
of n(M,) were then obtained from (5). They are plotted as open circles in figure 1
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The luminosity function of extragalactic radio sources.
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as a function of M1r. 'T'he original list of identifications given by Mlfls has been
treated in the same way. The results,, plotted as crosses in figure 1, do not differ
essentially from those obtained from table I, an indicationi that the result is not
affected critically by small defects of the list of identifications.
The 3C survey covers the sky between declinations -10° and +54°. The area

has been searched by Dewhirst [8] and, after more positions of high precision
became available, by Bolton and his group who have added a considerable num-
ber of identifications to those noted by Dewhirst and to the few long-established
identifications. The list in table II gives the identifications complete to mr = 8.5
in an area of about 3 steradians. Taking again the magnitude of the combined
components as that of a double galaxy, we find -21-0 i 0.7 as mean value of
Mp for the sources with measured redshift. This value is not significantly dif-
ferent from that found for the objects in table I. Since the magnitudes in tables
I and II have been estimated by different observers, it seems most proper to use
individual values for each table. With TIP = -21.0, distance moduli and Mr
were obtained for the rest of the objects in table II. Values of k(M) were again
counted in intervals of 2 magniitudes. The values of n(M) are plotted in figure 1
as filled circles.

Considering the approximate ilature of the data, the agreement between the
results from the Sydney survey in table I and t.he 3C survey in table II is quite
satisfactory. The agreement becomes poorer toward the bright end, where rela-
tively low values of n(M) are found. It is obvious that incompleteness of the
lists of identification may be involved. At the limit for mr, sources with Mr =

-23 and Mr = -25 are galaxies with in, = I I and mp = 13, respectively; not
many galaxies of such brightness can have been missed. But at the bright end
of the luminosity function very faint galaxies are involved; here it is very unlikely
that the identifications really are complete.
The only way to test for completeness is through the use of the unidentified

sources. Their sizes are the only quantity that permits us to obtain distances
that can be expected to be statistically correct even if the individual values
deserve no confidence. A close correlation between apparent size and distance
is not to be expected. Moreover, since many sources are highly elongated and
since the sizes have been measured only in right ascension, projection effects will
be added to the intrinsic scatter. Nevertheless, the plot of apparent sizes against
distance moduli in figure 2 shows a sufficient degree of correlation to permit the
use of the apparent size as distance indicator. A difficulty arises from an apparent
systematic difference between the sources with distance moduli derived from
observed redshifts, plotted as large filled circles, and the sources with distance
moduli derived from Mp, plotted as small filled circles. This difference is most
likely due to observational selection. The apparently brighter objects were
favored in the observations of the redshift; this means also a preference for the
absolutely bright galaxies, so that the value of Mi, may be too bright. To obtain
some judgment on the effect of this systematic difference, two calibration lines
were determined, both assuming proportionality of apparent size and distance.
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Apparent size and distance modulus.

Line a is fitted to all points; line b to those points only for which the redshift
has been measured. An unpublished list of sizes by Bolton was then used to
derive distance moduli of unidentified sources. The values of n(M) could then
be determined. They are plotted in figure 1 as open and as filled squares for
calibration by lines a and b in figure 2, respectively. The fit with the values
obtained from the identified sources in tables I and II is quite good at the fainter



EXTRAGALACTIC RADIO SOURCES 253

end. At the brighter end the values from the unidentified sources are systemati-
cally high and indicate the expected incompleteness of the lists of identified
sources. It should be noted that the points at Mr = -34 are lower limits because
only an upper limit for the size of these sources was available.
The data plotted in figure 1 show that the luminosity function must be between

the thin broken line at the upper edge of all points and the thin solid line near
the lower edge. The heavy line
(6) log nM = 6.9 + 0.48 Mr
has been adopted as the best representation of the luminosity function. A
gradient of 0.6 is indicated by a thin broken line. It is evident that the gradient
cannot be as steep as this. Therefore, the sources of bright M, will be most
frequent among sources of given mi.

The heavy arrow in the upper left corner of figure 1 indicates the mean space
density of all galaxies obtained from Oort's [9] value of 3.1 X 10-91g cm-3 for the
total mass density of the universe, with the assumption that 2 X 1010 solar masses
is the mean mass of galaxies. Since all sources stronger than M,- 21 together are
only a small fraction of all galaxies, most galaxies are expected to be weak
sources, in good agreement with the observations of bright galaxies [10], [11].
We may now use the luminosity function to compute the number of sources

brighter than a given flux density as a function of the flux density. For this com-
putation we assume that the luminosity function breaks off at Mr = -34. The
effect of this artificial assumption will be discussed later. As long as the redshift
is small enough to be neglected, the number of sources is easily computed. Sources
with Mr that appear with mr come from a shell with the volume 47rr2 dr, where
r is obtained from (3). The number n(mr, Mr) of sources with mr and Mr thus
becomes from (6), for the whole sky and per interval dm = 1, dM = 1,
(7) log n(mr, Mr) = -7.34 + 0.6 m,- 0.12 Mr,
and the number of all sources brighter than mr is then
(8) log N(mr Mr) = -7.22 + 0.6 m,- 0.12 Mr.
By summing for Mr from -20 to -34, we thus obtain the total number of

sources brighter than Mr,
(9) log N((mr) = -2.54 + 0.6 mr,

or, introducing the flux density from (1), the total number of sources brighter
than S,
(9') log Ns =-32.04 - 1.5 log S,68,
which is the relation where Ns _ S-312, the "3/2 law" of a uniform space dis-
tribution. Effects of the redshift are not entirely negligible, however, even for
Nm little larger than one, so that the simple relations (9) and (9') have little
practical value.

If the effects of redshifts are to be taken into account, a cosmological model
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has to be selected. The Einstein-de Sitter model leads to relatively simple rela-
tions that have been given and used by Mills [3]. But this model, in which space
is infinite and Euclidean, leads to a redshift-magnitude relation that is not in
good agreement with the best observational data for clusters of galaxies. These
data show the linear relation between the bolometric magnitude and the log-
arithm of the redshift which follows [12], [13], [14] from a model with a space of
positive curvature with a negative acceleration parameter determined by the
value of the constant qo = +1. It seems preferable to use this model for the
discussion of the number-intensity relation for the radio sources.
For this model, the number of sources stronger than a given flux-density

can be given in a parametric representation (McVittie, private communication).
For the sake of simplicity, the spectral index here will be assumed to be x = -1.
If S. is the flux-density of a source at the standard distance of 10 parsecs, to be
obtained from (1) with mr = Mr, and z8 = 10-5H/c, the redshift at the standard
distance, that is, z, = 2.5 X 10-9 with the value 75 km/sec/Mpc for the Hubble
constant, the flux-density S of a source is

(10) S = z2
If t is defined by

(11) cosc2 + z

where 0 < t < 7r/4, the number of sources with S. corresponding to Mr that
are stronger than S is

(12) NS,m = 7ra(4 - sin 4k).
For very small redshifts, (12) must go over into (8). For z << 1, (11) becomes

(11') 2'

and, from (12) and (10),

(12') Ns,M = 3 a z3S312S3/2

This relation for small z is indeed identical to (8). From (12'), (1), and (8),

(13) log a = 17.96 + 0.48 Mr.

To obtain the total number of sources stronger than a given flux-density, the
number of sources for a given value of Mr has to be computed from (10), (11),
(12), and (13). The total number then is obtained by adding the numbers for
all values of Mr.
The results of this computation are shown in figure 3; the use of x = -1

instead of the more realistic value -0.7, exaggerates the cosmological effects
only to a slight degree that is irrelevant in view of the present uncertainty of
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the observed source counts. The array of thin lines in the lower right part of
the figure shows the individual values of NS,M as function of S. The total expected
source count is given by the heavy line. It is obvious that for sources with M =
-35 and stronger the cosmological effect becomes so large that they would
contribute very little to the source count; even sources with M = -34 con-
tribute not more than a few per cent of the total source count above 50. The
cut-off of the luminosity function made at Mr = -34 thus cannot cause any
appreciable error.
The source counts obtained from different surveys disagree as to the slope of

the log n - log S relation. The line with the slope 1.5 in figure 3 is the best rep-
resentation of the source counts according to Mills' [3] most recent data. The line
with the slope 2 has been given as the representation of the source counts from
the 3C survey [6]. Unpublished results by Bolton and his group show that the
discordance is largely due to the fact that a number of strong extended sources
in the Sydney survey are spurious and to the fact that some strong sources with
large diameters have been missed by the interferometer used for the 3C survey.
The true source counts are therefore expected to lie between the Sydney and
the 3C results. Inasmuch as the computed curve lies between the Sydney and
the 3C line it is satisfactory, but the observations contradict the downward
curvature at low flux densities and large numbers which is a direct consequence
of cosmological effects.

If the observational results are correct in showing a constant slope of the log n
- log S relation, and if the luminosity function (6) is correct, the assumption
is unavoidable, as McVittie [11] has shown, that there are strong evolutionary
effects and that sources were stronger or strong sources more numerous at the
time, billons of years ago, when the radiation from the most distant sources
was emitted. The presence of evolutionary effects of this kind is not implausible.

Evolutionary effects have to be assumed only if the slope of the log n - log S
relation is larger than 1.5. A slope of 1.5 could result, as can be seen from figure 3,
if the sources with Mr = -33 and M, = -34 would be only about 1/3 as abun-
dant as the luminosity function (6) indicates. Sources with M, = -34 would
now be very rare objects. Taking the data as they are in figure 3, there should
be in the whole sky one source with Mr = -34 at S85 = 5 X 10-24, three such
sources at S85 = 2.5 X 10-24. Actually observed are Cygnus A at 1.2 X 10-22
and 3C 295, the most distant object known at this time, at 2.5 X 10-24. Cygnus A
is in any case an unlikely, but fortunate, accident, being much nearer to us than
statistical expectation. In figure 3, 3C 295 is one of three sources with Mr = -34
that are expected in the whole sky with a flux density of 2.5 X 10-24; if the
luminosity function drops off faster toward its bright end, so that sources with
Mr = -34 are three times less frequent, it would be the only source in the sky
to be expected at its flux density.

Finally, we may derive from the luminosity function the fraction of sources
that can be identified with a given positional accuracy. Cosmological effects have
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with a given positional accuracy.

been neglected; they do not affect values in the range of present accuracy.
Assuming -20.5 for Mp, we have
(14) m, = Mr + + 20.5.
If this is introduced into (7), we obtain the number of sources with mp and Mr
(15) log n(mp, Mr) = 5.0 + 0.6 m, + 0.48 Mr.
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By summing up for all values of 314, we can, for a survey with a giveni limitinig
11r, obtain the number of sources with photographic magnitude mnp, and from

these numbers the fraction of sources that have photographic magnitudes
brighter than nip. Disregarding the fact that about half of the sources are double
galaxies, we use Hubble's [4] counts of galaxies, corrected by Sanidage. We have
for the niumber of galaxies per square degree brighter thani ni,
(16) log nn(m) = +0.6 na - 8.87.

The niumber of galaxies that ale accidenitally in the error area E2 is E2n(,n)
if we require that this number is 0.1 to establish an identification, we have
(17) log = 4.4 - 0.3 mp
for the error area in square degrees nieeded to idenitify a source with a galaxy
with nip.
The fraction of sources wvith photographic magnitude brighter than mn, is

plotted as a functioin of the required error area in figure 4 for limiting values
mrn = 8.5 and m?1r = 8.2, corresponding respectively to the limits of table I anid
table II. A second scale on the abscissa gives the values of m, corresponding to
each fraction. Taking as error the geometric mean of twice the probable errors
of the source positions in right ascension and declination, the errors for table I
range about from 7' to 15'; the objects in table I represent an identified fraction
of 10 per cent. The corresponding values for table II are an error of 1'5 to 3'
and an identified fraction of 28 per cent. These values, plotted as vertical lincs
in figure 4, fit fairly well to the computed curves. If the double galaxies had been
taken into account, the computed curves would shift to the riglht, leavinig room
for an incompleteness of the idenitification. But it is obvious that the luminiosity
function (6) substantiates the interpretation of the difficulty encountered in
identifying sources as due to the faintness of the objects.
The author is inidebted to B3. Y. AMills, to J. G. Bolton, arid to rr. A. 'Matthews

for making material available in advance of publicationi, anid for advice aild
discussion.
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