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PAPER

An ON-OFF Multi-Rate Loss Model of Finite Sources

Ioannis D. MOSCHOLIOS†a), Nonmember, Michael D. LOGOTHETIS†b), Member,
and Michael N. KOUKIAS†, Nonmember

SUMMARY Bursty traffic is dominant in modern communication net-
works and keeps the call-level QoS assessment an open issue. ON-OFF
traffic models are commonly used to describe bursty traffic. We propose
an ON-OFF traffic model of a single link which accommodates service-
classes of finite population (f-ON-OFF). Calls compete for the available
link bandwidth under the complete sharing policy. Accepted calls enter
the system via state ON and then may alternate between ON-OFF states.
When a call is transferred to state OFF it releases the bandwidth held in
state ON, while when a call tries to return to state ON, it re-requests its
bandwidth. If it is available a new ON-period (burst) begins; otherwise
the call remains in state OFF (burst blocking). We prove that the proposed
f-ON-OFF model has a product form solution, and we provide an accu-
rate recursive formula for the call blocking probabilities calculation. For
the burst blocking probabilities calculation we propose an approximate but
robust formula. In addition, we show the relation between the f-ON-OFF
model and other call-level loss models. Furthermore, we generalize the
f-ON-OFF model to include service-classes of both finite and infinite pop-
ulation. Simulation results validate our analytical methodology.
key words: call blocking, burst blocking, ON-OFF model, finite popula-
tion, recursive formula

1. Introduction

In the multi-service environment of IPv6 based net-
works with bandwidth reservation capabilities, but also in
the emerging and future all-optical core networks, such
as MPλS/GMPLS [1], [2] or 3G wireless networks (e.g.
UMTS) [3], a large variety of applications exist, like the
mission-critical Internet services of on-line banking and
stock trading, e-commerce, e-voting and many video com-
munications (including video-on-demand). All these appli-
cations have as a common feature, the bursty nature of traf-
fic, while bandwidth reservation is critical to their perfor-
mance [4]. In such networking environment, the call-level
QoS assessment is important for the bandwidth allocation
among service-classes, the avoidance of too costly over-
dimensioning of the network and the prevention, through
traffic engineering mechanisms, of excessive throughput
degradation [5].

Contrary to the constant/peaked bandwidth allocated
service-classes (stream traffic), where calls continuously
hold their assigned bandwidth, calls of a bursty service-class
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continuously seize and release bandwidth during their life-
time. The released bandwidth may be seized by other calls
and thus bandwidth utilization is improved. The easiest way
to describe the behaviour of bursty traffic is by the ON-OFF
traffic model where Poisson arriving calls, when accepted
in the system, alternate between transmission (ON) periods
(bursts at peak bit rate) and no transmission (OFF) periods.

Despite the fundamental difference between the ON-
OFF and stream traffic, the springboard of call-level mod-
elling in both cases is a stream traffic model. This is the
Erlang Multirate Loss Model (EMLM) [6], where calls of
different service-classes arrive to a single link of certain ca-
pacity according to a Poisson process, and compete for the
available link bandwidth under the complete sharing (CS)
policy, which is the most general case of resource allocation.
That is, a call is admitted if bandwidth is available at the
call-arrival time; the only constraint is the total link capac-
ity — no contiguous bandwidth requirements [7], or guar-
anteeing QoS [4]. The calls’holding time can be arbitrarily
distributed [8]. As far as the equilibrium state probabili-
ties are concerned, the EMLM has a product form solution
(PFS). This fact leads to an accurate calculation of the link
occupancy distribution and, consequently, of Call Blocking
Probabilities (CBP) [8], [9]. Moreover, these calculations
are recursive (the most desirable feature) and lead to ef-
ficient computer implementation, broadening the EMLM’s
applicability range to links of large capacities. With the
aid of such a teletraffic model, we can readily quantify the
trade-off between CBP and throughput, and thereby provide
a computational model for traffic engineering [10].

A remarkable extension of the EMLM is a PFS model
with finite population of traffic sources [11]. We prefer to
name it “Engset Multirate Loss Model (EnMLM),” since for
a single service-class, the proposed accurate and recursive
CBP formula gives the same results with the Engset formula
for the time congestion probability [12].

The EMLM and the EnMLM can cope with the bursty
traffic in an approximate way through the notion of equiv-
alent bandwidth [13]. However, more sophisticated mod-
els ([14]–[16]) exist for bursty traffic and especially for the
ON-OFF traffic model, in which the notion of not only call
blocking (CB) but also burst blocking (BB) is introduced.
When an in-service call passes from state ON to state OFF,
it releases the bandwidth held in state ON. To return to state
ON, it re-requests its bandwidth and, if available, a new
burst begins; otherwise, the burst is blocked (burst block-
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ing probability - BBP) and the call remains in state OFF.
In [14] a single ATM link that accommodates CBR service-
classes together with VBR service-classes of ON-OFF-type
sources is considered. CBR calls are always in state ON,
while VBR calls enter either via state ON or OFF, under a
CAC criterion that takes into account not only the required
bandwidth in state ON but also the mean bandwidth of the
VBR calls; this fact destroys the PFS of the model. There-
fore both CBP and BBP calculations are based on approx-
imate formulas which are non-recursive and contain expo-
nentials and factorials; the latter restricts the applicability
range of the model to small systems. In [15] a similar model
is proposed that leads to a recursive BBP calculation, while
the CBP calculation is done approximately, via the Erlang
B-formula. In [16], Poisson arriving calls enter the system
via state ON only, under the CS policy, and then alternate
between ON-OFF states, or remain always in state ON. This
infinite source ON-OFF (inf-ON-OFF) model has a PFS; the
CBP calculation is based on an accurate recursive formula.
On the other hand, the BBP calculation is based on approx-
imate formulas. The inf-ON-OFF model is an extension of
the EMLM (see section III-B). This justifies the EMLM as
the basis of call-level modelling of both stream and ON-OFF
traffic.

In this paper, we introduce the finite source ON-OFF
model (f-ON-OFF), in which a single link accommodates
several service-classes with finite population of sources, un-
der the CS policy, whereas calls enter the system via state
ON only. The new model coincides with the inf-ON-OFF
model when the number of sources approaches infinity, and
with the EnMLM when calls of all service-classes remain al-
ways in state ON; whereas, when the number of sources ap-
proaches infinity and all calls remain always ON, the model
results in the EMLM. We prove that the f-ON-OFF model
has a PFS, and we provide an accurate recursive formula for
calculating CBP, while the BBP calculation is done by an
approximate formula. For the completeness of this study,
we present a generalized model that describes a mixture of
service-classes with finite and infinite population of sources.
The accuracy of the proposed CBP and BBP formulas has
been evaluated by simulation and found to be highly satis-
factory. Furthermore, we compare the proposed f-ON-OFF
model with the inf-ON-OFF model in terms of CBP, in order
to show the consistency and the necessity of the proposed
model.

The remainder of this paper is as follows: In Sect. 2 we
present the f-ON-OFF model; firstly we describe the service
model, secondly we analyze the system in order to derive the
formulas for the link occupancy distribution and the CBP
calculation, and thirdly we proceed to the derivation of the
BBP formula. In Sect. 3, we show the relation of the pro-
posed f-ON-OFF model with other models and discuss pos-
sible applications. In Sect. 4 we generalize the f-ON-OFF
model to include a mixture of finite and infinite sources. In
Sect. 5, we present numerical examples whereby we evalu-
ate the accuracy of the analytical formulas. We conclude in
Sect. 6. Finally, in Appendix we describe a heuristic proce-

dure whereby we determine the state space of a system.

2. The Proposed f-ON-OFF Model

2.1 The Service Model

We consider a transmission link of capacity C that accom-
modates K independent service-classes of ON-OFF-type
calls. Each call of a service-class k (k = 1, . . . ,K) comes
from a finite source population Nk, requires bk bandwidth
units (b.u.) and competes for the available link bandwidth
under the CS policy. If bk b.u. are available, then, the call
enters the system via state ON (otherwise the call is blocked
and lost), and the occupied link bandwidth is character-
ized as real. The mean arrival rate of the idle sources is
λk = (Nk − n1

k − n2
k)vk, where ni

k is the number of in-service
calls of service-class k in the ith state (i = 1 ⇒ state ON,
i = 2 ⇒ state OFF), while vk is the arrival rate per idle
source (constant). This call arrival process is characterized
as quasi-random [12] (if Nk → ∞ for k = 1, . . . ,K, then the
arrival process is Poisson). The call holding time in state
ON or OFF is exponentially distributed.

At the end of an ON-period a service-class k call re-
leases bk b.u. and begins an OFF-period with probability σk,
or departs from the system with probability 1 − σk. While
the call is in state OFF, it is assumed that it seizes fictitious
bandwidth (bk b.u.) of a fictitious link of capacity C∗. At
the end of an OFF-period the call returns to state ON with
probability 1 (i.e. the call can not leave the system from state
OFF), while re-requesting bk b.u. When C = C∗, bk b.u. are
always available for that call in state ON, i.e. no BB occurs.
When C < C∗, and there is available bandwidth in the link,
i.e. if j1 + bk ≤ C (where j1 is the occupied real link band-
width), the call returns to state ON and a new burst begins;
otherwise BB occurs, and the call remains in state OFF for
another period (Fig. 1). A new service-class k call is ac-
cepted in the system with bk b.u., if it meets the following
constraints:

j1 + bk ≤ C (1)

j1 + j2 + bk ≤ C∗ (2)

where j2 is the occupied bandwidth of the fictitious link.
The first constraint ensures that the occupied band-

width of all existing ON calls together with the new call
does not exceed the real link capacity. The second constraint
prevents the system from accepting new calls when most of
the system calls are in state OFF (and keeps BB low). Note
that, when C = C∗, a service-class k call is accepted in the
system if it meets the second constraint only.

2.2 The Analytical Call-Level Model — CBP Determina-
tion

The following assumptions and notations are necessary in
our analysis:
ni = (ni

1, . . . , n
i
k, . . . , n

i
K) – the vector of the number of
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Fig. 1 The mechanisms of call and burst blocking in the f-ON-OFF
model.

service-class k calls in state i (i = 1 ⇒ state ON, i = 2 ⇒
state OFF).
�n = (n1, n2), ni

k+ = (ni
1, . . . , n

i
k + 1, . . . , ni

K), ni
k− =

(ni
1, . . . , n

i
k − 1, . . . , ni

K), �n1
k+ = (n1

k+, n
2), �n2

k+ = (n1, n2
k+),

�n1
k− = (n1

k−, n
2), �n2

k− = (n1, n2
k−).

�nk+− = (n1
k+, n

2
k−), vector that shows a service-class k call

transition from state OFF to ON.
�nk−+ = (n1

k−, n
2
k+), vector that shows a service-class k call

transition from state ON to OFF.
vik, f in is the external arrival rate of service-class k calls to
state i. Since external arrivals enter the system only in state
ON, the values of vik, f in

† are given by:

vik, f in =

{
vk for i = 1
0 for i = 2

Pri j(k) is the Prob. of (next state is j | current state is i and
the service-class is k). The values of Pri j(k) are:

Pr1 j(k) =

{
0 for j = 1
σk for j = 2

, Pr2 j(k) =

{
1 for j = 1
0 for j = 2

eik, f in is the total arrival rate of service-class k call to state i.
The values of eik, f in are:

eik, f in = vik, f in +

2∑
j=1

e jk, f inPr ji(k) =

⎧⎪⎪⎨⎪⎪⎩
vk

(1−σk) for i = 1
vkσk

(1−σk) for i = 2

pik, f in is the offered traffic-load to state i by a service-class k
call. The values of pik, f in are:

pik, f in =
eik, f in

µik
=

⎧⎪⎪⎨⎪⎪⎩
vk

(1−σk)µ1k
for i = 1

vkσk

(1−σk)µ 2k
for i = 2

where: µ−1
ik is the mean holding time of a service-class k call

Fig. 2 The state transition diagram of the f-ON-OFF model.

to state i.
Figure 2 shows the state transition rates of the f-ON-

OFF model (in equilibrium). Assuming the existence of lo-
cal balance (LB) between adjacent states (i.e. states that can
be reached from one another with a single transition), the
following LB equations (rate up = rate down) are extracted
from the state transition diagram of Fig. 2:

µ1kn1
kσkP(�n) = µ2k(n2

k + 1)P(�nk−+) (3a)

µ1kn1
k(1−σk)P(�n)= (Nk−n1

k−n2
k+1)vkP(�n1

k−) (3b)

(Nk − n1
k−n2

k)vkP(�n)=µ1k(n1
k+1)(1−σk)P(�n1

k+) (3c)

µ2kn2
k P(�n) = µ1k(n1

k + 1)σkP(�nk+−) (3d)

where: P(�n), P(�nk−+), P(�n1
k−), P(�n1

k+), P(�nk+−) are the prob-
ability distributions of the corresponding states: �n =

(n1, n2), �nk−+ = (n1
k−, n

2
k+), �n1

k− = (n1
k−, n

2), �n1
k+ = (n1

k+, n
2),

�nk+− = (n1
k+, n

2
k−), respectively. Note that the number of ser-

vice class k calls in states ON and OFF should satisfy the
constraints: n1

k + n2
k ≤ Nk, n1

k ≤
⌊

C
bk

⌋
, n2

k ≤
⌊

C∗
bk

⌋
, where �x� is

the largest integer not exceeding x.
Equations (3b) and (3c) describe the balance between

the rates of a new call arrival of service-class k and the cor-
responding departure from the system, while Eqs. (3a) and
(3d) refer to the ON-OFF alternations of a service-class k
call. Based on the LB assumption, we find that the proba-
bility distribution of state �n, P(�n), can be given by a PFS††
formula which satisfies Eqs. (3a)–(3d):

†The notation fin in all symbols refers to the finite source
model.
††The term PFS also appears to the queuing network mod-

els known to have product form state distributions (BCMP queu-
ing networks: “Open, closed and mixed networks of queues with
different classes of customers,” by F. Baskett. K.M. Chandy,
R.R. Muntz, and F.G. Palacios, in Journal of ACM, vol.22., issue
2, pp.248–260, 1975).
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P(�n)=
1
G

K∏
k=1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
(

Nk

n1
k+n2

k

)l=n1
k∏

l=1

l+n2
k

l

2∏
i=1

p
ni

k

ik, f in

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (4)

where: G ≡ G(Ω) is a normalization constant chosen so
that the sum of the probabilities of all states is unity, while

�j = ( j1, j2) ∈ Ω⇔
{

j1 ≤ C
⋂(

2∑
s=1

js ≤ C∗
)}

,

where: js =
2∑

i=1

K∑
k=1

ni
kbi,k,s with bi,k,s =

{
bk if s= i
0 if s� i

and s =

1, 2 (s = 1⇒ state ON, s = 2⇒ state OFF).
The fact that the system of LB Eqs. (3a)–(3d) can be

solved is very important for the proposed model, because it
validates the LB assumption and proves that the model has
a PFS. However, Eq. (4) is restricted to small capacity sys-
tems, because it includes factorials and exponentials; conse-
quently, the CBP calculation is hard. Therefore, our target
is to base the CBP calculation on an accurate recursive for-
mula for the link occupancy distribution, G(�j), �j = ( j1, j2).
This will extend the applicability range of the model to large
systems, and determine the CBP fast and efficiently. To this
end, we proceed as follows:

Having found an expression for P(�n) and since the CS
policy is a coordinate convex policy†, the probability P(�ni

k−)
can be expressed by:

(Nk − ni
k − nt

k + 1)pik, f inγik(�n)P(�ni
k−) = ni

kP(�n) (5)

where i = 1, 2, t = 1, 2 with t � i and γik(�n) ={
1 if ni

k ≥ 1
0 if ni

k = 0
.

Equation (5) indicates that in the CS policy the transfer from
state �n to state �ni

k− is always possible by the departure of a
service-class k call from the system.

Consider now the set of states, Ω�j, with �j = ( j1, j2),
whereby the occupied real and fictitious link bandwidth is
exactly j1 and j2, respectively. That is,

Ω�j =
{
�n ∈ Ω : �nB = �j, ni

k ≥ 0, k = 1, . . . ,K, i = 1, 2
}

where: B is a (2K × 2) matrix with entries bi,k,s. The (i, k)th
row of B is denoted by Bi,k = (bi,k,1 bi,k,2); e.g. for K = 2
service-classes with bandwidth requirement per call b1 and

b2, B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
b1,1,1

b2,1,1

b1,2,1

b2,2,1

b1,1,2

b2,1,2

b1,2,2

b2,2,2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b1,1,1

0
b1,2,1

0

0
b2,1,2

0
b2,2,2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

In order to take into account �j = ( j1, j2) in our analysis,
we sum Eq. (5) over Ω�j:

Nk pik, f in

∑
�n∈Ω�j
γik(�n)P(�ni

k−)

−pik, f in

∑
�n∈Ω�j

(ni
k+nt

k−1)γik(�n)P(�ni
k−)=

∑
�n∈Ω�j

ni
kP(�n) (6)

The left hand side (LHS) of Eq. (6) can be written as:

LHS = Nk pik, f in

∑
�n∈Ω�j

⋂ {ni
k≥1}

P(�ni
k−)

− pik, f in

∑
�n∈Ω�j⋂{ni

k≥1}
(ni

k + nt
k − 1)P(�ni

k−)

In the set Ω�j
⋂{

ni
k ≥ 1

}
=

{
�n : �ni

k−B = �j − Bi,k

}
we repre-

sent ni
k ≥ 1 (or ni

k - 1 ≥ 0) by introducing a new variable:

n∗im =

{
ni

m for m � k
ni

m − 1 for m = k
where m = 1, . . . ,K

Thus the LHS is written as:

LHS = Nk pik, f in

∑
�n∗i∈Ω�j−Bi,k

P(�n∗i)

− pik,fin

∑
�n∗i∈Ω�j−Bi,k

(n∗ik + nt
k)P(�n∗i) (7)

where: �n∗1 = (n∗1, n2), �n∗2 = (n1, n∗2), n∗1 =(
n∗11 , . . . , n

∗1
k , . . . , n

∗1
K

)
and n∗2 =

(
n∗21 , . . . , n

∗2
k , . . . , n

∗2
K

)
The first term of Eq. (7) is equal to:

Nk pik, f in

∑
�n∗i∈Ω�j−Bi,k

P(�n∗i) = Nk pik, f inG(�j − Bi,k)

where G(�j) is the un-normalized link occupancy distribu-
tion of �j = ( j1, j2).
The second term of Eq. (7) is equal to:

pik, f in
∑

�n∗i∈Ω�j−Bi,k

(n∗ik + nt
k)P(�n∗i)

= pik, f in
∑

�n∗i∈Ω�j−Bi,k

(n∗ik + nt
k) P(�n∗i)

G(�j−Bi,k)
G(�j − Bi,k)

= pik, f in
∑

�n∗i∈Ω�j−Bi,k

(n∗ik + nt
k)P(�n∗i

∣∣∣∣�j − Bi,k )G(�j − Bi,k)

= pik, f inE((n∗ik + nt
k)
∣∣∣∣�j − Bi,k )G(�j − Bi,k)

where E((n∗ik + nt
k)
∣∣∣∣�j − Bi,k ) is the expected value of n∗ik + nt

k

given �j.
By substituting the “new” first and second terms in Eq. (7),
we have:

LHS= (Nk−E((n∗ik +nt
k)
∣∣∣∣�j−Bi,k ))pik, f inG(�j−Bi,k) (8)

The right hand side (RHS) of Eq. (6) can be written as:

RHS =
∑
�n∈Ω�j

ni
kP(�n) =

∑
�n∈Ω�j

ni
k

P(�n)

G(�j)
G(�j)

=
∑
�n∈Ω�j

ni
kP( �n

∣∣∣ �j) G(�j) = E(ni
k

∣∣∣∣�j )G(�j) (9)

†According to [17] for n = (n1, n2, . . . , nK), the state space Ω
is coordinate convex if: a) n ∈ Ω ⇒ nk ≥ 0 for k = 1, . . . ,K and
b) n ∈ Ω and nk > 0 ⇒ n−k ∈ Ω where n−k = (n1, n2, . . . , nk−1, nk −
1, nk+1, . . . , nK). The second constraint implies that a departure of
a service-class k call is never blocked. In non-coordinate convex
policies a departure of a call can be delayed until another call (of a
service-class other than k) arrives or departs.
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for�j ∈ Ω and k = 1, . . . ,K.
Combining Eq. (8) with Eq. (9) it results in:

(Nk − E((n∗ik + nt
k)
∣∣∣∣�j − Bi,k ))pik,finG(�j − Bi,k)

= E(ni
k

∣∣∣∣�j )G(�j) (10)

Multiplying both sides of Eq. (10) by bi,k,s and summing
over k = 1, . . . ,K and i = 1, 2 we have:

2∑
i=1

K∑
k=1

(Nk − E((n∗ik + nt
k)
∣∣∣∣�j − Bi,k ))bi,k,spik,finG(�j − Bi,k)

=

2∑
i=1

K∑
k=1

E(ni
kbi,k,s

∣∣∣∣�j )G(�j) = jsG(�j) (11)

with�j ∈ Ω⇔
{

j1 ≤ C
⋂(

2∑
s=1

js ≤ C∗
)}

.

The expected value E((n∗ik + nt
k)
∣∣∣∣�j − Bi,k ) in Eq. (11) is

not known. To determine it, we use a lemma proposed in
[11] for the determination of a similar expected value in the
EnMLM. According to the lemma, two stochastic systems
are equivalent and result in the same CBP, if they have:
(a) the same traffic description parameters (K, Nk, pik, f in,
where k = 1, . . . ,K and i = 1, 2)
(b) exactly the same set of states.

The lemma can be justified as follows. Due to the con-
dition (a) and since no other parameters (e.g. bandwidth
per call requirements) are involved in the calculation of the
probability distribution of state �n, P(�n), ∀�n ∈ Ω (Eq. (4)), the
values of P(�n) are the same for both stochastic systems. Be-
sides, because of the condition (b), the two stochastic sys-
tems have the same set of blocking states. Therefore, the
CBP of service-class k calls is the same for both stochastic
systems.

Our purpose is therefore to find a new stochastic sys-
tem, whereby we can determine the expected value E((n∗ik +

nt
k)
∣∣∣∣�j − Bi,k ). The bandwidth requirements of the service-

classes and the capacities C, C∗ in the new stochastic system
are chosen according to the following two criteria:

• conditions (a) and (b) are valid,
• each state has a unique occupancy�j = (j1, j2).

Now, the state�j is reached only via the previous state�j−Bi,k;
thus, the expected value:

E((n∗ik + nt
k)
∣∣∣∣�j − Bi,k ) = n∗ik − 1 + nt

k (12)

According to the above, Eq. (11) can be written as:

2∑
i=1

K∑
k=1

(Nk−ni
k−nt

k+1)bi,k,spik,finG(�j−Bi,k)= jsG(�j) (13)

Equation (13) is the two-dimensional recursive formula
used for the determination of G(�j)’s. The G(�j)’s are calcu-
lated in terms of an arbitrary G(�0) under the normalization

condition of
∑
�j∈Ω

G(�j) = 1. Besides, it is apparent that if �j � Ω

then G(�j) = 0. Although Eq. (13) is simple, it cannot be
used straightforward for the G(�j)’s determination unless an
equivalent system (mentioned above) is defined by enumer-
ating and processing the state space of the system. The fol-
lowing example reveals the problems that can arise when
one tries to use Eq. (13) prior to the state space enumeration
and processing, and how these problems can be overcome.

We consider two service-classes which require b1 =

3 and b2 = 1 b.u. per call, respectively. The number of
sources of each service-class is N1 = N2 = 5. The real and
fictitious capacities of the link are C = C∗ = 3 b.u. The
traffic description parameters of the two service-classes are:

• 1st service-class: v1 = 0.002, µ−1
11 = 0.5, µ−1

21 = 0.6,
σ1 = 0.75, p11,fin = 0.004, p21,fin = 0.0036
• 2nd service-class: v2 = 0.01, µ−1

12 = 1.0, µ−1
22 = 1.0,

σ1 = 0.75, p12,fin = 0.04, p22,fin = 0.03

In Table 1 we present the system state-space of
this example, consisting of 12 unique states of the form
(n1

1, n
1
2, n

2
1, n

2
2), the respective real and fictitious link occu-

pancies (j1, j2), the real and fictitious link occupancies of the
equivalent system (j1(eqv), j2(eqv)) and the CB states for each
service-class. However, the link occupancies are not unique;
e.g. (j1, j2) = (0, 3) appears twice: for (n1

1, n
1
2, n

2
1, n

2
2) =

(0, 0, 0, 3) and for (n1
1, n

1
2, n

2
1, n

2
2) = (0, 0, 1, 0). Because

of this, we cannot use Eq. (13), unless we find an equiva-
lent system whose states have unique link occupancy. In
both the initial and equivalent system, the CB states of each
service-class are the same. Such an equivalent system has:
b1 = 5, b2 = 2,C = C∗ = 6. The required bandwidth per
call of the service-classes of the equivalent system is chosen
by a simple heuristic algorithm. This is an iterative proce-
dure where in each iteration, the rate of each service-class
is increased unit-by-unit from its initial value, and checked
whether or not the equivalent system has been found, ac-
cording to the criteria mentioned above. An enchanced de-
scription of the heuristic algorithm is found in the Appendix.

Having found an equivalent system, we calculate the

Table 1 State space, respective real and fictitious occupied link band-
width, equivalent real and fictitious link occupancies and call blocking
states (C = C∗).
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G(�j)’s via Eq. (13), and then determine the CBP of the
service-classes, Pbk (k = 1, 2), by using the following for-
mula:

Pbk =
∑

{
�j
∣∣∣∣ [(bk+j1)>C]

⋃
[(bk+j1+j2)>C∗]

} G(�j) (14)

where
∑
�j∈Ω

G(�j) = 1.

For the record, the resultant CBP in our example are: Pb1 =

30.58%, Pb2 = 2.88%.

2.3 The Analytical Burst-Level Model — BBP Determina-
tion

To illustrate the idea behind the proposed formula for the
BBP determination, we consider again the previous exam-
ple but now the fictitious capacity is increased to C∗ = 4
b.u (while C = 3 b.u.). This increase results in the appear-
ance of BB for calls of both service-classes; 1st and 2nd
service-class OFF calls will face BB when j1 + b1 > C and
j1 + b2 > C, respectively. In Table 2 we present the sys-
tem state-space, the respective real and fictitious link occu-
pancies and the real and fictitious link occupancies of the
equivalent system, as well as the CB and BB states for each
service class. The state space now consists of 19 states. An
equivalent system is the following: b1 = 5, b2 = 2, C = 6,
C∗ = 8. Both systems, initial and equivalent, have the same
CB and BB states presented in Table 2.

In order to determine the BBP of calls of a service-
class k, P∗bk

, we need to find the number of service-class k
calls in state OFF, n2

k , when the system is in a BB state;
e.g. according to Table 2, a BB state of the 2nd service-
class, is (n1

1, n
1
2, n

2
1, n

2
2) = (1, 0, 0, 1) and the corresponding

Table 2 State space, respective real and fictitious occupied link band-
width, equivalent real and fictitious link bandwidth, call and burst blocking
states (C = C∗).

value of�j = ( j1(eqv), j2(eqv)) = (5, 2). Multiplying n2
k by the

corresponding G(�j) and the service rate in state OFF µ2k,
we obtain the rate whereby service-class k OFF-calls would
depart from the BB state if it were possible. By summing
these rates over the BB state-space Ω∗ of each service-class
k, we obtain the following summation:∑

(�j∈Ω∗)
n2

kG(�j)µ2k where�j ∈ Ω∗ ⇔
⎧⎪⎪⎨⎪⎪⎩C − bk + 1 ≤ j1 ≤ C

⋂ ⎛⎜⎜⎜⎜⎜⎜⎝
2∑

s=1

js ≤ C∗
⎞⎟⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭

By normalizing it (taking into account the whole state-space
Ω), we obtain the following formula for the BBP calcula-
tion:

P∗bk
=

∑
(�j∈Ω∗)

n2
kG(�j)µ2k

∑
(�j∈Ω)

n2
kG(�j)µ2k

(15)

where: �j ∈ Ω ⇔
{

j1 ≤ C
⋂(

2∑
s=1

js ≤ C∗
)}

and the values of

G(�j)’s are calculated by Eq. (13).
Thus, Eq. (15) can be seen as the normalised rate of the
service-class k OFF-calls by which OFF-calls would depart
from the BB states if it were possible.

For the record, the BBP of this example are: P∗b1
=

14.81%, P∗b2
= 1.50%, while the corresponding simulation

results (with 95% confidence interval) are: P∗b1sim = 14.32 ±
0.31%, P∗b2sim = 1.48 ± 0.05%.

3. The f-ON-OFF Model in Relation to Other Multi-
rate Loss Models and Their Applications

3.1 To the inf-ON-OFF Model

The proposed f-ON-OFF model leads to the inf-ON-OFF
model, when Nk → ∞ for each service-class k (k =
1, . . . ,K). In this case, the call arrival process changes from
quasi-random to Poisson, while the formula for the determi-
nation of G(�j)’s changes from Eq. (13) to the following [16]:

2∑
i=1

K∑
k=1

bi,k,spikG(�j − Bi,k) = jsG(�j) (16)

where:

pik =
eik

µik
=

⎧⎪⎪⎨⎪⎪⎩
λk

(1−σk)µ1k
f or i = 1

λkσk

(1−σk)µ2k
f or i = 2

(17)

where: eik is the total arrival rate of service-class k calls to
the i th state.
The CBP calculation is done via Eq. (14), while the BBP is
determined approximately by [16]:

P∗bk
=

n2
kµ2k

n1
kµ1k − λk(1 − Pbk )

− 1 (18)
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where ni
k is the average number of the k service-class calls

in the i th state given by [16]:

ni
k =

∑
(
−→
j ∈Ω)

pikG(�j − Bi,k) (19)

The derivation of Eq. (18) is based on the assumption
that a call of service-class k will not be blocked more than
once each time it is in state OFF, i.e. a call will be at most
two consecutive times in state OFF. For values of practi-
cal interest (P∗bk

≤ 10−4 [6]), Eq. (18) provides quite sat-
isfactory results compared to simulation results. However,
Eq. (18) fails in cases where the BBP are extremely high,
or extremely low [18]. To overcome this problem, we have
proposed a robust BBP calculation [18]:

P∗bk
=

∑
(�j∈Ω∗)

y2k(�j)G(�j)µ2k

∑
(�j∈Ω)

y2k(�j)G(�j)µ2k

(20)

where: yik(�j) is the average number of service-class k calls
in state i (i = 1 ⇒ state ON, i = 2 ⇒ state OFF) of the
system state�j = ( j1, j2). The values of yik(�j) are calculated
via the formula:

yik(�j) =
pikG(�j − Bi,k)

G(�j)
(21)

while G(�j)’s are calculated by Eq. (16). For the proof of
Eq. (21) see [19].

The logic behind Eq. (20) is similar to that of Eq. (15).
Besides, both equations do not need the restrictive assump-
tion of the two consecutive times that a call may remain in
state OFF, used in Eq. (18). Note that one can use Eq. (20)
(instead of Eq. (15)) for the BBP calculation in the f-ON-
OFF model and get the same BBP results, if the values of
yik(�j) are determined as follows (for i = 2):

yik(�j) ≡ E(ni
k

∣∣∣∣�j )

=
(Nk − ni

k − nt
k + 1)pik,finG(�j − Bi,k)

G(�j)
(22)

while G(�j)’s are calculated by Eq. (13).
Equation (22) results from Eq. (10), via Eq. (12) by a

simple substitution.

3.2 To the EnMLM, the EMLM and the Delbrouck’s
Model

The f-ON-OFF model and the EnMLM are equivalent, in
the sense that they provide the same CBP, when σk = 0 (i.e.
when there is no OFF state) for each service-class k (k =
1, . . . ,K). In this case the calculation of the link occupancy
distribution can be done either by Eq. (13) or by the EnMLM
formula, [11]:

K∑
k=1

(Nk − nk + 1)αk bk G( j − bk) = jG( j) (23)

where: αk = vk/µk, µk is the mean holding time of calls of
service-class k, while nk is the number of in-service sources
of service-class k.

When σk > 0 and C = C∗, then the mean holding
time µ−1

k of a service-class k call of the f-ON-OFF model
is exponentially distributed and can be determined by the
following formula:

µ−1
k =

σk

(1 − σk)
(µ−1

1k + µ
−1
2k ) + µ−1

1k (24)

Note that, if BB occurs (C < C∗), the total call hold-
ing time would remain exponentially distributed, given that
consecutive BB events were independent from each other.

The summation (µ−1
1k + µ

−1
2k ) is possible, since the mean

holding time in the i th state, µ−1
ik , is exponentially dis-

tributed. The ratio σk

(1−σk) shows the average number of times
that a service-class k call visits state OFF during its lifetime.
Therefore the f-ON-OFF model is equivalent to the EnMLM
with traffic parameters vk, bk and µ−1

k given by Eq. (24). Ex-
actly the same relationship (i.e. Eq. (24)) exists between the
inf-ON-OFF model and the EMLM ([16]).

The EnMLM leads to the EMLM, when Nk → ∞ for
each service-class k. Thus, from Eq. (23) the following re-
cursive formula is obtained [8], [9]:

K∑
k=1

αk bk G(j − bk) = jG(j) (25)

where αk = λk/µk.
Another interesting relation of the proposed f-ON-OFF

model is the relation with the Delbroucks model, in which
the call arrival process is more peaked or variable than the
Poisson process [20]. More precisely, each service-class
k offers traffic load αk = λk/µk, at a peakedness factor Zk

whose values can be equal, or not, to 1. The link occupancy
distribution can be calculated via the recursive formula:

K∑
k=1

α̂k bk

�j/bk�∑
y=1

β
y−1
k G(j − y bk) = jG(j) (26)

where α̂k =
αk

Zk
, βk = 1 − 1

Zk
and � j/bk� the greatest integer

not exceeding j/bk.
If Zk < 1, then the Bernoulli process comes as a result,

and βk < 0 but with −α̂k/βk a positive integer for equilibrium
to exist. If Zk = 1, then the Poisson process is the result, and
βk = 0 so that β0

k = 1 but βx
k = 0 for x > 0. If Zk > 1, then

the resultant process is the Pascal process, and 0 < βk < 1
for equilibrium to exist [21].

In [22], Roberts shows that if the arrival process in the
EMLM changes from Poisson to a state-dependent Poisson
process:

λk(nk) = α̃k + β̃k(nk) (27)
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Fig. 3 Relation between the f-ON-OFF model and other multi-rate loss
models.

then the Delbrouck’s recursive formula results from replac-
ing α̂k with α̃k/µk and βk with β̃k/µk.

Equation (27) holds also for β̃k < 0 if the resultant
λk(nk) is non-negative. In that case we have the finite source
model [6]. By replacing in Eq. (26) α̂k with Nkαk and βk with
−αk, where αk = vk/µk, the EnMLM and the Delbrouck’s
model coincide. Since we have already shown the relation
between the f-ON-OFF model and the EnMLM, it is appar-
ent that the same relation exists between the f-ON-OFF and
the Delbrouck’s model. Figure 3 summarizes the relations
between all models.

3.3 To Their Applications

From the above discussion it is apparent that the proposed
f-ON-OFF model is strongly related to other models: the
inf-ON-OFF model, the EnMLM, the EMLM and the Del-
brouck’s model. These relations reveal various possible ap-
plications of the f-ON-OFF model, in the same areas that
the other (four) models have already been used. The inf-
ON-OFF model is applicable in ATM networks [16], by us-
ing the fast buffer reservation (FBR) scheme. In the FBR
scheme, each call has two states, active (ON) or idle (OFF).
An active call is assigned a number of link buffers (accord-
ing to its predefined bandwidth requirements) and is guar-
anteed access to them until it becomes idle. When the call
becomes idle the link buffers are released. The transition
between an active and an idle state occurs upon receipt of a
marked cell which denotes the start (start cell – active state)
or the end (end cell – idle state) of a burst. All the other
cells in the burst which are between the start cell and the
end cell are marked as middle cells. The scheme also allows
for the transmission of low priority cells with no QoS guar-
antee. These cells are discarded in the case of congestion.
Note that the cell’s marking (start cell, middle cell, end cell
and low priority cell) can be realized by using two bits in the
ATM cell header (the one is the CLP bit and the second can
be one of the three bits of the payload-type) [23]. The En-
MLM has been applied in a radio ATM local-area network
[24]; this is also a potential application of the f-ON-OFF

model, because it exploits both the finite and the bursty fea-
tures of the model. The EMLM has been extensively used
in both wired and wireless environments (e.g. [25]–[32]).

Furthermore, the f-ON-OFF model is mostly applica-
ble to other modern networks supporting bursty traffic, e.g.
IPv6 based networks, which are extended with resource
allocation capabilities (like MPLS). Moreover, it can be
favourably used in wireless networks, because of the finite
number of sources. We can concentrate, for example, on a
single base station of a cellular network (UMTS) with sev-
eral multirate/multimedia service-classes, aiming at deter-
mining call-level system parameters: CBP of new calls (new
connections admitted to the base station within its coverage
area) and failure probabilities of handover calls (calls that
attempt to be connected to the base station from the neigh-
bourhood of the cell). The base station can be modelled as a
system (transmission link) of certain capacity. Usually it is
supposed that the number of users roaming in the cell or in
the vicinity of the cell approaches infinity, and therefore the
EMLM is used as the basis of the call-level QoS assessments
[31], [32]. Recently, an approximate model for the uplink
blocking probability calculation of cellular/WCDMA sys-
tems that takes into account only the finite population was
presented in [33]. However, the consideration of both the
finite population and the bursty nature of traffic are more
realistic, and therefore the call-level assessment should be
based on the f-ON-OFF model. In a small cell, however, the
mobility of the users is an important factor and affects CBP;
the introduction of users’ mobility to the f-ON-OFF model
is for further study.

4. Generalization of the f-ON-OFF Model to Include
Service-Classes with a Mixture of Finite and Infinite
Sources

Consider a transmission link with a pair of capacities C
(real) and C∗ (fictitious), accommodating Kf in service-
classes of finite ON-OFF sources (quasi-random input) and
Kin f service-classes of infinite ON-OFF sources (random
-Poisson input). Then the calculation of the link occu-
pancy distribution is done by the combination of Eq. (13)
and Eq. (16) [34]:

2∑
i=1

Kfin∑
k=1

(Nk − ni
k − nt

k + 1)bi,k,spik,finG(�j − Bi,k)

+

2∑
i=1

Kinf∑
k=1

bi,k,spikG(�j − Bi,k) = jsG(�j) (28)

Such mixture of service-classes does not destroy the
accuracy of the model — Eq. (28). The CBP calculation can
be done via Eq. (14) while the BBP calculation can be done
via Eq. (15) for the service-classes of finite population and
via Eq. (20) for the service-classes of infinite population.

5. Numerical Examples — Evaluation

Firstly, we present analytical CBP and BBP results of the
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generalized f-ON-OFF model. Because of the PFS of the
model and the accurate derivation of the CBP formulas, the
simulation CBP results are very close to the analytical CBP
results and therefore are not presented. For the BBP we pro-
vide simulation results, to evaluate the accuracy of the pro-
posed BBP formulas. Simulation was done by using SIM-
SCRIPT II.5 and the simulations results are mean values of
10 runs with 95% confidence interval. Secondly, we com-
pare the CBP results of the proposed f-ON-OFF model with
those of the inf-ON-OFF model, to show the necessity and
the consistency of the proposed model.

In the first example, we consider two service-classes
which require b1 = 12 and b2 = 2 b.u. per call, respectively,
and a link with C = C∗ = 46 b.u. Calls of the 1st service-
class arrive according to a quasi-random process, while calls
of the 2nd service-class arrive according to a Poisson pro-
cess (N2 = ∞). The number of sources of the 1st service-
class is N1 = 5. The traffic description parameters are:

• 1st service-class: v1 = 0.02, µ−1
11 = 0.5, µ−1

21 = 0.6,
σ1 = 0.9, p11, f in = 0.1, p21, f in = 0.108
• 2nd service-class: λ2 = 0.1, µ−1

12 = 1.0, µ−1
22 = 1.0,

σ2 = 0.9, p12 = 1.0, p22 = 0.9

The equivalent system used for the CBP calculation is
the following: b1 = 25, b2 = 4 and C = C∗ = 95. When
C = C∗ no BB occurs. We increase the fictitious capacity
of the initial system from C∗ = 46 to C∗ = 51, in order
for BB to occur; then the equivalent system used for the
CBP and BBP calculation is: b1 = 29, b2 = 5, C = 115
and C∗ = 125. We further increase C∗ to 56 b.u.; then,
the equivalent system is: b1 = 29, b2 = 5, C = 115 and
C∗ = 140. The determination of the value of C∗ makes a
trade-off between BBP and CBP.

Figures 4 and 5 show the analytical CBP results of the
1st and 2nd service-class, respectively, for: a) C = C∗ = 46,
b) C = 46, C∗ = 51 and c) C = 46, C∗ = 56, whereas Fig. 6
shows the analytical and simulation BBP results for both
service-classes for C = 46, C∗ = 51 and for C = 46, C∗ =
56. At each point in the horizontal axis entitled “arrival rate”
v1 is constant, while λ2 increases in steps of 0.1, i.e. point 1
is (v1, λ2) = (0.02, 0.1), point 2: (v1, λ2) = (0.02, 0.2), . . . ,
point 7: (v1, λ2) = (0.02, 0.7).

As Figs. 4 and 5 show, there is a significant decrease
in the CBP of both service-classes, when we increase the
fictitious capacity C∗ from 46 to 51, or to 56. This CBP
decrease was anticipated, because, when C∗ increases, more
calls can pass to state OFF, releasing bandwidth (in state
ON) for new calls. However, the increase of C∗ results in
the BB increase, as Fig. 6 shows.

In the second example, we consider the system of the
first example where both service-classes follow: a) the f-
ON-OFF model and b) the inf-ON-OFF. In the case of the
f-ON-OFF model, the traffic description parameters of the
2nd service-class are:

• N2 = 32, v2 = 0.003125, µ−1
11 = 0.5, µ−1

21 = 0.6, σ1 =

0.9, p11, f in = 0.03125, p21, f in = 0.028125.

Fig. 4 CBP for the 1st serive-class when a) C∗ = 46, b) C∗ = 51, c)
C∗ = 56.

Fig. 5 CBP for the 2nd serive-class when a) C∗ = 46, b) C∗ = 51, c)
C∗ = 56.

In the case of the inf-ON-OFF model, the traffic description
parameters of the 1st service-class are:

• λ1 = 0.1, µ−1
11 = 0.5, µ−1

21 = 0.6, σ1 = 0.9, p11 = 0.5,
p21 = 0.54.

Figure 7 shows the analytical CBP results of the 1st
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Fig. 6 CBP for both serive-class when a) C∗ = 51 and b) C∗ = 56.

Fig. 7 CBP for the 1st serive-class when a) C∗ = 46 and b) C∗ = 56.

service-class, for the f-ON-OFF and the inf-ON-OFF model
comparatively, when: a) C = C∗ = 46 and b) C = 46,
C∗ = 56. Concentrating on the inf-ON-OFF model the
arrival rate λ1 is constant, while λ2 increases in steps of
0.1, i.e. in Fig. 7 point 1 is (λ1, λ2) = (0.1, 0.1), point 2:

Fig. 8 CBP for the 2nd serive-class when a) C∗ = 46 and b) C∗ = 56.

(λ1, λ2) = (0.1, 0.2), . . . , point 7: (λ1, λ2) = (0.1, 0.7). Fig-
ure 8 shows the corresponding analytical CBP results of the
2nd service-class. As both Figs. 7 and 8 show, there is a
significant difference between the two models.

6. Conclusion

We propose an ON-OFF traffic model for a single link,
which accommodates service-classes of quasi-random in-
put, under the CS policy. The proposed f-ON-OFF model
has a PFS, which helps us derive an accurate and recursive
formula for the CBP calculation. The BBP calculation is
based on an approximate but robust formula. We show that
the f-ON-OFF model is highly related to other call-level loss
models and discuss possible applications. Furthermore, we
generalize the f-ON-OFF model so as to include a mixture of
service-classes with finite and infinite population of sources.
We give numerical CBP and BBP results of the generalized
f-ON-OFF model, in order to show the model’s behavior,
while providing simulation BBP results for evaluation. Fur-
thermore, we compare the proposed f-ON-OFF model with
the inf-ON-OFF model in terms of CBP, in order to show
the consistency and the necessity of the proposed model.
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Appendix: Description of the Heuristic Algorithm
for the Determination of an Equivalent
Stochastic System

Input: K, C, C∗, �b=(b1, b2, . . . , bk, . . . , bK),Nk, (k =

1, . . . ,K)
Initialization: n1

k,max =
⌊

C
bk

⌋
, n2

k,max =
⌊

C∗
bk

⌋

Procedure A
Step 1: For each service-class k (k=1, . . . ,K), let n1

k =

0,. . . , n1
k,max and n2

k = 0 ,. . . , n2
k,max

Step 2: Take a permutation of n1
k , n2

k for all service-
classes (k=1,. . . ,K) in order to form a state vector �n =
(n1, n2)=(n1

1, . . . , n
1
k , . . . , n

1
K , . . . , n

2
1, . . . , n

2
k , . . . , n

2
K) so that

n1
k + n2

k ≤ Nk for each service-class k.

Step 3: Compute j1=n1�b and j2 = n2�b. If j1 ≤ C and
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j1 + j2 ≤ C∗, the current state vector �n = (n1, n2) is a valid
state of the initial system.

Step 4: Repeat Steps 2 and 3 for all permutations in
order to form the entire state space.

End of Procedure A
At this point we have formed the state space of the ini-

tial stochastic system together with j1, j2. If the value of the
pair �j = ( j1, j2) appears more than once in the state space
then proceed to Procedure B. Otherwise there is no need to
define an equivalent system.

Procedure B
Step 1: Increase the elements of vector �b by one b.u.

(new �b) and compute the pair �j = ( j1, j2) for every state �n =
(n1, n2) of the initial stochastic system. If the resultant pair
�j = ( j1, j2) has a unique value in the entire state space, then
the new �b is a candidate bandwidth vector of the equivalent
stochastic system.

Step 2: The capacity of the equivalent stochastic sys-
tem is determined by new C = max( j1), new C∗ = max( j2).

Step 3: Based on the new �b and the new C, C∗, validate
that the state-space of the new system coincides with the ini-
tial state-space; the validation is performed by Procedure A.
If the new system has indeed the same state-space with the
initial one, then it is an equivalent system with parameters:
new �b, new C, new C∗. Go to Output. Otherwise go to Step
1 of Procedure B.

End of Procedure B.

Output: new C, new C∗, new �b=(b1, b2, . . . , bk, . . . , bK), (k =
1, . . . ,K)
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