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Abstract

The transmitted current in a crossed-¯eld gap has been
characterized analytically by a number of authors [1], [4],
[6] and [7]. Using a one dimensional PIC simulation,
PDP1 [9], we explore the behavior of the crossed-¯eld
diode at B = BHull. For mono-energetic (cold) emis-
sion, a rapid reduction of transmitted current is observed
when the injected current exceeds the critical current by
just 1%. Addition of a small electron temperature nor-
mal to the cathode eliminates the transition, even for
kT=V » 10¡5 (V = 10 kV, gap = 1 cm, B = 337 G,
J = 1:69 A/cm2), while an isotropic velocity distribution
accelerates the transition.

1 Background

Crossed-¯eld planar and cylindrical electron diodes were
¯rst studied analytically and experimentally by Hull over
70 years ago [1]. The noise properties near cuto® have
been studied by Pollack [2] and Van Duzer and Whinnery
[3]. The Hull cuto® is well known; a summary appears in
[4], drawing upon the work of Pollack. See also [5] and the
references therein.

Recently, Lau, Christenson, and Chernin revived the
study of the smooth-anode crossed-¯eld diode [6]. Their
analytic limiting current curve for planar diodes comple-
ments some of the older works [2]-[4]. Their limiting cur-
rent analysis was for cold current injection, with electron
velocity v ! 0 at the cathode.

2 Critical Point

This work is concerned with the critical point in the planar
crossed-¯eld diode. The critical point occurs at the Hull
cuto®, B = BHull, with the injected current at the limiting
(critical) current, J = Jc. For an idealized cold cathode,

the Hull cuto® can be written

BHull =
m

ed

q
2eV=m+ u2

0
; (1)

where u0 is the electron velocity at the cathode, V is the
gap voltage and d is the gap width.
At the Hull cuto®, the limiting current is given by

Jc=JCL = 9=4¼ [2, 6], where JCL is the Child-Langmuir
limiting current for an unmagnetized diode with gap d and
applied voltage V :
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where kTe is the electron temperature at the cathode, Vm
is the minimum in potential, and xm is the distance of the
minimum measured from the cathode [8].

3 Simulation Results

The behavior of the smooth-electrode crossed-¯eld diode
at the critical point has been characterized using PDP1 [9],
a one-dimensional electrostatic particle-in-cell simulation.
During veri¯cation of the limiting current described by
Lau [6], we discovered that the transmitted current at the
critical point was very sensitive to the electron velocity
at the cathode. In particular, a strong dependence on
electron temperature and isotropy, injection current, and
magnetic ¯eld was observed.
In this study, the anode voltage is V = 10 kV, and

the gap width is d = 1 cm. The voltage source is an
ideal battery of zero impedance connecting the anode to
the cathode. The code requires a non-zero initial velocity
for the injected electrons in order to avoid a singularity
in charge density at the cathode. The initial velocity is
u0 = 4:2 ¢ 105 m/s, or 1/2 eV, small compared to the
anode voltage. The resulting Hull cuto® is BHull = 337
G.
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Case A. For injected electron current J · Jc, the
diode is stable and all electrons are transmitted across
the gap. Selected results for the critical point are shown
by the solid curves in Fig. 1. The °ow is laminar; each
electron follows the same trajectory in phase space, and
there are no measurable oscillations in the current, po-
tential, or electron density. The transmitted current is
equal to the injected current, up to Jc. At the critical
point, the potential pro¯le showed the spatial dependence
© (x) =V = (x=d)1:47. In contrast, the potential pro¯le
of an unmagnetized current-limited diode (J = JCL) is
proportional to x4=3.

Case B. Increasing the injected current to 1% above
the critical value, the behavior changes dramatically, as
shown by the dashed curves in Fig. 1. The temporal de-
velopment of the current and potential follow that of the
Case A until about 33 ns. Note, however, that the space
charge in the gap exceeds that of Case A (Fig. 1e). At
33 ns, the current undergoes a rapid transition, dropping
to 10% of the critical current. The transition occurs in
about ¿tran =14 ns, and the transmitted current remains
at Jc=10. Since fc¿tran = 13:2, where fc is the gyrofre-
quency, the transition is quite rapid. The °ow is laminar
prior to the transition, and becomes turbulent after (see
Fig. 1d; later in time the hole in phase space collapses).
The transmitted current and potential exhibit oscillations
at the cyclotron frequency during the transition, which die
out when the transition is complete. The noise level in the
current increases signi¯cantly after the the transition (Fig.
1a). The potential pro¯le in this case is proportional to
x1:78, so substantially more space charge is stored in the
gap due to the recirculated electrons.

Case C. At injected currents 1:01Jc < J < JCL =
4¼Jc=9, the behavior is similar to Case B. The duration
of the transition and magnitude of the ¯nal transmitted
current are relatively insensitive to the injected current.
The onset of the transition occurs between 3.2-5.3 ns for
J ¸ 1:1Jc, compared to 33 ns at J = 1:01Jc. At cur-
rents above JCL, the post-transition transmitted current
declines slightly. The spatial and temporal evolution is
similar to Case B shown in Fig. 1.

Case D. Next, the injected electrons were given a small
anisotropic temperature, kTe = 1=10 eV, normal to the
cathode, in addition to a 1

2
eV drift. The perpendicu-

lar temperature was zero. Since kTe ¿ V , the change
in BHull due to the electron temperature is negligible.
This thermal distribution has no e®ect on Case A, but
at J = 1:01Jc (Case B) the transition is does not occur;
the diode exhibits stable, laminar behavior. The diode
remains in this state inde¯nitely. Furthermore, the diode
is also stable when retaining the anisotropic temperature,

but eliminating the 1

2
volt drift term.

Case E. Finally, an isotropic electron temperature,
kTe = 1=10 eV, was applied to the injected electrons for
Case B. The combination of the isotropic temperature and
the 1

2
eV drift results in onset of the current transition in

about 5 ns. The diode starts to oscillate much like a vir-
tual cathode at about 10 ns, with a temporally decaying
amplitude. A hole forms in x¡vx phase space at the onset
of the instability, much like Fig. 1d. This hole translates
spatially, gradually collapsing by 100 ns. In the absence of
the drift component of the injected electron velocity, the
behavior is the same.

4 Conclusions

Rapid reduction of transmitted current is observed for a
smooth-electrode vacuum crossed-¯eld diode at the Hull
cuto® when the injected current exceeds the critical cur-
rent. The electron velocity distribution at the cathode
plays a crucial role in the evolution of the transmitted cur-
rent. Modifying the injection velocity distribution with a
small anisotropic thermal component normal to the cath-
ode eliminates the transition, while a small isotropic ther-
mal component causes more rapid onset of the transition.
The post-transition transmitted current is about 10% of
the maximum transmitted current at the critical point,
nearly independent of the injected current. The °uctua-
tion level in the post-transition current (Fig. 1a) is signif-
icantly higher than than in the laminar diode due to the
turbulence in phase space (Fig. 1d).
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Figure 1: Crossed-¯eld diode for Case A, the critical point (solid curves), and for Case B, at 1% above the critical
point in injected current (dashed curves).
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