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Abstract—In this paper, a novel model is proposed to analyze
the throughput of multi-hop CSMA/CA network. Under certain
assumptions, a product-form expression is derived for the station-
ary distribution of the underlying discrete-time Markov chain,
and the throughput formula is given for each link. Interestingly,
it is shown that the model includes slotted ALOHA, wireless LAN
[6] and idealized CSMA [2] as special cases. Therefore, it not only
provides a unified view of the different models but also covers
many new cases. Based on the model, we design fully distributed
algorithms to improve the throughput and fairness of CSMA/CA
networks. In particular, a transmission-length control algorithm
is shown to be throughput-optimal (even with collisions), although
it has higher overhead than a transmission-probability control
algorithm. And a cross-layer algorithm is given to achieve fair
bandwidth sharing among different flows. Our analytical results
are corroborated by comprehensive simulations.

Index Terms—Modeling, Algorithm, CSMA/CA, wireless net-
works, Markov chain, optimization theory

I. INTRODUCTION

The popularity of CSMA/CA (Carrier Sensing Multiple

Access/Collision Avoidance) [1] protocol is due to its sim-

plicity and its distributed nature. Nodes at different locations

decide individually when to transmit based on a distributed

carrier-sensing and random backoff algorithm. Modeling and

optimizing the throughput performance of CSMA/CA network

has been an active research area. Here we review a number of

works that are most related to this paper.

In single-cell networks where the nodes can hear each

other, all nodes have the same view of the activities in the

network, which greatly simplifies the analysis. As in the well

known model [6], time can be divided into idle slots, slots

with successful transmissions, and slots with collisions. The

probabilities of each type of slots can be computed, from

which the individual throughput can be derived. Indeed, the

models in [6] [7] are very accurate in predicting the network

throughput.

In a more general topology where each node only hears a

few neighbors, however, the activities of different nodes are

not only related by time, but also by space. In particular, the

nodes generally do not have the same view of channel activity

and therefore they interact in a complicated way. For example,

when a node k senses that the medium is idle and transmits a

packet, it may collide with the simultaneously transmission(s)

by one or more of its neighbors. Which neighbors could collide

Acknowledgement: This research was supported in part by MURI grant
BAA 07-036.18.

node k’s packet, however, depend on whether the neighbors are

“blocked” by other transmissions (i.e., waiting for the ending

of those transmissions) which are not heard by node k. These

"blockings" change and correlate in time and space, making

the random process much harder to analyze.

Due to the complexity, related works in this area usually

make varying degrees of assumptions and approximations. For

example, [13] proposed an analytical model to study flow

starvation and the effect of hidden nodes. It was assumed that

every time the channel state changes, the next state (idle, busy,

etc) has certain probabilities which does not depend on the

current state. In [14], a comprehensive model was proposed to

study the behaviors of 802.11 protocol, the impact of network

topology and channel errors. It was assumed there that the

collisions from different neighbors are independent. However,

it is not obvious to what degree these assumption are accurate.

A methodology of modeling of CSMA/CA in general

topology was proposed in [2], which was later furthered by

other studies, e.g., [4], [5]. There, the transmitting and backoff

process of different nodes was modeled as a continuous-time

Markov chain with the “state” as the set of active nodes. This is

similar to the call arriving and leaving process in circuit-switch

networks [3]. The Markov chain has a simple product-form

stationary distribution, determined only by the expected values

(means) of the backoff time and transmission time, but is

insensitive to the actual distributions of those times. However,

to simplify the analysis, the model did not consider packet

collisions by assuming that carrier-sensing is instantaneous

(without propagation delay). So we refer to it as the idealized

CSMA model.

In this paper, we propose a model to analyze general-

topology CSMA/CA network with collisions as an integral

part. The analysis is not intended to include all possible

scenarios and details of the 802.11 standard, but to focus on

how different links interact in time and space. By utilizing

the time-reversibility in a class of interesting scenarios, we

derive a product-form expression of the stationary distribution

of the underlying discrete-time Markov chain, from which

the throughput can be derived. Interestingly, with different

assumptions on the transmission length, transmission proba-

bility and network topology, this model naturally specializes

to slotted ALOHA [8], single-cell wireless LAN [6] and the

idealized CSMA in [2], [4], [5]. Therefore it provides a unified

view of the different models, and in the meantime covers new

cases which are not in these models. Also, in most parts of

the model we try not to make any approximation (except in
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section IV with binary exponential backoff).

Our model of CSMA/CA networks has immediate engineer-

ing applications. With the derived throughput formula, we de-

sign fully distributed algorithms to control the utilization of the

network and fairness among different flows. Specifically we

consider two problems: (a) given a set of feasible arrival rates

at different links, how to tune the MAC-layer parameters (such

as the transmission probabilities and transmission lengths) of

different links to achieve the required rates? (b) With different

data flows with flexible source rates in the network, how to

adjust the source rates and MAC-layer parameters to achieve

certain fairness objectives? For problem (a), we investigate

and compare the pros and cons of two options: adjusting the

transmission probability (or “Tx probability”) and adjusting

the transmission length (or “Tx length”). It is shown that

proper choices of the Tx lengths can support any feasible

arrival rates, and we propose a fully distributed algorithm

to to find such Tx lengths.1 On the other hand, if a similar

algorithm is used to adjust the Tx probabilities, the system

may become unstable and a set of feasible arrival rates may not

be supported. However, the option of adjusting the Tx length

requires that probe packets such as RTS/CTS [1] in 802.11

are used, thus may incur more overhead. For problem (b), we

combine the Tx-length control algorithm and a simple source

rate control algorithm to approximately achieve the fairness

objective.

The rest of the paper is organized as follows. In section II

we describe a simple CSMA/CA protocol with non-adaptive

transmission probabilities and derive its throughput formula. In

section III we show its relationship with the models of slotted

ALOHA, wireless LAN and idealized CSMA. Section IV

combines the result in section II with Bianchi’s model of BEB

(binary exponential backoff) to compute the throughput with

IEEE 802.11 protocol. Section V verifies the above models

by simulations. In section VI, we propose and compare a few

distributed algorithms to control the throughput and fairness

in CSMA/CA networks, and their performance is evaluated in

section VII. We conclude the paper in section VIII.

II. BASIC MODEL AND THE THROUGHPUT FORMULA

We first describe the basic CSMA/CA protocols with non-

adaptive transmission probabilities to be considered in this

section. (Later we will extend it to the case of adaptive

transmission probabilities in 802.11.) Let σ be the length

of each idle slot (or “minislot”). (In 802.11a, for example,

σ = 9µs.) In the following we will simply use “slot” to refer

to the minislot. Each slot has an equal length of σ. Define a

“link” as an (ordered) transmitter-receiver pair.

Basic protocol

In each slot, if link i is not already transmitting and if the

medium is idle2, the transmitter of link i tosses a coin and

starts transmission with probability pi (also denote qi := 1 −

1Therefore the algorithm is “throughput-optimal” in the sense that for any
arrival rates that can be served by a centralized scheme, the algorithm can
serve them in a distributed way.

2By “link i not transmitting”, we mean that “the transmitter of link i not
transmitting”.

pi). If at a certain slot, link i did not choose to transmit but

a conflicting link starts transmitting, then link i keeps silent

until that transmission ends. If they transmit at the same time,

then a collision happens.

In the main text, we focus on networks without hidden

nodes, i.e., a link can sense the transmission from any other

link that can collide with its transmission. So if a collision

occurs, it must be that multiple conflicting links starting

transmitting at the same slot. (In the Appendix, we discuss

the extension of the model to networks with hidden nodes.)

We are interested in the following two setups:

Baseline setup: Assume that all the links transmit packets

with an equal length of T slots, where T is an integer. (Later

we will simply say that the length is T . Throughout the paper,

all transmission times are assumed to be integer multiples of

minislots.) When a collision occur, the collision time is also

T . Fig. 1 (a) illustrates the baseline case.

Probe-packet setup: In this case, each link transmits a short

probe packet with length γ before the data is transmitted. This

is similar to the RTS/CTS mode in 802.11. Sending a short

probe packet before the actual data can avoid collisions of long

data packets3 . On the other hand, the probe packet increases

the overhead of successful transmissions. When a collision

happens, only the probe packets collide, so each collision lasts

a length of γ (we also call γ the “collision length”). Assume

that a successful transmission of link i lasts Ti (which includes

overhead τ ′ and the data payload). For the ease of exposition,

assume that Ti’s are fixed.4 Fig. 1 (b) illustrates the Probe-

packet setup.

We focus on the two setups because they are very revealing,

and they possess a time-reversibility property that leads to a

particularly simple throughput formula. A process is “time-

reversible” if the process and its time-reversed process is

statistically indistinguishable [10]. Indeed, in Fig 1 (a) and (b),

if we look back in time, the reverse process perfectly follow

the same protocol described above. A key reason is that the

collisions start and finish at the same time.

In the rest of the section we use the notations of the probe-

packet setup. Although the two setups are defined differently,

the following results can be applied to the baseline setup

by letting the “collision length” γ = T , the “successful

transmission length” Ti = T,∀i and the overhead τ ′ = 0.

(In the baseline setup, we have assumed that there is no ACK

or the length of ACK is negligible. To consider the length

of ACK, one can define the collision length γ = T , the

“successful transmission length” Ti = T + TACK and the

overhead τ ′ = 0.)

A. Definitions and notations

Denote the set of links by N and assume that there are K
links (i.e., K = |N |). We say that two links conflict if they can

sense the transmission of each other (assume that if link i can

sense link j, link j can also sense link i). Accordingly, define

3although RTS/CTS in 802.11 is originally designed to reduce the hidden-
node and exposed-node problems [9].

4Using renewal theory, our result can be easily extended to the case where
Ti’s are random variables.
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Fig. 2: Infrastructure network

G as the conflict graph. Each vertex in G represents a link,

and there is an edge between two vertexes if the corresponding

links conflict. Denote e(i, j) = 1 if there is an edge between

link i and j.

For example, Fig. 2 (a) shows a wireless LAN with 6

links. Assume that all links can sense the transmissions of

each other, then the network’s conflict graph is a full graph

(Fig. 2 (b)). (We use circles to represent nodes and squares

to represent links.) Fig. 3 (a) shows an ad-hoc network with

3 links. Assume that link 1, 2 conflict, and link 2, 3 conflict.

Then the network’s conflict graph is Fig. 3 (b).

Let the “on-off state” be x ∈ {0, 1}K , and xk be the

k’th element of x. Define xk = 1 if the k’th link is active

(transmitting) in state x, and xk = 0 otherwise. Then x is a

vector indicating which links are active at a given time.

Let G(x) be the subgraph of G after removing all vertexes

(each representing a link) with state 0 (i.e., any link j with

F
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DB

1 2 3

(a) Network topology

Link 1 Link 2 Link 3

(b) Conflict graph

Fig. 3: Ad-hoc network
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1 5

Fig. 4: Example: conflict graph and on-off states. Links 1, 2,

5 are on.

xj = 0) and their associated edges. In general, G(x) is com-

posed of a number of connected components (or simply called

“components”) C1(x), C2(x), . . . , CM(x)(x) where M(x) is

the total number of components in G(x). If a component

Cm(x) has only one active link (i.e., |Cm(x)| = 1), then this

link is having a successful transmission; if |Cm(x)| > 1, then

all the links in the component are experiencing a collision.

Let the set of “success” links in state x be S(x) := {k|k ∈
Cm(x) with |Cm(x)| = 1}. And define the “collision num-

ber” h(x) as the number of components in G(x) with size

larger than 1. That is, h(x) := |N (x)| where the index set

N (x) := {m | |Cm(x)| > 1}. Denote the set of links which

are experiencing collisions as φ(x) := ∪m∈N (x)Cm(x).
For example, Fig. 4 shows a conflict graph. The set of links

N = {1, 2, 3, 4, 5, 6, 7}. At state x, assume that link 1, 2 and 5

are active. Then there are two connected component in G(x):
C1(x) = {1, 2}, C2(x) = {5}, M(x) = 2. Since |C1(x)| = 2,

link 1 and 2 are experiencing a collision. Since |C2(x)| =
1, link 5 is having a successful transmission. Consequently,

S(x) = {5}, φ(x) = {1, 2} and the collision number h(x) =
1.

Further, define the “extended state” as

y := {x, (ak,∀k : xk = 1)} (1)

where ak is the remaining time (including the current slot)

before the transmission of link k ends. If k ∈ S(x), then

ak ∈ {1, 2, . . . , Tk}; if k ∈ φ(x), then rk ∈ {1, 2, . . . , γ}.

An important observation here is that the transmissions in a

collided component Cm(x) is “synchronized”, i.e., the links

in Cm(x) must have started transmitting at the same time,

and will end transmitting at the same time, so all links in

the component Cm(x) have the same remaining time. That

is, ak = a(m) for any k ∈ Cm(x) where |Cm(x)| > 1, and

a(m) denotes the remaining time of the component Cm(x).
(To see this, any two links i and j in this component with an

edge between them must have started transmitting at the same

time. Otherwise, if i starts earlier, j would not transmit since

it already hears i’s transmission; and vice versa. By induction,

all links in the component must have started transmitting at

the same time.)

One can see that the transition among the set of extended

states forms a discrete-time Markov chain. For example, in

Fig. 4, assume that in the current slot, the extended state y =
{x = (1100100), a1 = a2 = 5, a5 = 2}. Then in the next slot,

the remaining times will surely become a1 = a2 = 4, a5 = 1.
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Since link 1, 2, 5 are still active, link 3, 4, 6 cannot start

transmitting. But link 7 will start transmitting with probability

p7, and stay inactive with probability q7 = 1− p7. Therefore,

in the next slot the state y will transit to state y′ = {x =
(1100101), a1 = a2 = 4, a5 = 1, a7 = T7} with probability

p7, and transit to state y′′ = {x = (1100100), a1 = a2 =
4, a5 = 1} with probability q7. The transition probabilities to

other states are all 0.

B. Stationary distribution and throughput computation

The stationary distribution of the above Markov chain is

expressed in the following theorem. (Readers who are more

interested in the application of the expression could skip the

proof.)

Theorem 1: In the stationary distribution, the probability of

the extended state y as defined by (1) is

p(y) =
1

E

∏

i:xi=0

(1 − pi)
∏

j:xj=1

pj =
1

E

∏

i∈N

pxi

i q1−xi

i (2)

where E is a normalizing term such that
∑

y p(y) = 1.

Interestingly, p(y) only depend on x, but not the remaining

time ak’s.

Proof: We verify that (2) satisfies the balance equation

p(y) =
∑

y′

Q(y′, y)p(y′) (3)

where Q(y′, y) is the transition probability from y′ to y.

For a given state x and a component Cm(x), define the

“neighboring set” of Cm(x), ∂Cm(x), as the set of inactive

links prevented from transmission by the links in Cm(x). That

is,

∂Cm(x) := {j|xj = 0 and e(j, k) = 1 for some k ∈ Cm(x)}

For example, in Fig. 4, ∂C1(x) = {3, 4}.

Consider a state y as defined by (1) at time t. (In the

following, y and y(t) are interchangeable.) In the following we

will consider which states at time t− 1 can possibly transit to

y (i.e., state y′ with Q(y′, y) > 0) and then verify the balance

equation (3). Denote the index set of components in y whose

transmissions started before time t as

B(y) = {m ∈ {1, 2, . . . ,M(x)} | |Cm(x)| > 1, a(m) < γ;

or |Cm(x)| = 1, ak(m) < Tk(m)}

where k(m) denotes the only link in Cm(x) when |Cm(x)| =
1.

Define

NB(y) := ∪m∈B(y)Cm(x)

∂NB(y) := ∪m∈B(y)∂Cm(x)

A(y) := NB(y) ∪ ∂NB(y).

For example, in Fig. 4, assume that the links in C1(x) started

their (collided) transmissions before t, and link 5 (the only

link in C2(x)) starts its transmission at time t. Then, NB(y) =
{1, 2}, ∂NB(y) = {3, 4} and A(y) = {1, 2, 3, 4}.

By definition, all links in NB(y) are on at time t− 1. Also,

the links in ∂NB(y) must be off at time t − 1. (If link j ∈

∂NB(y) was on at time t − 1, it would have collided with

some link in NB(y). Thus it should also be on at time t, since

all collided links start and end transmission at the same time.

This leads to a contradiction.) Hence, the on-off state (xj) of

any link j ∈ A(y) do not change from time t− 1 to t, and no

coin toss is needed for link j at time t. In other words, the set

A(y) (including link 1, 2, 3, 4 in Fig. 4) is the “rigid” part of

the network from time t − 1 to t.
On the other hand, any link j ∈ Ac(y) = N\A(y) must

toss a coin at time t to decide whether it transmits or not. This

is because the following cases (where no coin toss is needed)

are impossible: (1) link j has been on the same transmission at

time t−1 and t, (2) link j is blocked by the same transmission

by another link at time t − 1 and t. Case (1) means that j ∈
NB(y) ⊆ A(y). Case (2) means that there is a link k with

e(k, j) = 1 and k ∈ NB(y), thus j ∈ A(y). Therefore both

cases are impossible.

Denote xA = {xk : k ∈ A(y)}, xAc = {xk : k ∈ Ac(y)}.

Notice that at time t− 1, any y(t− 1) ∈ F can transit to state

y at time t with probability
∏

k∈Ac(y) p
xk(t)
k q

1−xk(t)
k , where

xk(t) is part of y(t) = y, and

F : = {y(t − 1)|xA(t − 1) = xA(t) and all active nodes in

Ac(y), if any, have remaining time 1}.

In particular, xAc(t− 1) can be any 0-1 combination, and xA

remains unchanged from t − 1 to t.
To see this, consider Fig. 4, where we have assumed that

Ac(y) = {5, 6, 7}. It is easy to check that at time t − 1, the

on-off states of link 5, 6, 7 can be any vector in {0, 1}3. For

example, say that x5(t − 1) = 0, x6(t − 1) = x7(t − 1) = 1,

and link 6 and 7’s transmissions end before time t. Then, the

state transit to y with probability p5q6q7.

In general, we have
∑

y(t−1)∈F

p(y(t − 1))
∏

k∈Ac(y)

p
xk(t)
k q

1−xk(t)
k

= (
1

E

∑

y(t−1)∈F

∏

j∈N

p
xj(t−1)
j q

1−xj(t−1)
j )

∏

k∈Ac(y)

p
xk(t)
k q

1−xk(t)
k

= (
1

E

∑

y(t−1)∈F

∏

j∈Ac(y)

p
xj(t−1)
j q

1−xj(t−1)
j ) ·

∏

j∈A(y)

p
xj(t)
j q

1−xj(t)
j

∏

k∈Ac(y)

p
xk(t)
k q

1−xk(t)
k

=
1

E

∏

j∈A(y)

p
xj(t)
j q

1−xj(t)
j

∏

k∈Ac(y)

p
xk(t)
k q

1−xk(t)
k

= p(y(t))

i.e., the distribution (2) is invariant (or “stationary”).

From this result, it is not difficult to have the following.

Theorem 2: With the stationary distribution, the probability

of x ∈ {0, 1}K is

p(x) =
1

E
(γh(x)

∏

k∈S(x)

Tk)
∏

i:xi=0

(1 − pi)
∏

j:xj=1

pj

=
1

E
(γh(x)

∏

k∈S(x)

Tk)
∏

i∈N

pxi

i q1−xi

i (4)



5

where E is a normalizing term such that
∑

x p(x) = 1, i.e.,

all the probabilities sum up to 1.

Proof: By Theorem 1, we have

p(x) =
∑

y with on-off state x

p(y)

=
∑

y with on-off state x

1

E

∏

i∈N

pxi

i q1−xi

i .

In state x, there are h(x) components with size larger

than 1, and for each of them, the remaining time am ∈
{1, 2, . . . , γ}. For each link k ∈ S(x), the remaining time

ak ∈ {1, 2, . . . , Tk}. Therefore, there are γh(x)
∏

k∈S(x) Tk

extended states with the same on-off state x, and each of them

has equal probability as determined by (2). So

p(x) =
1

E
(γh(x)

∏

k∈S(x)

Tk)
∏

i∈N

pxi

i q1−xi

i .

After p(x) is computed, the throughput of link k is

sk = (1 −
τ ′

Tk

)
∑

x:k∈S(x)

p(x). (5)

where τ ′ is the overhead of a successful transmission (e.g.,

RTS, CTS, ACK packets). Note that the throughput is “nor-

malized”, i.e., it is the probability that link k is transmitting

its payload in a given slot. (So if link k’s PHY data rate

used for payload transmission is R Mbps, then link k’s actual

throughput is skR Mbps.)

III. SEVERAL INTERESTING SPECIAL CASES

Theorem 2 is a quite general result which can specialize to

the following interesting cases.

A. Slotted Aloha

By setting γ = 1, Tk = 1,∀k in our model, both the

collision length and transmission length are one slot (of course,

the slot here can be longer than σ = 9µs in 802.11a), which

is slotted Aloha. By Theorem 2, we have

p(x) =
1

E

∏

i∈N

pxi

i q1−xi

i .

It is easy to see that the normalizing constant E = 1. Thus,

p(x) =
∏

i∈N pxi

i q1−xi

i , as expected.

B. CSMA with full conflict graph (e.g., single-cell wireless

LAN)

If the conflict graph is a full graph, any pair of links conflict

with each other, i.e., if more than one link transmit at the same

time, there is a collision. In this scenario, the collision number

h(x) ≤ 1. If h(x) = 1. then call x a “collision state” and let

pC(x) be its probability. Note that |S(x)| = 0 in a collision

state x. By Theorem 2,

pc(x) =
1

E
(γh(x)

∏

k∈S(x)

Tk)
∏

i∈N

pxi

i q1−xi

i

=
1

E
γ

∏

i∈N

pxi

i q1−xi

i . (6)

If h(x) = 0 and |S(x)| = 0, then no link is active (xk =
0,∀k) in the state. In this case x is a “idle state” and let pI(x)
be its probability. Then

pI(x) =
1

E

∏

i∈N

pxi

i q1−xi

i =
1

E

∏

i∈N

qi. (7)

Finally, if h(x) = 0 and |S(x)| = 1, then only one link,

denoted by s(x), is active and its transmission is successful.

Define x is a “success state” and let its probability be pS(x).
Then

pS(x) =
1

E
Ts(x)

∏

i∈N

pxi

i q1−xi

i =
1

E
Ts(x)ps(x)

∏

i6=s(x)

qi. (8)

Equation (6), (7) and (8) agree to the results in [6] for 802.11

networks when all links conflict with each other.

C. Idealized CSMA

In idealized CSMA [2], it is assumed that the carrier-sensing

is instant (without delay). Therefore, a minislot is arbitrarily

small such that the transmission probability pi in each minislot

can be made arbitrarily small to avoid collisions.

Consider a sequence of system indexed by n where the

length of a minislot decreases like 1/n. Since all transmission

time is measured by the times of minislot, suppose that γ(n) =

n ·γ, T
(n)
k = n ·Tk and p

(n)
k = pk/n. By Theorem 2, we have

p(n)(x)

=
1

E(n)
((γ(n))h(x)

∏

k∈S(x)

T
(n)
k )

∏

i∈N

(p
(n)
i )xi(1 − p

(n)
i )1−xi

=
1

E(n)

∏

k:xk=1,k∈S(x)

[T
(n)
k p

(n)
k ] ·

∏

m∈G(x)

[γ(n)(
∏

j∈Cm(x)

p
(n)
j )] ·

∏

i:xi=0

(1 − p
(n)
i )

=
1

E(n)

∏

k:xk=1,k∈S(x)

(Tkpk) ·

∏

m∈G(x)

[
γ

n|Cm(x)|−1

∏

j∈Cm(x)

p
(n)
j ] ·

∏

i:xi=0

(1 − p
(n)
i ).

As n → ∞, γ

n|Cm(x)|−1 → 0 for m ∈ G(x) and
∏

i:xi=0(1 −

p
(n)
i ) → 1. Therefore

p(n)(x) →
1

E∞

∏

k:xk=1,k∈S(x)

(Tkpk) if there is no

collision component

p(n)(x) → 0 if there exists any collision component(9)

where E∞ is a proper normalizing constant.

As expected, there is no collision in the network as n → ∞.

Also, the non-collision states have a product-form distribution

which matches the results in [2], [5], [4].
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IV. THROUGHPUT IN 802.11 NETWORK WITH ADAPTIVE

CONTENTION WINDOWS

Using the method in [6], we compute the throughput with

BEB (binary exponential backoff) via a fixed point equation.

First, given a vector of transmission probabilities of all links

p ∈ [0, 1]K , the vector of collision probabilities c ∈ [0, 1]K

can be computed by our model. In the following, we write

p(x) as p(x;p) to reflect the dependency of the stationary

distribution on p.

In a long period of time W , the time that link k spends in

collision is W
∑

x:k∈Cm(x),|Cm(x)|>1 p(x;p). Thus the num-

ber of collisions in W is W
∑

x:k∈Cm(x),|Cm(x)|>1 p(x;p)/τ .

The time that link k spends in successful transmissions is

W
∑

x:k∈S(x) p(x;p), so the number of successful transmis-

sions in W is W
∑

x:k∈S(x) p(x;p)/Tk. Therefore, its colli-

sion probability for a given transmission is

ck =

∑
x:k∈Cm(x),|Cm(x)|>1 p(x;p)/τ

∑
x:k∈Cm(x),|Cm(x)|>1 p(x;p)/τ +

∑
x:k∈S(x) p(x;p)/Tk

.

(10)

On the other hand, the vector p is also a function of c by

the well-known equation in [6].

pk =
2(1 − 2ck)

(1 − 2ck)(Wk + 1) + ckWk(1 − (2ck)m)
(11)

where Wk is the minimum contention window of link k, and

m is the maximal backoff stage.

Using equations (10) and (11) we can solve for p = p∗ and

c = c∗. Then, the normalized throughput of link k is

sk(p∗) = (1 −
τ ′

Tk

)
∑

x:k∈S(x)

p(x;p∗).

V. COMPARISON OF SIMULATION AND MODEL

In this section we simulate two networks (“Network 1”

and “Network 2”) whose conflict graphs are shown in Fig.

3 (b) and Fig. 6 (a). First, we perform simulations with

fixed transmission probabilities pi. Assume the baseline setup,

where the transmission length of each link is T = 100
minislots. Thus, γ = 100, Ti = 100,∀i and the overhead

τ ′ = 0. For convenience, in each simulation we set a common

pi = p for each link. Fig. 5 (b) and Fig. 6 (b) compare

each link’s normalized throughput in the simulation with

the value predicted by the model in the two networks. For

each network, there are three sets of data corresponding to

p = 1/32, 1/16, 1/8. The simulation results and the model

match very well. Also, we observe that depending on the

topology and the p value, different links can receive very

uneven throughput.

Next, we present simulation results with BEB with maximal

backoff stage m = 7. In each set of data in Fig. 7 and 8, we fix

the minimum contention window Wk = W,∀k. Again, there

is a close match between our model and the simulation results.
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VI. DISTRIBUTED ALGORITHMS FOR HIGH THROUGHPUT

AND FAIRNESS

In this section we consider two problems: (a) In a

CSMA/CA network with general topology, given a set of feasi-

ble arrival rates at different links, how to tune the transmission

probability pk’s and transmission length Tk’s to achieve the

required rates? (b) With different data flows with flexible

source rates in the network, how to adjust the source rates,

pk’s and Tk’s to achieve a fair allocation of bandwidth? Since

the packet sizes are fixed in the baseline setup, in this section

we assume the Probe-packet setup.
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To simplify the problem we consider two options: (a) adjust

the Tx probabilities only, with fixed Tx lengths; (b) adjust the

Tx lengths only, with fixed Tx probabilities. Option (a) turns

out to be more difficult since increasing the Tx probability may

increase collisions which is counter-productive. On the other

hand, by using option (b) with probe packets (e.g., RTS/CTS),

the negative effect of collisions will not worsen with larger

Tx lengths, since only the small probe packets collide. In this

section we mainly investigate option (b) but with comparison

with option (a).

Use the throughput formula derived in section II, we design

simple and distributed algorithms for the above purposes. The

algorithms are very easy to implement. Each link k adjusts its

pk or Tk (and the input rate) only based on its own queue

length (or the observed arrival rate and service rate on the

link). Note that the nodes themselves do not need to know the

throughput formula.

A. Algorithm to support any feasible arrival rate

First, consider the problem of supporting any feasible arrival

rate (say, generated by UDP flows). Fix pk ∈ (0, 1),∀k.

(We choose pk = 1/16,∀k such that the collision level is

reasonably low, although the following discussion holds as

long as pk ∈ (0, 1),∀k.) By Theorem 2,

p(x) ∝ (
∏

k∈S(x)

Tk)γh(x)
∏

i∈N

pxi

i q1−xi

i = g(x) · (
∏

k∈S(x)

Tk)

where g(x) = γh(x)
∏

i∈N pxi

i q1−xi

i is a constant which does

not depend on the Tx length Tk’s.

Denote Tk := τ ′ + T0 · exp(rk), where τ ′ is the overhead

of a successful transmission (e.g., RTS, CTS, ACK packets),

and T0 · exp(rk) is the time used by the payload. T0 > 0 is a

“reference payload length”. Let r be the vector of rk’s. Then

p(x; r) =
1

E(r)
g(x) ·

∏

k∈S(x)

(τ ′ + T0 · exp(rk)) (12)

where

E(r) =
∑

x′

[g(x′) ·
∏

k∈S(x′)

(τ ′ + T0 · exp(rk))]. (13)

.

If at a state x, k ∈ S(x), it is possible that link k is

transmitting the overhead or the payload. We define a more

detailed state (x, z), where z ∈ {0, 1}K . Let zk = 1 if

k ∈ S(x) (i.e., k is in the “success” state) and link k is

transmitting its payload (instead of overhead). Let zk = 0
otherwise. Then similar to the proof of Theorem 2 (and

equation (12)), we have

p((x, z); r) =
1

E(r)
g(x, z) · exp(

∑

k

zkrk) (14)

where

g(x, z) = g(x) · (τ ′)|S(x)|−1′zT 1′z
0 . (15)

where 1′z is the number of links that are transmitting the

payload in state (x, z).
Definition 1: 1) A vector of arrival rate λ ∈ RK (where K

is the number of links) is feasible if it can be written as

λk =
∑

(x,z)

p̄((x, z)) · zk (16)

where
∑

x p̄((x, z)) = 1 and p̄((x, z)) ≥ 0 (i.e., p̄((x, z)) is a

probability distribution over the detailed state (x, z)). This is

because if λ can be scheduled by the network, the fraction of

time that the network spent in the detailed states must be non-

negative and sum up to 1. (Note that (16) is the probability

that link k is sending its payload given the distribution of the

detailed states.)

For example, in the Ad-hoc network in Fig. 3, λ =
(0.5, 0.5, 0.5) is feasible, because (16) holds if we let the

probability of the detailed state (x = (1, 0, 1), z = (1, 0, 1))
be 0.5, the probability of the detailed state (x = (0, 1, 0), z =
(0, 1, 0)) be 0.5, and all other detailed states have probability

0.

2) A vector of arrival rate λ ∈ RK is strictly feasible

if it can be written as (16) where
∑

x p̄((x, z)) = 1 and

p̄((x, z)) > 0 (which is a slightly stronger condition). In

other words, λ ∈ RK is strictly feasible if it is in the

interior of the region of feasible arrival rates. In the previous

example, λ = (0.5, 0.5, 0.5) is not strictly feasible since
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it cannot be written as (16) where all p̄((x, z)) > 0. But

λ′ = (0.49, 0.49, 0.49) is strictly feasible.

Theorem 3: Given any strictly feasible arrival rate vector

λ ∈ RK , there exists r∗ ≥ 0 such that the throughput (or

“service rate”) of link k is larger than the arrival rate for all

k:

sk(r∗) =
T0 · exp(r∗k)

τ ′ + T0 · exp(r∗k)

∑

x:k∈S(x)

p(x; r∗) ≥ λk,∀k. (17)

Remark 1: The result seems surprising since it says that even

with collisions, and overhead τ ′ in each successful packet, the

achievable throughput can still support any strictly feasible

arrival rates. An intuitive explanation is as follows: if the

payload size is large enough in each packet, and the duration of

each collision does not increase with the transmission length,

then the overhead and collisions are negligible compared to the

time the system spends on successful payload transmissions.

However, since long packets are not always preferable in

practice, the arrival rates should not be set “too close” to the

theoretical limit. In the UDP simulation later, we normally

choose the arrival rates to be about 80% of the maximal

possible rates.

Remark 2: The fact that proper choice of Tx lengths can

approach the maximal throughput in a single-cell network is

easy to recognize, but is non-trivial for general topology.

Proof: We start with the following function (the “log

likelihood function” if we estimate the parameter r with the

observation p̄). We will show that r∗ that maximizes F (r)
satisfies (17).

F (r)
=

∑
(x,z) p̄((x, z)) log(p((x, z); r))

=
∑

(x,z) p̄((x, z))[
∑

k zkrk + log(g(x, z)) − log(E(r))]

=
∑

k λkrk +
∑

(x,z)[p̄((x, z)) log(g(x, z))] − log(E(r))

where λk =
∑

(x,z) p̄((x, z)) · zk is the arrival rate at link k.

Note that F (r) is concave in r. This is because (a) the first

term is linear in r; (b) the second term does not involve r

and (c) E(r) as defined in (13) can be expanded to a sum of

exponential terms of r. So log(E(r)) is a log-sum-exp function

which is convex [12]. Therefore F (r) is concave in r.

Consider the following optimization problem

supr≥0 F (r) . (18)

Since log(p((x, z); r)) ≤ 0, we have F (r) ≤ 0. Therefore

supr≥0 F (r) exists. Since λ is strictly feasible, supr F (r) can

be attained (The proof of this subtle point.is similar to that

in [11] and is omitted here. The model in [11], however, did

not consider any collision.) So the problem is the same as

maxr≥0 F (r). With η ≥ 0 as the dual variables (η ∈ RK),

the Lagrangian of the problem is L(r; η) = F (r) + ηT r. Let

η∗ be the optimal vector of dual variables. Thus, the solution

of (18), r∗, satisfies

∂L(r∗; η∗)

∂rk

=
∂F (r∗)

∂rk

+ η∗
k

= λk −
1

E(r∗)

∑

x:k∈S(x)

[g(x) · T0 · exp(r∗k) ·

∏

j∈S(x),j 6=k

(τ ′ + T0 · exp(r∗j ))] + η∗
k

= λk −
1

E(r∗)

T0 · exp(r∗k)

τ ′ + T0 · exp(r∗k)

∑

x:k∈S(x)

[g(x) ·

∏

j∈S(x)

(τ ′ + T0 · exp(r∗j ))] + η∗
k

= λk −
T0 · exp(r∗k)

τ ′ + T0 · exp(r∗k)

∑

x:k∈S(x)

p(x; r∗) + η∗
k

= λk − sk(r∗) + η∗
k = 0.

Since η∗
k ≥ 0, we have sk(r∗) ≥ λk,∀k.

Since r∗ that maximizes F (r) makes sk(r∗) ≥ λk,∀k, then

we design the algorithm to solve problem (18) in a distributed

way. For this purpose, rk is changed in the direction of the

gradient ∂F (r)/∂rk = λk − sk(r). That is, if λk > sk(r),
then increase rk; if λk < sk(r), then decrease rk.

ALGORITHM 1. TX-LENGTH CONTROL ALGORITHM to

support any strictly feasible arrival rate:

The vectors r is updated at time ti, i = 1, 2, . . . . Let t0 = 0
and ti − ti−1 = M (millisecond), i = 1, 2, . . . . Let “period i”
be the time between ti−1 and ti, and r(i) be the value of

r at the end of period i, i.e., at time ti. Initially, link k set

rk(0) = 0. Then at time ti, i = 1, 2, . . . , update

rk(i) = min{[rk(i − 1) + α(i)(λ′
k(i) − s′k(i))]+, rmax}

where λ′
k(i), s′k(i) are the empirical average arrival rate and

service rate in period i. 5 Note that λ′
k(i), s′k(i) are random

variables which are generally not equal to λk and sk(r(i))
in period i. But as will be discussed below, if the step size

α(i) is small, then r(i) is quasi-static and the randomness is

averaged over multiple periods.

The intuition of the algorithm is very simple: if the empirical

arrival rate of link k is larger than the service rate, then link k
should transmit more aggressively by using a larger Tx length,

and vice versa.

Remark: Note that the algorithm requires that probe packets

like RTS are used. This is to ensure that the length of collision

does not increase when the transmission length increases. This,

however, introduces overhead for successful transmissions.

Theorem 4: Assume that the vector of arrival rates λ can

be supported by some r ∈ [0, rmax]K .6

(i) If α(i) is non-increasing and satisfies
∑

i α(i) =
∞ and

∑
i α(i)2 < ∞, then the algorithm converges,

i.e., r(i) → r∗ as i → ∞ with probability 1, and

lim infN→∞
∑N

i=1 s′k(i)/N → λk.

5Let link k send dummy packets when the queue is empty. This is to ensure
that the CSMA Markov chain has the right stationary distribution.

6Clearly, as rmax → ∞, the capacity region goes to the maximum.
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(ii) If α(i) = α (i.e., constant step size), then

lim infN→∞
∑N

i=1 s′k(i)/N → λk as α → 0.

Remark: If we replace λ′
k(i) in Algorithm 1 with λ′

k(i) + ǫ
where ǫ > 0 is small enough such that λ+ǫ1 can be supported

by some r ∈ [0, rmax]K . Then all queues are positive recurrent

in (i). The same is true in (ii) if α is small enough.

Proof: Here we give an intuitive explanation. The com-

plete proof is omitted due to the limit of space. Since rk

is always bounded in the algorithm, the mixing time of the

CSMA Markov chain is bounded. Then as the step size

becomes smaller and smaller, rk is “quasi-static” such that the

service rate is averaged (over multiple periods) to sk(r), and

the arrival rate is averaged to λk. Thus the algorithm solves

the optimization problem (18) by a stochastic approximation

argument in [18]. (In [17], the convergence of the algorithms

in [11] is proved similarly using the result in [18].)

B. Algorithm to achieve fairness among flows

The second problem we consider is how to achieve fair

bandwidth allocation in general topology. For ease of expo-

sition we assume single-hop flows (Algorithms for multi-hop

flow can be obtained similarly). Assume that each flow k has

a utility function vk(fk) where fk ∈ [0, 1] is the flow rate,

and vk(·) is increasing and strictly concave. Write f ∈ [0, 1]K

as the vector of fk’s. The fairness objective used here is the

total utility of all flows in the network.

ALGORITHM 2. A JOINT ALGORITHM TO ACHIEVE FAIR

BANDWIDTH ALLOCATION:

The following distributed algorithm approximately maxi-

mizes the total utility of the network with one-hop flows.7

The vectors r and f are updated at time ti, i = 1, 2, . . . .

Let t0 = 0 and ti − ti−1 = M (millisecond), i = 1, 2, . . . . Let

“period i” be the time between ti−1 and ti, and r(i), f(i) be

the value of r and f at the end of period i, i.e., at time ti.
Initially, link k set rk(0) = 0, fk(0) = 1,∀k. Then at time ti,
i = 1, 2, . . . , do the following:

• Congestion control: Link k sets fk(i) = ρ · f̂k(i) where ρ
is slightly smaller than 1 and f̂k(i) = arg maxf ′∈[0,1][β ·
vk(f ′) − rk(i)f ′], where β > 0 is a “weighting factor”.

• rk is updated as follows: rk(i) = [rk(i−1)+α(i)(f̂k(i−
1)−s′k(i))]+, where s′k(i) is the empirical average service

rate in period i, and α(i) > 0 are step sizes.

Part (2) of the algorithm means that if the arrival rate of flow

k is larger than the service rate, then rk should be increased,

i.e., link k transmits more aggressively. Meanwhile, part (1)

means that the source rate should be reduced.

Larger value of β leads to higher total utility but longer

packets. The reason is similar to that mentioned in Theorem

3. Since long packets are not always preferable in practice,

the weighting factor β can be used to control the tradeoff.

Although the algorithm is very intuitive, the explanation is

a little involved. For brevity, we give it in Appendix IX-B.

7For multi-hop flows, similar algorithms can be obtained by using the
“back-pressure” concept [16]. The “back-pressure” of a link is the difference
between the queue lengths (or certain dual variables) of the transmitter and
the receiver of the link. Details are omitted here for simplicity.

The convergence properties of the algorithm are given in

the following.

Theorem 5: Assume that v′
k(0) < G < ∞ for all k.

(i) If α(i) is non-increasing and satisfies
∑

i α(i) = ∞ and∑
i α(i)2 < ∞, then the algorithm converges, i.e., f̂k(i) →

f̂∗
k = sk(r∗) as i → ∞ with probability 1, where f̂∗

k , r∗ are

the optimal solution or optimal dual variables of problem (20),

which approximately maximize the total utility. And all queues

are stable (positive recurrent).

(ii) If α(i) = α (i.e., constant step size), then

lim infN→∞
∑N

i=1 f̂k(i)/N → f̂∗
k = sk(r∗) as α → 0. All

queues are stable (positive recurrent) if α is small enough.

Proof: We give a sketch of the proofs. First, rk is

always bounded in the algorithm. In particular, rk(i) ≤ β ·
G + maxj α(j),∀k, i. (This can be proved by induction: (a)

rk(0) = 0 ≤ β · G + maxj α(j); (b) If rk(i) ≥ β · G, then

f̂k(i) = 0, which makes rk(i + 1) ≤ rk(i); if rk(i) < β · G,

then rk(i+1) ≤ β ·G+α(i+1) ≤ β ·G+maxj α(j).) Then

similar to the proof of Theorem 4, the service rate is averaged

as the step size goes smaller and smaller. Thus the algorithm

solves the optimization problem in Appendix IX-B.

In (i), since f̂k(i) → f̂∗
k = sk(r∗), and the actual input rate

fk(i) < f̂k(i), thus all queues are positive recurrent. (This

idea has been used in [19] to not only reduce the queueing

delay, but also enable per-neighbor queues instead of per-flow

queues in multi-hop networks.) A similar conclusion applies

to (ii) if α is small enough.

VII. SIMULATION STUDY OF THE ALGORITHMS

A. Fixed arrival rates

We evaluate the performance of the Tx-length control algo-

rithm, with given arrival rate vector λ (for example, generated

by UDP flows). In the following simulations, the update in

Algorithm 1 is performed every M = 5ms. Let the constant

step size α = 0.023, and the “reference payload length”

T0 = 50. The upper bound rmax = 3. Since the transmission

length Tk = τ ′+exp(rk) is assumed to be an integer, we round

up exp(rk) to the nearest integer. For comparison purpose, we

also simulate a similar algorithm based on adjusting the Tx

probability, where we fix Tk and let

pk = min{
1

16
exp(rk), 0.25}

so that pk increases with rk but is upper bounded by 0.25

(which roughly corresponds to a contention window of 8 in

the language of 802.11.)

First consider the network in Fig. 2 (a wireless LAN).

Assume arbitrary initial values of rk’s between 0 and 1.15

at time 0. And in Algorithm 1, fix the Tx probabilities at

pk = 1/16,∀k and in the Tx-probability control algorithm,

fix the Tx length at Tk = 100,∀k. In both cases, the collision

length (i.e., RTS length) is γ = 10, and the overhead of suc-

cessful transmission is τ ′ = 20. For convenience, assume that

the PHY data rates of all links used for payload transmission is

1 “data unit” per millisecond. (For example, if this PHY data

rate is 12Mbps, then 1 data unit here is equal to 12 kilobits.)

Therefore if the normalized throughput of link k is sk, then

the actual throughput is sk data unit per millisecond.
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(b) Queue lengths with Tx-probability control algorithm

Fig. 9: Adjusting Tx lengths or Tx probabilities

Let the normalized arrival rate λk = 0.1325 for all link

k = 1, 2, . . . , 6. Since
∑

k λk < 1, the arrival rates are

strictly feasible for the Tx-length algorithm. Also, it can be

achieved by the Tx-probability algorithm with pk = 0.034,∀k
or pk = 0.132,∀k. Then, each link adjusts its Tx length (or

Tx probability) individually based on its local information.

From Fig. 9, we see that the queues are stable with the Tx-

length algorithm, but may be unstable with the Tx-probability

algorithm, even if λ is feasible. The reason for the instability is

that multiple links may find that their service rates are not high

enough and thus increase the Tx probabilities simultaneously.

This, however, may lead to more collisions and further reduce

the service rates. This vicious cycle goes on which destabilizes

the queues.

Next we simulate the ad-hoc network in Fig. 3. The arrival

rate vector λ = (0.4, 0.4, 0.4), which is strictly feasible since

λ1+λ2 < 1 and λ2+λ3 < 1. As before, fix the Tx probabilities

at pk = 1/16,∀k. Fig. 10 shows the queue lengths with the

Tx-length algorithm. As expected, the queues are stable which

means that the arrival rates are supported. Also, since link 2

faces more contention, its Tx length is longer than other links.
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Fig. 10: Tx-length control algorithm in the Ad-hoc network in

Fig. 3

B. Adaptive input rates to achieve fairness among flows

This section presents simulation results with Algorithm 2.

The parameters M = 5ms, α = 0.023, and T0 = 5. For

simplicity, assume that all flows are one-hop and each of them

uses one link. Fig. 11 (a) shows the flow rates in the ad-hoc

network in Fig. 3. The utility function of each flow is vk(fk) =
log(0.05+fk), and β = 1.5. It is justified that flow 2 receives

a lower throughput because in some sense, its transmission

uses more resources than the flow 1 and 3 (since flow 1, 3

have to be quiet when flow 2 is active). Fig. 11 (b) shows the

flow rates in the wireless LAN, where the utility of flow k is

assumed to be vk(fk) = (k/5)·log(0.05+fk), k = 1, 2, . . . , 6,

and β = 1. The throughput allocation is reasonable in view of

their different utility functions.

VIII. CONCLUSION

We have proposed a model to analyze the throughput of

CSMA/CA network in general topology. By utilizing the time-

reversibility in a class of scenarios, we are able to to compute

the throughput and collision probabilities of each link. Via a

fixed-point equation, the throughput with adaptive contention

windows (i.e., BEB) can also be computed. Moreover, the

model gives a unified view of the models of slotted ALOHA,

single-cell wireless LAN and the idealized CSMA and reveals

their connections.

With this model, we have further developed distributed

algorithms to control the throughput and fairness of different

data flows. We have studied and compared the pros and cons

of adjusting the Tx length or adjusting the Tx probability.

It was shown that a Tx-length control algorithm can support

any strictly feasible arrival rate, and has good convergence

property. Tx-probability algorithm, on the other hand, has

lower overhead but may become unstable even if the arrival

rates are feasible. A joint rate control and Tx-length control

algorithm has been proposed to achieve fairness in distributed

CSMA/CA networks.

With the expressions for the stationary distribution of the

Markov chain, we could verify whether certain assumptions
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Fig. 11: Achieving fairness by Algorithm 2

made in [13], [14] hold exactly or approximately. This is also

a subject for future study.
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IX. APPENDIX

A. Throughput with Hidden Nodes

1) Computing the rates of uncorrupted bits: In this section,

we discuss how to compute the throughput of individual links

with the existence of hidden nodes.

We say that link 1 interferes with link 2 if link 1’s packet

corrupts link 2’s packet if the two packets overlap. And define

that link 1 is hidden from link 2 if link 2 cannot hear link

1 but link 1 interferes with link 2. Define the hearing matrix

H whose element Hij = 1 if link i can be heard by link

j. Assume that H is symmetric, i.e., Hij = Hji. Similarly

define the interference matrix F whose element Fij = 1 if

link i interferes with link j. Also, assume the baseline setup,

where all the links transmit packets with equal length T , and

no RTS/CTS is used. Fig. 12 illustrates the timeline in a simple

network where link 1 and 2 are hidden from each other.

Since the links decide when to transmit based on the hearing

matrix H , the random process can be analyzed as before by

defining the conflict graph based on H . Specifically, there is

an edge between two links i, j if and only if Hij = Hji = 1.

Then, based on Theorem 2, the probability of all states can

be obtained. In state x, the bits transmitted by i is successful

iff xi = 1 and xk = 0 for any interfering link k (including



12

the links hidden from i), . So, the probability that link i is

transmitting uncorrupted bits is

s̄i =
∑

x

p(x)I{xi = 1, xk = 0,∀k : Fki = 1} (19)

where I{·} is the indicator function.

Note that since a link j which is hidden from link i can

start transmission when link i’s packet is ongoing (Fig. 12),

it’s likely that only part of link i’s packet is corrupted. So s̄i in

(19) is equal to the throughput of link i (denoted by si) only if

the uncorrupted bits in a packet can be recovered. This is called

“partial packet recovery” which is useful in improving the

throughput in this situation [15]. However, if the receiver does

not have the capability, then the whole packet is discarded. In

that case, s̄i is an upper bound of si.

Although exactly computing the throughput without partial

packet recovery seems not easy, one could use the approx-

imated method in [13]. The key assumptions made there

include that the transmission probabilities of the nodes are

constant over time, and that the collisions caused by different

hidden nodes are independent.

2) How bad is the hidden-node problem?: Since our even-

tual purpose is to achieve good throughput performance of

CSMA/CA network, in this section we investigate whether

it is more important to solve the hidden-node problem first

or to maximize the throughput given the existence of hidden

nodes. We consider a simple example where two links, link

1 and 2, are hidden from each other and assume that there

is no partial packet recovery. Assume p1 = p2 = p, and the

packet lengths are all T . Then, link 1’s throughput without

considering collisions is x1 := T/[T + (1/p − 1)], and link

1’s throughput is s1 = x1β, where β is the probability that a

certain packet transmitted by link 1 is not collided by link 2.

β can be computed as follows:

β = [1 − x2] · (1 − p)T−1

where 1 − x2 = 1 − x1 is the probability that link 2 is not

transmitting at the beginning (i.e., the first minislot’s time)

of the link-1 packet, and (1 − p)T−1 is the (conditional)

probability that link 2 does not start transmitting during the

remaining T − 1 minislots’ time of the link-1 packet. Fig. 13

plots s1 as a function of pi = p, i = 1, 2. The throughput is

very sensitive to the choice of p, and the maximal per-link

throughput is less than 0.14.

If the two links can hear each other, then the maximal per-

link throughput, according to the throughput formula derived

before, is about

max
p

p(1 − p)T

p2T + 2p(1 − p)T + (1 − p)2
≈ 0.455.

Also, the per-link throughput is above 0.4 for a wide range of

p between 0.02 and 0.32. So, even if we choose the optimal

transmission probability, the throughput with hidden nodes is

only about 1/3 of the case without hidden nodes. Therefore,

it is important to first solve the hidden-node problem before

designing algorithms to optimize pi or the transmission length

Ti.
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Fig. 13: Throughput of each link with hidden nodes

B. Explanation of Algorithm 2

To explain Algorithm 2, we show that it distributively solves

the following convex optimization problem, where u(x,z) can

be viewed as the probability of the detailed state (x, z):

maxu,f {
∑

(x,z)

−u(x,z) log(u(x,z)) +

∑

(x,z)

u(x,z) · [log(g(x, z)) + 1] + β ·
∑

k

vk(fk)}

s.t.
∑

(x,z):zk=1

u(x,z) ≥ fk,∀k

u(x,z) ≥ 0,
∑

(x,z)

u(x,z) = 1. (20)

Since u is a probability distribution, the first term in

the objective function,
∑

(x,z) −u(x,z) log(u(x,z)) (the entropy

of the distribution u) is bounded. Also, the second term∑
(x,z) u(x,z) · [log(g(x, z)) + 1] ∈ [min(x,z){log(g(x, z)) +

1},max(x,z){log(g(x, z)) + 1}] is also bounded. So when β
is large, the “importance” of the total utility dominates the

objective function. This approximately achieves the maximal

total utility.

Remark: Larger value of β leads to higher total utility

but longer packets. Intuitively, the reason is similar to that

mentioned in Theorem 3. Since long packets are not always

preferable in practice, the weighting factor β can be used to

control the tradeoff.

Proof: We will show that rk can be viewed as a dual

variable in problem (20); and Algorithm 2 can be viewed as

a dual algorithm to solve problem (20).

A partial Lagrangian (with y ≥ 0 as the vector of dual
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variables) is

L(u, f ;y)

=
∑

(x,z)

−u(x,z) log(u(x,z)) +
∑

(x,z)

u(x,z) · [log(g(x, z)) + 1]

+β ·
∑

k

vk(fk) +
∑

k

yk[
∑

(x,z):zk=1

u(x,z) − fk]

=
∑

(x,z)

{u(x,z)[− log(u(x,z)) + log(g(x, z)) + 1 +
∑

k:zk=1

yk]}

+
∑

k

{β · vk(fk) − ykfk}.

So

∂L(u, f ;y)

∂u(x,z)
= − log(u(x,z)) + log(g(x, z)) +

∑

k:zk=1

yk.

If u(x,z) = p((x, z);y) (cf. equation (14)), then the partial

derivative
∂L(u, f ;y)

∂u(x,z)
= log(E(y))

which is the same for all state (x, z) (Given the dual vari-

ables y, log(E(y)) is a constant). This means that u(x,z) =
p((x, z);y) > 0 maximizes L(u, f ;y) over u subject to

u(x,z) ≥ 0,
∑

(x,z) u(x,z) = 1 (since it is impossible to

increase L(u, f ;y) over u by slightly perturbing u). Also,

fk as determined in part (2) maximizes L(u, f ;y) over f .

Therefore, by setting rk = yk, the resulting probabilities of

all states (x, z), together with fk as determined in part (2),

maximizes L(u, f ;y). Denote l(y) = maxu,f L(u, f ;y), and

u(y), f(y) as the maximizers. Then the dual problem of (20)

is miny≥0 l(y)
To find the optimal dual variable rk = yk, we change yk

in the reverse direction of the partial gradient ∂l(y)/∂yk =∑
(x,z):zk=1 u(x,z)(y)− fk(y): if fk(y) >

∑
(x,z):zk=1 u(x,z),

i.e., the arrival rate is larger than the service rate, then rk

should increase, and vice versa. This is part (2) of Algorithm

2

To sum up, rk can be viewed as a dual variable in problem

(20). Algorithm 2 can be viewed as a dual algorithm to solve

problem (20)


