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ABSTRACT

The uncertainty principle can easily be generalized to cases where the 'sets of
concentration' are not intervals. We present such generalizations for continuous and
discrete-time functions, and for several measures of 'concentration' (e.g. L2 and L1
measures). The generalizations explain interesting phenomena in signal recovery
problems where there is an interplay of missing data, sparsity and bandlimiting.
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1. Introduction

The classical uncertainty principle says that if a function f (t) is essentially zero outside an inter-

val of length At and its Fourier transform f (w) is essentially zero outside an interval of length Aco, then

At Aco.1; (1.1)

a function and its Fourier transform cannot both be highly concentrated. The uncertainty principle is

widely known for its 'philosophical' applications: in quantum mechanics, of course, it shows that a

particle's position and momentum cannot be determined simultaneously, (Heisenberg, 1930); in signal

processing it establishes limits on the extent to which the 'instantaneous frequency' of a signal can be

measured (Gabor, 1946). However, it also has technical applications, for example in the theory of par-

tial differential equations (Fefferman, 1983).

We show below that a more general principle holds: it is not necessary to suppose that f and f

are concentrated on intervals. If f is practically zero outside a measurable set T and f is practically

zero outside a measurable set W, then
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ITI IWI >1-8 (1.2)

where I T I and W denote the measures of the sets T and W, and 5 is a small number bound up in

the definition of the phrase 'practically zero'-a precise definition will be given later. In short, f and f

cannot both be highly concentrated, no matter what 'sets of concentration' T and W we pick. The

assertion (1.2) appears to be new.

N-1
The uncertainty principle also applies to discrete functions. Let (x, ) be a sequence of length N

:=0

N-1
and let (R, ) be its discrete Fourier transform. Suppose that (x,) is not zero at Nt points and that (2w)

w=O

is not zero at NW points. Then

Nt*NW >N . (1.3)

The inequality (1.3) makes no reference to the kind of sets where (x,) and (h,) are nonzero: these may

be intervals or any other sets. This assertion (1.3) also appears to be new.

The usual approaches to the uncertainty principle, via either Weyl's inequality or via the prolate

spheroidal wave functions, involve rather sophisticated methods: eigenfunctions of the Fourier transform

(Weyl, 1928); eigenvalues of compact operators (Landau and Pollak, 1961). In contrast, the more gen-

eral principles (1.2) and (1.3) we introduce here have elementary proofs. The discrete-time uncertainty

principle follows from the fact that a certain Vandermonde determinant does not vanish; the proof could

be taught in an undergraduate linear algebra course. The continuous-time uncertainty principle requires

only the introduction of the Hilbert-Schmidt norm of an operator, and could be taught in an introduc-

tory functional analysis course.

Principles (1.2) and (1.3) have applications in signal recovery. The continuous-time principle

shows that missing segments of a bandlimited function can be restored stably in the presense of noise if

(total measure of the missing segments)-(total bandwidth) < 1. The discrete-time principle suggests that

a wide-band signal can be reconstructed from narrow-band data -- provided the wide-band signal to be

recovered is sparse or 'impulsive'. The classical uncertainty principle does not apply in these examples.

The discrete-time principle (1.3) is proved in section 2; section 3 proves a continuous-time princi-
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ple for L2 theory. These are then applied to signal recovery problems in sections 4 and 5. Section 6

proves another version of the continuous-time principle using L 1 theory; this has the rather remarkable

application that a bandlimited function corrupted by noise of unknown properties can be restored per-

fectly, without error, if the noise is 'sparse': zero outside an (unknown) set of measure

< 1/(2-bandwidth)--a phenomenon first discovered by B.F. Logan. We show here that the phenomenon

derives from the L 1-uncertainty principle.

The 11 version of Logan's phenomenon (i.e. the version of Logan's phenomenon for discrete

time) can be used in the study of an 11-algorithm for restoring a sparse signal from narrowband data. It

shows that the 11-algorithm recovers a wideband signal perfectly from noiseless narrowband data, pro-

vided the signal is sufficiently sparse. This fact about the 11-algorithm was demonstrated by Santosa

and Symes (1986); we show here that it derives from Logan's phenomenon and the 11 uncertainty prin-

ciple.

Section 7 discusses the sharpness of the uncertainty principles given here; section 8 supplies a

'counterexample' of sorts, discusses connections with deeper work and mentions generalizations to other

settings. Appendix A identifies the extremal functions of the discrete-time principle.

2. The Discrete-Time Uncertainty Principle

Let (x,) be a sequence of length N and let (2w) be its discrete Fourier transform

1 N-1 2Niwt
XW=tg e WW=0,'**N-1 (2.1)

t=0

As above, Nt and NW count the number of nonzero entries in (x,) and (,*,) respectively.

Theorem 1.

Nt NW 2N .(2.2)

Corollary 1.

Nt +NW > 24

The theorem bounds the time-bandwidth'product; the corollary (which follows immediately from the
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theorem by the geometric mean-arithmetic mean inequality) bounds the total number of nonzero ele-

ments. It is easy to construct examples attaining the limits set in (2.2). For any N, the example

(XO=1; x, = 0, t >0) always works. If N is composite and admits the factorization N=k 1, the

sequence

1, t=i l for i =O, ,Nt-1mt_ (2.3)
0, otherwise

has k equally-spaced nonzero elements. It is the indicator function of a subgroup of (0, N-1)

and its discrete Fourier transform is, up to a constant factor, the indicator function of the dual subgroup

(Dym and McKean, 1972); explicitly,

4Nmk =kI'.

The dual subgroup has I nonzero elements, so that NtNW = k l1 = N. We show in Appendix A that

apart from simple modifications, these are the only pairs of sequences that attain the bound NtNw = N;

the extremal functions for this uncertainty principle are basically periodic 'spike trains' with an integral

number of periods in the length N.

To prove Theorem 1 it is convenient to think of (xt) and (x^,) as defined on the 'discrete circle'

(0, 1, .. , N-1) which 'wraps around' so that N-1 and 0 are consecutive sites. The 'wraparound'

convention is equivalent to interpreting subscripts modulo N; thus xt+N is identified with x,. Similarly,

XW+N is identified with x. The convention is justified by looking at the formula (2.1) and noting that

-2iriw (t+N) -2ri (w+N)t -2iciwtN N N
e =e e

The proof of Theorem 1 is an application of the following key fact: if (x,) has Nt nonzero elements, no

Nt consecutive elements of (xf) can all vanish. (Here and below, we use the wraparound convention so

that xN_1 and 1o are consecutive in (xi ).) This will be proved below as a lemma.

To see how this lemma implies the theorem, suppose that Nt divides N. Partition the set

w =0,1, , N-1 into N intervals of length Nt each. By the lemma, in each interval x,, can not

vanish entirely: each interval contains at least one nonzero element of xW. Thus the total number of
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nonzero elements Nw > -and we are done.

For equality NtNw = N to be attained, the Nw nonzero elements of (1,) must be equally spaced;

otherwise there would be more than N, consecutive zeros between some pair of nonzero elements of

(1w)--but the lemma disallows such gaps of length > N,. This 'gap argument' also shows that

N,NW >N when N, does not divide N. Let L [- 1' where Frl denotes the smallest integer greater

than or equal to r. There is no way to spread out fewer than L elements among N places without leav-

ing a gap longer than Nt. Thus Nw 2L, so NtNw >N. We now prove the lemma.

Lemma 1. If (xt) has Nt nonzero elements, then xw can not have Nt consecutive zeros.

Proof. Let X1. . rN, be the sites where (xt) is nonzero, and let bj - j ,N, be the

corresponding nonzero elements of (x,). Denote by z1, zzN, the Fourier transform elements:

zj exp _2 rj ). Let w=m +1, , m +N, be the frequency interval under consideration. Define

N~~~~~~~~~~

gk 1 zbj (zj)m+k k=1 , Nt (2.4)

As Xm+- g, the lemma says that gt . 0 for some k in the range 1,.* , Nt. We rewrite the asser-

tion (2.4) in terms of matrices and vectors. Define the matrix Z with elements

(Zj)m)
Zkj =--

and the vectors g (gj) and b (bj). Equation (2.4) takes the form

g =Zb.

The conclusion of the lemma is that g . 0 and we know that b . 0 by construction. Thus, the lemma

is true if the system

0 = Z b

has no solution b . 0, i.e. if Z is nonsingular.

Rescale each column of Z by dividing by its leading entry z7'$/X. Since z7' . 0, this produces a
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matrix V which is nonsingular if and only if Z is. The matrix V is

1

2

Nt-1z1

1 1

. . . . .

* . . . . .

. . . . .

. . . . .

1

ZNt
2

ZNt

N,-1
ZN'

But this is just the usual N, by N, Vandermonde matrix, which is known to be nonsingular (Hoffman

and Kunze, 1971). Its nonsingularity is equivalent to saying that given N, data (yj, zj), j=1, Nt,

with the zj distinct, there is a polynomial in z of degree Nt-I that takes the values (yj) at (zj)--a fact

which can be demonstrated by the Lagrange interpolation formula. 0

3. The Continuous-Time Principle

Let f (t) be a complex-valued function of t E R, with Fourier transform

00

f(@)- | f(t) e (t) 12

We suppose below that the L2-norm of f, I If III( If(t)I2dt)dt is equal to 1. We may also take

the norm of f; Parseval's identity J If (t) 12 J|f(C)) 12 says that I If I = 1 as well.

We say that f is £-concentrated on a measurable set T if there is a function g (t) vanishing out-

side T such that If - g II < e. Similarly, we say that f is e-concentrated on a measurable set W if

there is a function h (co) vanishing outside W with I If - h II 5.

Theorem 2. Let T and W be measurable sets and suppose there is a Fourier transform pair (f f),

with f and f of unit norm, such that f is CT-concentrated on T and f is sw-concentrated on W.

Then

WI I-T I(1-(ST+cw ))2. (3.1)

Before beginning the proof we introduce two operators; the first is the time-limiting operator
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f (t), teT
(PTf )(t)

, O, otherwise

This operator kills the part of f outside T. Moreover, it gives the closest function to f (in the

Lz-norm) that vanishes off T. Thus, f is £-concentrated on T if and only if If -PTf I I < .

The second operator is the frequency-limiting operator

(Pwf)(t)_ f e fw)f(c)d o.
w

Comparing this with the Fourier inversion formula

f) Jf 2nt f(o)do

we see that Pwf is a partial reconstruction of f using only frequency information from frequencies in

W. If g = Pwf then £ vanishes outside W. Moreover, g is the closest function to f with this pro-

perty: f is s-concentrated on W if and only if I If -Pwf II <e. (This last statement is an application

of Parseval's identity.)

We also need to define the norm of an operator Q; it is

IQ 11 =su L11
F- u g11h

For example, IPw II = 1, as we may see by the following argument: if g has energy at frequencies

outside W, Pw eliminates it and IIPwg II < hIg I1; if g has energy only within W then

Pwg 11 = lig 11. In noeventis hIPwg 11 > lhg 11, and so lIPw 11 = 1.

With these definitions in place, the proof of Theorem 2 takes only a few lines. Consider the

operator PWPT that first time-limits then frequency-limits. By the triangle inequality and the fact that

Pw I I = 1, iff iS eT-concentrated on T and f is ew-concentrated on W, then

Ilf -PWPTf 1l<I£T++W * (3.2)

We shall see that (3.2) places a rather strict requirement on T 1 W 1. Combined with the inequality

I If -g 1I1I If I I - I g I and the fact that f is of norm 1, (3.2) implies that
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IIPWPTf I11I If I -I T -EW
= 1 - -

or equivalently, that

IIPWPT.f III
CT - CW* (3.3)

In terms of the operator norm defined above, we conclude that a pair (f ,f) with f eT-concentrated on

T and f ew-concentrated on W can only exist if

11 PWPT 1 12 1- - eW* (3.4)

We will see below that the norm of PWPT obeys the bound

IPWPT I < 4 W I I T I .(3.5)

This inequality, together with (3.4), implies the theorem.

Our proof of (3.5) utilizes the so-called Hilbert-Schmidt norm of PWPT. Define the operator Q

(Qf)(t) f q(s, t)f(s)ds

The Hilbert-Schmidt norm of Q is just

o0 00 14 1/2

1I Q IIHS [J Iq(s,e)I2dsdt

It tums out that II Q IHS 2 II Q II (Halmos and Sunder, 1978), and so (3.5) and Theorem 2 follow

from the calculation of I I PWPT I I HS:

Lemma 2. 11 PWPT IIHs = VT ITIW-F.

Proof.

(PWPTf )(S) = e27ru e2cict f (t)dt d o

=1 [ e2cio(s-t)d o]f (t ) dt (3.6)
TLW

So that
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00

(PWPTf )(S)= q (s, t)f (t) dt

where

e,e2FC s--) d co ,t e T

q(s't) 0, otherwise

Now

1 1 PWPT IHS f I qI(s,t)l ds dt.

Let gt(s) q(s,t) and note that t=lw e2n', where lw is the indicator function for the set W. By

Parseval's identity,

co cjo

J Igt(s)12ds fJ I gt(cO) 1I2d

= f ldo
w

= IWI.

00

Thus f I q (s, t) I2 ds = I W I and hence

11 PWPT IIHS= ITI WI .

In retrospect, this answer is clear since (3.6) shows that PWPT involves the integral of a unimodular

kernel (e2co(s t)) over a set of measure I W I I T I.

This proof gives much more information than just the stated conclusion. The norm I I PTPW I I

(which appeared in an unmotivated fashion) actually satisfies the identity

II|PTPwf IIl
IIPTPW II = sup IIPTPflII

which relies on the fact that I IPwf I I < If II. Let B2(W) denote the set of functions in L2 that are

bandlimited to W (i.e. geB2(W) implies Pwg = g). Then this identity becomes

PPWI SUP IIPTg II"~~T~W" supW I II(3.7)



- 10 -

Thus II PTPW II in fact measures how nearly concentrated on T a bandlimited finction g eB 2(W) can

be. The inequality I W I T > PTPW 11 2 thus implies, for example, that if I W I T = 1/2, no

bandlimited function can have more than 50% of its 'energy' concentrated to T. This is a quantitative

refinement to (3.1) and is often much more useful. We regard any quantitative bound c > I IPTPW II

where c < 1 as an expression of the uncertainty principle. In many of the applications we give below,

the standard result involves I W I I T I, but the proof shows the key quantity is I IPTPW I I.

Theorem 2 has an analog for discrete time. The proof is the same, step-by-step: one merely

translates it into the language of finite-dimensional vectors and matrices. The sets T and W become

index sets and concentration is defined in terms of the Euclidean norm on RN. The Frobenius matrix

norm (Golub and Van Loan, 1983) provides an analog of the Hilbert-Schmidt norm for matrices. The

resulting theorem is slightly more general than Theorem 1 because it does not require (x,) and (x,) to

be perfectly concentrated on T and W; however the proof is not useful in identifying the extremal func-

tions of the inequality, which we show in Appendix A are simple spike trains. We state this theorem

without proof.

Theorem 3. Let ((xt), (X,,)) be a Fourier transform pair of unit norm, with (xI) CT-concentrated on the

index set T and (x1w) ew-concentrated on the index set W. Let N, and N, denote the number of ele-

ments of T and W, respectively. Then

NtNw 2N(1-(eT +EW))2. (3.8)

4. Recovering Missing Segments of a Bandlimited Signal.

Often the uncertainty principle is used to show that certain things are impossible (e.g. determin-

ing the momentum and position of a particle simultaneously; measuring the 'instantaneous frequency' of

a signal). In this section and the next we present two examples where the generalized uncertainty prin-

ciple shows something unexpected is possible; specifically, the recovery of a signal or image despite

significant amounts of missing information.

The following example is prototypical. A signal s(t) is transmitted to a receiver who knows that

s(t) is bandlimited, meaning that s was synthesized using only frequencies in a set W (which for our
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purposes may be an interval or some other measurable set). Equivalently, Pws = s, where Pw is the

bandlimiting operator of the previous section. Now suppose the receiver is unable to observe all of s; a

certain subset T (e.g. a collection of intervals) of t-values is unobserved. Moreover, the observed sig-

nal is contaminated by observational noise n (t). Thus the received signal r (t) satisfies

[s(t) + n (t) , tc, Tc
r(t) = f (4.1)

l ° tE TL,
where TC is the complement of the set T. Equivalently,

r = (I -PT)(S) + n

where I denotes the identity operator (If )(t) =f (t).

The receiver's aim is to reconstruct the transmitted signal s from the received signal r. Although

it may seem that information about s(t) for te T is completely unavailable, the uncertainty principle

says recovery is possible provided I T W < 1!

To see that this is true intuitively, consider what could go wrong. If there were a bandlimited

function h completely concentrated on T, the measured data would show no trace of h. The data

would be the same, regardless of whether the true signal was s (t) or s (t) + ah (t), a E R. Thus on the

basis of the data and the knowledge that s is bandlimited to W, we would have no way of discriminat-

ing between the competing reconstructions so = s and s1 = s + ah. At the very least, our uncertainty

about the reconstruction would be I so - s I = I I s - (s + ah ) I I = I a I I I h I I, where I a I could be

arbitrarily large: our uncertainty would be completely unbounded.

However, Theorem 2 says that there is no such function h if W I T < 1. It seems surprising,

but the lack of such a function implies that reconstruction is possible. We shall say that s can be

stably reconstructed from r if there exists a linear operator Q and a constant C such that

11 s-Qr 11 < C lln 11 (4.2)

for all s, r, and n obeying (4.1). The operator Q is the reconstruction method; its action produces an

estimate of s based on r that is in error by at most some multiple C of the noise level I In II. Of
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course, we would like C to be small.

Theorem 4. IfW and T are arbitrary measurable sets with T I W I < 1, s can be stably reconstructed

from r. The coefficient C in (4.2) is not larger than (1 -/TII Wi}"'.

Proof. We propose the operator Q _(-VTPw)1 as a reconstruction method. First we should estab-

lish that Q exists. Note that IPTFPW II = IIPWP1ITIII ITYIW I < 1. By a well-known argument,

the linear operator I - L is invertible if I IL II < 1. Invertibility can also be seen by a direct formal

argument. We actually have a formula for Q:

formally oo

Q -(I-PTPW)1 fa (PTPW)k (4.3)
k=O

But since I I PTPW I I < 1, the sum converges. Now (I -PT)S = (I -PTPW)S for every bandlimited s,

because Pws = s. Thus,

s - Qr = s - Q( -PT)S - Qn
- S - (I-PTPW)1(I-PTPw)S - Qn
=- - Qn

so

lls - Qr 11 < IlQn 11

< I IQ I1I lIn II .

Now as Q = I +PTPW + (PTPW)2+ , and the operator norm is subadditive,

IIQ 11.< IIPTPW 1k

k.O

=( - IIPTPW II)-'.

It follows from (3.5) that we may take C = (1 - 1 T I IWWl )-1 in (4.2). 0

The identity (4.3) suggests an algorithm for computing Qr. Put s(f) - z (PTPW)k r; then
k=O

S(n)<Qr as n->oo. Now

s°= r

s(1) - r + PTPWS (°)

5(2) - r + PTPWS
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(4.4)

and so on. So S?") is the result of bandlimiting then timelimiting ?-'), then adding the result back to

the original data r. This very simple iteration recovers s. The iterations converge at a geometric rate

to the fixed point

s =r + PTPWS

On TC (the complement of the set T) where the data were observed, )-= r at each iteration n, while

on the unobserved set T the missing values are magically filled in by a gradual adjustment, iteration

after iteration.

The algorithm (4.4) is an instance of the alternating projection method: it alternately applies the

bandlimiting projector Pw and the timelimiting projector PT. Algorithms of this type have been

applied to a host of problems in signal recovery: for beautiful and illuminating applications see the

papers of Landau and Miranker (1961), Gerchberg (1974), and Papoulis (1975); for a more abstract

treatment, Youla, 1978; Youla and Webb, 1982; Schafer et al. (1981) give a nice review.

Note that the original uncertainty principle, which requires both W and T to be intervals, would

help here only if the set T where data are missing consisted of a single interval.

5. Recovery of a 'sparse' wide-band signal from narrow-band measurements

In several branches of applied science, instrumental limitations make the available observations

bandlimited, even though the phenomena of interest are definitely wide-band. In astronomy, for exam-

ple, diffraction causes bandlimiting of the underlying wideband image, despite the fact that the image is

a superposition of what are nearly Dirac delta functions which, by the uncertainty principle, have

extremely broad Fourier transforms. The same is true in spectroscopy, where the 'image' is itself a

spectrum.

Although it may seem that accurate reconstruction of a wideband signal from narrowband data is

impossible--'the out-of-band data were never measured, so they are lost forever'--workers in a number

of fields are trying to do exactly this. They claim to be able to recover the missing frequency informa-
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tion using side information about the signal to be reconstructed, such as its 'sparse' character in the

cases mentioned. We first became aware of these efforts in seismic exploration (the interested reader is

referred to the papers of Levy and Fullagar (1981), Oldenburg et al. (1983), Walker and Ulrych (1983),

and Santosa and Symes (1986)), but later found examples in other fields such as medical ultrasound

(Papoulis and Chamzas, 1979).

The discrete-time uncertainty principle suggests how sparsity helps in the recovery of missing fre-

quencies. Suppose that the discrete-time measurement (rt) is a noisy, bandlimited version of the ideal

signal (st):

r =PBs +n (5.1)

where n = (nt) denotes the noise and PB is the operator that limits the measurements to the passband B

of the system. Here we let PB be the 'ideal' bandpass operator:

2niwt
PB S=- Se N (5.2)

WEB

If we take discrete Fourier transforms, (5.1) becomes

rw = { o otherwise (5.3)

where we have assumed (without loss of generality) that the noise n is also bandlimited.

Let W denote the set of unobserved frequencies W _ BC, and let Nw denote its cardinality. The

equation (5.3) represents a frequency-domain missing data problem analogous to the time-domain miss-

ing data problem of section 4.

It may seem that the the problem is hopeless. After all, as (5.3) shows, the data (w: w E W) are

not observed. Even if there were no noise, one might be skeptical that anything could be done. Enter

the uncertainty principle.

Theorem 5. Suppose there is no noise in (5.1), so that r = PB S. If it is known that s has only N,
nonzero elements, and if
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2N,NW < N (5.4)

then s can be uniquely reconstructed from r.

To prove this, we first show that s is the unique sequence satisfying (5.4) that can generate the

given data r. Suppose that s 1 also generates r, so PBS1 = r = PB S. Put h = sl - s, so that PB h = 0.

Now s also has fewer than N, nonzero elements, so h has fewer than N', = 2N, nonzero elements;

because PB h = 0, its Fourier transform has at most Nw nonzero elements. Then h must be zero, for

otherwise it would violate Theorem 1 (since N',NW < N). Thus s, = s; we have established unique-

ness.

To actually reconstruct s from r, one could use a 'closest point' algorithm: let s be the sequence

minimizing I r - PB S' II among all sequences s' with N, or fewer nonzero elements. From the last

paragraph, we know that s = s.

An algorithm for obtaining s is combinatorial in character. Let N, be given and let II denote the

[N 3 subsets r of (O, ,NN-1} having N, elements. For a given subset re II let s, be the sequence

supported on r that comes closest to generating the data r, i.e. the solution to the least squares problem

minIIr -PBs'lI:P,s'=s')
Then 3 = sso for some 0e IFI; one merely has to find which:

s = arg min IIr - PBS I I

This algorithm requires solving sets of linear least-squares problems, each one requiring 0 (Nt3)

operations, so that it is totally impractical for large N. A much better approach will emerge in section

(6.3); for its justification, we will need yet another uncertainty principle.

Theorem 5 establishes uniqueness; can one establish stability in the presense of noise? Any spar-

sity constrained reconstruction method will be nonlinear, so such a result will be delicate. We state one

without proof.

Theorem 6. Suppose that the 'signal-to-noise' ratio

minfIs,I:s, #.0 [ ____
IIn I I L NN
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Then s can be stably reconstructedfrom r with stability coefficient C < 1 - ;NWv|

The result is not really practical; we give it only to illustrate two features we expect to be present in a

practical result. First, that stability depends on having a large enough signal-to-noise ratio; second, that

the uncertainty principle helps to determine not only the stability coefficient but also the signal-to-noise

threshold. A practical result would probably use a different notion of signal-to-noise ratio.

The bound 2N,N, < N is rather disturbing. It demands an unusual degree of sparsity: even if

only 10% of the frequencies are missing, it requires that s contain no more than 5 nonzero entries in

the time domain. Can one have uniqueness and stability if 2NWN, > N? Closer study shows that the

right necessary condition is of the form I PWPT I I < c < 1, where T is a set of 2N, sites, N, of which

are the support of the signal s to be recovered, and the other N, of which are arbitrary. Theorem 3 (or

more precisely, its proof) shows that I IPWPT II can be bounded in this way if 2NWN, <N, but this

bound is not sharp.

In section 7.2 we will consider the sharpness of the discrete uncertainty principle and come to the

conclusion that the condition 2N,NW < N may be relaxed if the locations of the nonzero entries in s are

known to be widely scattered. On the other hand, if the entries might be close together, (5.4) is essen-

tially the best one can do.

6. An L 1 Uncertainty Principle and Applications

6.1 The L Principle

For signal reconstruction problems like those of sections 4 and 5, it is also useful to have uncer-

tainty principles for the Ll-norm. The results are not as neat as the L2 results, but they have quite

remarkable applications.

The L -norm of the function f is, of course, I If II, J If (t)I dt; we also will need the L.,-

norm If I I-.. sup If (t) I. As before, we say that f is s-concentrated to T if I If - PTf IlI < E. Let

B 1(W) denote the set of functions f E L I that are bandlimited to W. We say that f is e-bandlimited to
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W if there is a g eB 1(W) with I If - g I I 1 < e. With this equipment, the statement of the theorem is as

expected . . except for a factor (1 - e)-l

Theorem 7. Letf be of unit L1-norm. Iff is eT-concentrated to T and eW-bandlimited to W, then

1 - eT-
IW2IT I > (6.1)

We will prove the theorem in two steps, first assuming that -w = 0. If ew = 0 then f eB 1(W). By

hypothesis,

IIPTf Ill l
If II 2 - T

Define the operator norm

11PTf 1(6
la°ff 'T) fsulp,lf (6.2)

(note that the analog for L2 is just the operator norm I I PTPW I I of equation (3.7)); then

of(W, T) > 1 -eT

The desired result then follows from

Lemma 3.

pLoff,T) < IW IIT I.

Proof. Forf eB1(W) we have

f (t) = fe 'f(o) d o

WDof11 e2ri(t-s)f(s)ds dco

= If(s) e 2ri (t*s)d cwds

So that

If (t) < If (s) I d ods

or

(6.3)lif II".< iwi lif Ill.
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On the other hand, for feL1

llPTf I1ll If I < llf II..ITI .(6.4)

Combining (6.3) and (6.4) we have for f eB 1(W)

IPTf Ill llf II..ITI = IWIIT .

Now suppose that ew . 0. If f is ew-bandlimited, by definition there is a g in B l(W) with

I g - f I I <ew. For this g, we have

IIPTg Ill> IIPTf Ill - IIPT(g -f)II1
> I I PTf I 1 - W

and also

lig 11, < lif 11, + eW

so that

IIPTg II1 l IIPTfII1 -W -T -ew
IlgII, - Ilf ll-ew -ew

Thus of(W, T) > (1 - - CW)/(l - ew); this combined with Lemma 3 proves (6.1). 0

6.2 Logan's Phenomenon

Consider the following continuous-time signal reconstruction problem. The bandlimited signal s

is transmitted to the receiver who measures s perfectly except on a set T, where the signal has been

distorted by a noise n. The set T is unknown to the receiver, and the noise is arbitrary except that

I I n I I i < oo. In short, the received signal r satisfies

r = s + PTn

The aim is to reconstruct s.

The method to be used is L -reconstruction, letting s be the closest bandlimited function to r in

the Li-norm

s = arg min IIr - s'Il -.
s'eB 1(W)
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One might suppose that reconstruction is made difficult because n may be very large: we have

not constrained I n 1. Enter the uncertainty principle, again.

Theorem 8. If I W I I T I < 1/2, the L1 method recovers perfectly: s = s, whatever be n.

To see why this is true, consider the special case where s = 0. Thus r = n. Theorem 8 requires that

the best bandlimited approximation to r be zero.

Here is where the uncertainty principle acts. As W T < 1/2, every bandlimited function

geB1(W) is less than 50% concentrated on T: I IPTg 11 < 1/211g II1, and so I IPTg II1 < IIPUg II1

where U = TC and Pu = I - PT, projection on the complement of T.

This will imply that the best bandlimited approximation to n is zero. Indeed, if geB 1(W) and

g .0

lln -gl11l = IIPT(n -g)lill+ 11Pug 11

> IPTn 11, - IIPTg Ill + IIPug Ill
> IIPTn Ill = lln 11

We have just proved

Lemma 4. Let W I T < 1/2. If n vanishes outside of T, then its best bandlimited approximation from

B1(W) is 0.

The role of the uncertainty principle in this lemma should be emphasized: it says that because no

bandlimited function is as much as 50% concentrated to T, any effort to approximate n well on T

incurs such a penalty on Tc that one does better not to try.

To prove Theorem 8, suppose that s . 0, and let geB1(W).

Ir - g I= Is + n - g II,
= lln + (s - g)hl,

We want to minimize this expression over all geB I(W). Now (s - g) is bandlimited; the lemma says

that this expression is minimized if (s - g) = 0. It follows that s = s.

This rather striking phenomenon first appeared in B.F. Logan's Thesis (Logan, 1965). He proved

the theorem for the case where W = [-Q2/2, Q2/2], without explicitly noting the connection to the uncer-
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tainty principle. We think our proof makes the result rather intuitive.

One might call this result "Logan's Certainty Principle", as it says that s can be reconstructed

with certainty when the set T where s is corrupted is smaller than some critical threshhold value.

Logan envisions applying this result to the problem of smoothing away high-energy impulsive noise.

By using the L -technique, the effects of such noise can be entirely removed, provided the total dura-

tion of the noise bursts is short. In our view, this is a powerful, novel property of Ll-methods in signal

processing.

The crucial and surprising thing here is that T is unknown and may be totally arbitrary (provided

I T is small), and n may be arbitrary as well. In contrast the application in section 4 required that T

be known and that I I n I I be small.

6.3 The Sparse Spike Train Phenomenon

Theorem 7 has an analog for discrete time in much the same way Theorem 2 has Theorem 3.

There is also a discrete-time version of the "Certainty" phenomenon.

To apply these, return to the sparse signal reconstruction problem of section 5. We observe r, a

bandlimited version of s; assuming no noise is present, r = PBS, where PB is the ideal bandlimiter of

(5.2). Here B is the system passband and W = BC is the set of unobserved frequencies.

We saw in section 5 that provided s is sparse with 2N,NW < N, we can recover s from r. How-

ever, the combinatorial algorithm we proposed is unnatural and impractical.

Consider instead an 1 1-reconstruction algorithm. The 1 1-norm of (x,) is defined to be

N-1
I x I = , x, I. Let s be the signal with smallest I l-norm generating the observed data r:

,=0

= arg min I I s'l I i subject to PB S' = r . (6.5)

This estimate may be conveniently obtained by linear programming (e.g. see Levy and Fullagar (1981),

Oldenburg et al. (1983), or Santosa and Symes (1986)). In practice it requires 0 (N N,2logN) time as

compared with 0 ( 3N N,3) time for the combinatorial approach. As the cited papers show, the method
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also has an elegant extension to the case where noise is present. The uncertainty principle shows that

the method recovers s in the noiseless case.

Theorem 9. If 2N,NW < N, then

s = s exactly

The proof is an application of Logan's phenomenon. First, note that by (6.5), PBS = PBS, SO

= s + h where PB h = 0. Thus h is bandlimited to W = BC. On the other hand, s is sparse--it

differs from the sequence (0, , 0) in only N, places. As 2NtNW <N, the discrete Logan's

phenomenon implies that the best 11-approximation to s by sequences bandlimited to W is just the zero

sequence. In other words,

arg min IIs+h1hI=I !heB 1W)

or

argmin ( I Is'lI: PBS'= PBS } =S

Instances of this phenomenon were demonstrated empirically by Geophysicists in the early 80's.

A formal theorem and proof were discovered by Santosa and Symes (1986), who actually mention the

uncertainty principle in passing during their proof. (They do not, however, mention exactly which

uncertainty principle they are using nor indicate why it is intrinsic to the result.) We think the connec-

tion with Logan's phenomenon and with the 11-uncertainty principle are enlightening here.

7. Sharpness

7.1 Sharpness of the Continuous-Time Uncertainty Principle

Is there a converse to Theorem 2? If T and W are sets with I T I I W I > 1 will there exist a pair

(f ,f ) with f practically concentrated on T and f practically concentrated on W? This is a difficult

question. If T is an interval and W is an interval, the answer is yes (with the appropriate values of eT

and ew). Otherwise, little is known.

As we saw in (3.4), the existence of such a pair is equivalent to
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IIPWPTII >1 -CT -eW

Define Xo(W, T) IIPWPTII2. The work of Slepian, Landau and Pollak provides a great deal of

insight into the behavior of Xo when W and T are single intervals (Slepian and Pollak, 1961; Landau

and Pollak, 1961). They show that in this case X0 is the largest eigenvalue of the operator PWPTPW;

and they give a complete eigenanalysis of this operator, identifying its eigenfunctions as the prolate

spheroidal wavefunctions. They also show that XO(W, T) is a function of c 22t I W I T I alone; call

this function XO(c). Slepian and Sonnenblick (1965) give the following table:

c OX(C)

6 0.99990188
7 0.99998546
8 0.99999787
9 0.99999969
10 0.99999996
11 0.99999999

Thus although perfect concentration is impossible when W and T are intervals, if the product of their

lengths is at least 1 (i.e. if c >27t), there is a transform pair (f, f ) such that ET and ew are quite small

(<0.0001).

For general sets T and W, however, the uncertainty principle can be far from sharp. In particu-

lar, if T is the union of very many very 'thin' intervals, then it can be extremely hard to concentrate a

bandlimited function on T, even if I T I is quite large.

Theorem 10. Let W be an interval. Let T be a union of n equal width intervals. Let the minimum

separation between subintervals of T tend to oo; then

IIPWPTIl4X[2ltWIITI 1 (7.1)

As X(2ir IW IITI ) < lWI ITI, the right hand side of (7.1) can be small if n is large. The theorem says

that for W an interval, there are sets T where I W I I T I = 1 but XO(W, T) is arbitrarily small. It also

shows that there are sets T where XO(W, T) . 1/2 but I W I I T I is arbitrarily large. In these cases T is a

union of many 'thin' intervals.
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This result is the best of its kind, in a certain sense. If T is the union of n intervals T,, it is easy

to see that

Xo(W, T) . max XO(W, Ti)

=X(2rIWI maxITiI)

2.v [2 I W I I T

Thus the right side of (7.1) is always a lower bound for the left side; the theorem says that it may

almost be attained.

Comparing the theorem with Table 1, one gets the impression that when W is an interval, if one

varies T keeping I T I fixed, XO(W, T) would be largest when T is an interval and smallest when T is

'fractured' into many thin sets. Thus intervals would be the easiest sets to concentrate on, and 'thin

sets' would be the hardest. This leads to

Conjecture 1. max IIPWPT II, where W is an interval and T ranges over measurable sets with

T W = C, is attained when both W and T are intervals.

Ingrid Daubechies has shown us a perturbation theory argument that implies the conjecture is true

'infinitesmally'--that I IPWPT I I decreases as T is perturbed away from an interval to a union of inter-

vals having the same total measure but with small gaps between the intervals.

The fact that I PWPT I I ' I W I I T I when T is fractured has positive applications to the problem

of section 4. What we really proved in Theorem 4 was that s could be stably reconstructed from r

provided IIPWPT II < 1, with stability coefficient (1-I PWPTII )-1. In view of Theorem 10 and its

corollaries, we can see that, if W is an interval, then we can have I PWPT I I arbitrarily close to zero

with I W I I T I arbitrarily large. Consequently, when the set T is 'thin enough', s can be stably recon-

structed from r even though I W I I T I > 1, and in fact with a stability coefficient close to 1.

7.2 Sharpness of the Discrete-Time Principle

When N is a highly composite number, the periodic spike train examples of section 2 show that

many pairs ((xt), (I.)) attain equality NtNW = N. In this sense, the discrete-time principle is sharp.
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On the other hand, Appendix A shows that the index sets T and W where the bound is attained

are all highly regular (equispaced). For arbitrary index sets T and W with NtNW . N it could be that

no sequences exist that are perfectly concentrated to T in the time domain and to W in the frequency

domain.

Defining PT and Pw for discrete-time signals in the obvious way, it turns out that just as in the

continuous time case, there exist transform pairs ((xt), (X)) with (xt) ET-concentrated to T and (La)

ew-concentrated to W if and only if I PTPW I 2 1 - ET - EW -

Thus, defining ko II PWPT112, the uncertainty principle (3.8) is nearly sharp if for the sets T

and W of interest one has

NtNwN > 1 and
N

XO(W, T) 1. (7.2)

As in the continuous-time case, the principle seems nearly sharp if T and W are intervals

T = [t0, ,to+Nt -1 I

W = {wo. ,wo+Nw-1}

For W and T intervals, we have found that X0(W, T) is very close to 1 when -Nf > 1. In the discrete

case, X0(W, T) is just the largest eigenvalue of the matrix PWPTPW, and can be computed numerically.

Table 2 presents results for the cases N = 64, 96, 128, 192, 256, with (Nt, Nw) chosen so that Nt = NW

NNand -i. z 1, 2, or 3.

Table 2: Xo as a function of NtNwIN; W and T intervals

NwNtN Xo for N=
64 96 128 192

1 0.913 0.918 0.904 0.907
2 0.992 0.988 0.987 0.987
3 0.999 0.999 0.999 0.999

Thus it is rather easy to concentrate on the pairs of sets (T, W) when T and W are both intervals.

On the other hand, if W is an interval and T is allowed to range over sets that are not intervals, it

can be quite difficult to concentrate on (T, W). Our examples concern the case where W comprises the
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low frequencies (0, 1, , N,-l) and T consists of equally-spaced sites. The basic tool here is

Theorem 11. Let m 2 Nf divide N. Let 0W= (0, , r-i) and T = (0, N,2N, }. Then
m m

N, = Nt = m and

X0(W, T) = <1,

yet

NtNw =m 2

N N
>

This result can be used to construct counter-examples to (7.2) where Xo < c < 1 but --Nw is arbitrarily
NN~~~~~~~~~~~

large, and examples where Niw = 1 but X0 is arbitrarily small:

Corollary 2. Let N be even. Let W consist of the N lowest frequencies and let T be the even numbers

{O, 2,**, N1 }- Then XO(W, T) = 1/2, but

NwNt N
N 4

Corollary 3. Let N be a perfect square. Let W consist of the nliT low frequencies and let T be. a set of

NNequispaced points with spacing X¶. Then -Li- = 1 but

X0(W, T) =N½-.
In short, the uncertainty principle can be arbitrarily 'non-sharp' in this case.

These examples are the best of their kind. From the inequality that the largest eigenvalue of a

nonnegative-definite matrix is at least the trace divided by the number of nonzero eigenvalues,

XO(W, T) > trace (PWPTPW)
rank (PWPTPW)
NwNt 1

N min(Nw, Nt)
max(Nw, Nt)

N

The fact that trace PWTPW = is the discrete-time analog of Lemma 2. In Theorem 11 and its

two corollaries, this lower bound is attained.
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The discrete-time case seems to have some interesting structure. Suppose N,Nw = N. If W is an

equispaced set then if T is also equispaced, concentration is maximal: X0(W, T) = 1 (by the appendix).

If W is still equispaced but now T is an interval, the concentration is minimal (by the previous para-

graph). On the other hand if W is an interval the situation is the reverse: T equispaced minimizes the

concentration (by the last paragraph), while T an interval seems to maximize it. Numerical experi-

ments support the following

Conjecture 2. If W is an interval and NwNt = N, then I IPWPT II is maximized among all sets T of

fixed cardinality Nt when T is also an interval.

If the conjecture is true, intervals and equispaced sets play completely dual roles.

7.3 Lack of Sharpness when T is 'Random'

The lack of sharpness when W is an interval and T is scattered has positive applications to the

signal recovery problem of section 5. As we saw there, the uncertainty principle suggests that recovery

of a sparse sequence from data missing low frequencies would place severe restrictions on the number

of spikes in the sequence. However, we have just seen that the uncertainty principle may be far from

sharp, so for some sets T, NwNt may be much larger than N without admitting highly concentrated

sequences. By an argument we will not repeat here, this suggests recovery is possible. Unfortunately,

the examples so far have T equispaced; such perfect spacing is not plausible in practical signal recovery

problems.

A more realistic situation is when W consists of the low frequencies o,. , NW-1) and T is a

set of sites chosen at random (i.e. by drawing N, integers from a "hat" containing (0, * *, N-li).

We have investigated this setup on the computer; the results suggest that randomly-selected and

equispaced sets T behave similarly.

In our investigation we used several different sequence lengths N: 64, 128, and 256. For each

sequence length N, we let N, and N, range systematically between 8 and 70, and 2 and 50, respec-

tively. For each choice of Nw and N,, we let W = {0, - - , NW-1) and we randomly generated 20 sets
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T with Nt elements. We computed Xo(W, T) for each of the 20 cases; averaging across these we

arrived at

XO(NW, Nt, N) = Ave(XO(W, T)}.

In all, we examined more than 30,000 combinations of sets T and W.

Figure 1 shows Xo(NW,Nt, N) versus NwN, The different symbols are for different length

sequences: the dots are results for signals of length 64, the circles are for length 128, and the plusses

are for sequences with 256 elements. The plot shows that even with NtNW = 8N, quite often X0 < 0.8:

there is no pair ((x,), (!,)) that is simultaneously concentrated on W and T even though the product of

their cardinalities is large compared to N. This situation grows more pronounced with N: on the aver-

age, the uncertainty principle is less and less sharp for larger and larger N, when W is an interval and

T is a random set. This leads us to

Conjecture 3. Let Wbe the interval containing the lowest N, frequencies and let T be a randomly-

N,N. Ntselected set ofNt sites. Suppose c = -N- and a = are held fixed as N --oo. ThenNVN

E(X0) -- 0

where E (X0) denotes the expectation of Xo under random selection of the sites in T.

Results like this, if true, would suggest that in the problem of section 5, it may be possible to recover

many, many times more spikes than (5.4) indicates -- if the spike positions are scattered 'at random'. If

they are all together in one interval, however, our uncertainty principle is nearly sharp. Thus those who

claim that 'sparsity' allows reconstruction of wideband signals from narrowband data should say that

'scatteredness' is needed also (unless truly extreme sparsity is present).

8. Discussion

a. While the uncertainty principle is true with a great deal of generality, it becomes false if we try to

extend its scope to locally finite measures. For example, let 6t denote the Dirac delta measure

8t (S) = 1, if t ES ; 0, otherwise 1. Then fix h > 0 and put
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00

V -- 8h k -

k=-oo

This measure can be viewed as an infinite train of equally-spaced spikes. Formally, the Fourier

transform of v is

00

k=

This is the Fourier transform of v in a distributional sense: the Parseval relation

J|dv = f'Vdv
holds for every infinitely differentiable test function xv of compact support (see Katznelson, 1976, for

the Fourier theory of locally finite measures). The pair (v,v() furnish a 'counterexample' to our uncer-

tainty principle since v is supported on a set of zero measure, as is ,. Therefore

I supportv I supportO I = 0 < 1.

On the other hand, if one takes a sequence of smooth test functions (f,n) converging in the distributional

sense to v (i.e.

f ff|VJ dv asn->oo (8.1)

for every test function xV) then each of these functions fn will satisfy the uncertainty principle (by

Theorem 2).

b. Our idea for proving Theorem 1 arose while reading Paul Turatn's 'On a new method of analysis and

its applications.' The key to our proof is of course the following: let

n

g (v) = z bi ziv.
i=1

If the zi are distinct then g (v) can not vanish at n consecutive integers unless b1 = b ..b= = 0.

Equivalently,

max Ig (v) = 0 if and only ifb1 bn = 0
m.SVm+n

Turan's book is devoted to various quantitative refinements of this and related principles and applica-
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tions to analysis and number theory. Turan finds bounds for max g (v) under various constraints
m cVS5m +n

on (b5) and (zi). Our first proof of Theorem 1 obtained Lemma 1 as a special case of Turdn's Theorem

11.1. In present terms that inequality can be stated as

1~~~~
max Ig(v)l I>- Y lbj I

mcv:5m+n n 2 =

where 8 = min zi - zj 1. Note that this inequality has application to the problem of section 5; it shows
i,ij

in a qualitative way that it is better for the spikes to be well-separated if they are to generate an appre-

ciable amount of energy in the passband B.

c. Our idea for proving Theorem 2 arose from immersion in papers by Fuchs, Slepian, Landau, Pollak,

and Widom. Fuchs (1954) was apparently the first to consider the norm II PWPT II where W and T are

arbitrary sets of finite measure. Define

Xo(W,T)- I IPWPTII2.

Fuchs indicated some uses for X2, including its relation to the uncertainty principle. However, Fuchs

(1954) does not contain the key inequality

Xo(W,T)< IW I IT (8.2)

which we establish here via our Lemma 2; this, together with his Theorem 1, would have established

our Theorem 2.

In much of the work of Slepian, Landau, and Pollak, the sets T and W are restricted to be inter-

vals, so the uncertainty principle they consider is the classical one. They show that Xo is the largest

eigenvalue of a certain integral operator and explicitly determine the corresponding eigenfunction, one

of the prolate spheroidal wavefunctions. However, Landau and Widom (1980) consider the case where

W and T are unions of disjoint intervals; they compute explicitly

trace PTPWPT = I W T 1. (8.3)

If we use the identity

I I PW PT I HS = trace PTPWPT
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(since P 2= Pw and both PT and Pw are self-adjoint), this gives our Lemma 2. However, Landau and

Widom make no connection between (8.3) and the uncertainty principle. We believe Theorem 2 to be

new.

d. One can generalize theorems 1 and 2 to other integral transforms. Yitzhak Katznelson and Persi

Diaconis, after reading an earlier draft, suggested that an uncertainty principle like Theorem 2 ought to

hold for arbitrary transformations f ->f satisfying merely

(A) I If 112 = If 112 (a Parseval-type identity)

and

(B) Ilf II.. < Ilf II1.

We have been able to give such a result; it involves the use of L 1-concentration in one domain and L2-

concentration in the other.

Theorem 12. Suppose f -of is a transformation of L1 rn L2 into L2 r) Lo. with properties (A) and (B).

Suppose there is a transform pair (f , f ) of unit L2-norm withf eT-concentrated to T in L -norm andf

ew-concentrated to W in L2-norm. Then

I W I I T 1 2(1- W)2(1-CT)2.

The proof takes only a few lines:

I If 112 = I If 2 < 1- FW)-i If 2
. (1 - w-2 1W (I IIf,)2

The first inequality follows from w -concentration of f . Now,

lif .< Ilf II1 (1- eT)J-1 If
T

where the last inequality follows from ST-concentration of f . By the Cauchy-Schwarz inequality,

I If <-'IT If 112.

Combining these inequalities,

Ilf 112< (1 -EW)-2(1 ET)-21W IITI Ilf 112
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from which the theorem follows.

It seems interesting that the result is "mixed", involving both L2 and L1 norms. We wonder if a

result using L2-measures for both frequency and time concentration can be constructed this easily.

The proof is quite general and may be used in other situations. For example, the same reasoning

applies if the index set in the transform domain is discrete; thus the proof says something about orthog-

onal series. Let (¢k ) be an orthonormal basis for L20, 1], let fk = ff (t)4k(t)dt be the k-th

Fourier-Bessel coefficient of f, and let (f ) denote the sequence of Fourier-Bessel coefficients. Let now

fI 12. If ,f I and I If11 denote the 12, 11, and I.. norms of the sequence (fk), let W denote a subset

of (1, 2, * }, and let I W denote counting measure (#W ). Because the d? are orthonormal, condi-

tion (A) holds for f in the L 2-span of I(k }; if I'Ik I -
< 1 the condition (B) holds as well. With this

change in symbolism the same proof establishes

Corollary 4. Let I Ok }be an orthonormal set with I I IIk < 1 for all k. Let f be of unit L 2-norm and

belong to the L2-span of { Ok }. Iff is CT-concentrated to T c [0, 1] (in L 1-norm) and if the sequence

(fk) is ew-concentrated to W c ( 1, 2, } (in 12-norm) then

IT IIWI>2( -£T)2(l W)2* (8.4)

This result is now doubly "mixed" in that one domain has a continuous index set, the other is discrete,

whereas the measure of concentration in one domain is an L -norm while that in the other domain is an

12-norm.

The special case CT = W= 0 of this result is worth mentioning. Let support f f t f (t) . 0 ,

and let support f (k fk . 01. Then (8.4) implies

support f I* support f 2 1 . (8.5)

(I support f I = 11 k: fIk . 01 ). This can also be proved directly as follows.

(If12<(IIf It..)2 1supportf I

lloo= sup I 6fk)(t) I

< I I fk I(8.6)



- 32 -

< ij,IfIU2fk # {k: fk .01 (8.7)

where (8.6) follows from II 4k .c-< 1, and (8.7) from Cauchy-Schwarz. Because 4k are orthonormal,

Bessel's inequality , If, 2 < J If 12 gives

IIf 112< I support f II supportf If II 2

which establishes (8.5).

Let Pk be the k -th Rademacher function (4k(t)= 1 if the k -th bit of t in binary representation

equals 1; dk() = -1 otherwise); the I Ok } are then bounded in absolute value by 1 and are orthonormal

on the interval [0, 1]. The functions

fi=-0o (-1)

and

f2 = 0 + 1 (2 on (1/2, 1); O, otherwise)

supply two examples where equality obtains in (8.5).

As it turns out, a more useful result would assume that I1 k I I < M for al k. The last proof of

(8.5) then shows immediately that the correct result in this case is

support f I I
support .2

We also remark that an argument similar to the proof of (8.5) provides an alternative proof of Theorem

1 (NtNw > N). However, such a proof does not seem to provide direct insight into the nature of the

extremal functions.

There are other directions of generalization as well. Persi Diaconis and Mehrdad Shashahani

have pointed out to us that an uncertainty principle holds in noncommutative harmonic analysis. Let G

be a compact group. Let f be a function on G, and let f p be the (matrix-valued) coefficient of f with

respect to the unitary representation p, via

f p ffG|(g)pt)dg.

Here G I is the measure of G (i.e. 1 for a continuous group or the cardinality of G for a discrete

group). Then Diaconis and Shashahani prove that
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supportf (E*dim2p) . IG I (8.8)

where the sum ranges over irreducible representations of G with f p . 0. When G is continuous, so

that G = 1, this inequality is similar to (8.5), in that 2 dim2p is counting the number of nonzero

coefficients in the expansion of f (recall that p(g) is a dim p by dim p matrix). When G is the group

of integers modulo N, this inequality, sensibly interpreted, implies N,NW . N. The proof of (8.8),

which uses a number of facts about Haar measure and irreducible representations, is not much longer

than our proof of (8.5) and (except for terminology) has a flavor similar to the proof of (8.5).

9. Conclusion

We have proven an uncertainty principle in which the sets of concentration need not be intervals.

This general principle is easy to prove and has applications in signal recovery. The applications

include: analysis of linear recovery problems (section 4) and nonlinear ones (section 6.2); Establishing

uniqueness of recovery when no noise is present (section 5) and stability when noise is present (section

4); Establishing that a computationally effective approach.to a recovery problem is available (section

6.3). In all these applications, the basic uncertainty principles (N,NW > N; W T 2 1 - 8) establish

that something is possible, but generally much more is possible than these simple inequalities indicate.

Better practical results will require seeing how operator norms such as PTPW I depend in detail on

the sets T and W.

The basic principles also have generalizations to orthogonal series and to harmonic analysis on

groups. Perhaps interesting applications of these principles will also be found.
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Appendix A: Extremal Functions of the Discrete-Time Principle.

Theorem 13. Equality NtN. = N is only attained by me' and sequences (x,) reducible to it by

(a) scalar multiplication

(b) cyclic permutation in the time domain

(c) cyclic permutation in the frequency domain, so that

X(t ),,modN = wX¶(w)modN (A.1)

for some oa . 0, and some integers t and c. Equivalently,

X(t-)modN = xe N.nNt.

Proof. We know that E' satisfies the equality; by inspection sequences (xt) that can be written as in

(A.1) do also. In the proof of Theorem 1 we showed that equality is only possible if

(1) N is composite with the factorization N = NtNw (obviously), and

(2) the Nw nonzero elements of xw are equally spaced.

To these we may add

(3) the Nt nonzero elements of xt are equally spaced.

The argument for (3) is similar to the argument given for (2). In Lemma 5 (below) we give a result

reciprocal to Lemma 1, showing that no Nw consecutive entries of xt can all vanish. But since xt has

only Nt = N nonzero elements, they must be equally spaced to avoid a gap more than Nw long.

Let us now see how (1)-(3) imply (A.1). Let (yt) be a cyclic permutation of (xt), i.e.

Yt = X(t-),)modN, with yo . 0. Henceforth let k = Nt, 1 = Nw. By (3), (yt) has the same support as Mk.

It can therefore be written as the pointwise product

t= ml et

where (e,) is an 'envelope' sequence. The transform (9w) is the circular convolution of the transforms

Wkk-""Im' and e^:

A

N-I k
=W x 111je(w -j)modN

J.0
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Now the convolution of the periodic sequence m' with any other sequence yields a periodic sequence

with the same period. Thus (9,) has Nw = N periods of length N,; to attain equality N,NW = N it

must have only one nonzero value in each period. By periodicity all the N, nonzero entries in y9w are

identical and equally spaced. Thus, for appropriate cx, co,

Yw = (w-w)modN

In terms of the original sequence xt,

X(t -r) ,wdN = (w-) mod N * °

To show that the extremal functions in both the time and frequency domains are equally-spaced

spike trains, we used the following lemma in addition to Lemma 1:

Lemma 5. If (i,f,) has Nw nonzero elements, then xt cannot vanish on any interval of Nw consecutive

times t.

The proof of Lemma 5 is identical to that of Lemma 1 after interchanging the roles of x and x, replac-

ing Nt by Nw, and replacing z by z-1.



Concentration versus NWNt /N
1.0 I

5eDo N=128l

Q.4W* + N=256

lo°~~~ol0.9 0

0.3 0

0 5 10 15 20 25
NmNi N


