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Abstract

In model selection, usually a 'best" predictor is chosen from collection
{A(., s)} of predictors where j(., s) is the minimum least squares predictor
in a collection U, of predictors. Here s is a complexity parameter; that is,
the smaller s, the lower dimensional/smoother the models in U.

If L is the data used to derive the sequence {j(.,s)}, the procedure is
called unstable if a small change in L can cause large changes in {f(.,s)}.
With a crystal ball, one could pick the predictor in {jt, s)} having minimum
prediction error. Without prescience, one uses test sets, cross-validation, etc.
The difference in prediction error between the crystal ball selection and the
statistician's choice we call predictive loss. For an unstable procedure the
predictive loss is large.

This is shown by some analytics in a simple case and by simulation results
in a more complex comparison of four different linear regression methods.
Unstable procedures can be stabilized by perturbing the data, getting a new
predictor sequence {s'(.,s)} and then averaging over many such predictor
sequences.

*Partially supported by NSF Grant No. DMS-9212419
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1. Introduction
Given data S = {(yn,xn), n = 1,....N} where the xn take values in

E(M), the goal of model selection is to use £ to construct a function pi(x, £)
that will give accurate predictions of future y-values. One common approach
is to define a large class U of predictors {p(x)} and find that fi E U which
gives the best predictions on L. Assuming that prediction error is mean-
squared, this says - chose that j E U which minimizes

RSS(p) = I -112= (Yn-(Xn))2
n

The difficulties in this approach are well-known. IfU is high-dimensional,
then / "overfits" the data i.e. it will have low mean-squared prediction error
on L (low RSS) but higher prediction error on test sets. Put another way,
it does not generalize well. On the other hand, if U is too low-dimensional,
it may not contain a good fit to the data.

The strategy currently used to cope with this problem defines a class {U,}
of subspaces of U where s is a one-dimensional parameter and s < s' =* Us c
ls4. As s decreases, so does the effective dimensionality of U,8. Define f(-, s)
as the minimizer in U, of IIY _ p,j2. The final step is to form some estimate
P^E(p) of the "true" prediction error, PE(p) of a predictor p. Now define

PE(s) = PE(^s(,s))

PE(s) = PE(^(-, s))
select s as the minimizer of PE(s) and use the predictor ji(., s). The usual
PE estimates are gotten using test sets, cross-validation, bootstrap, etc.

The parameter s is a complexity parameter. The smaller s is, the simpler
and smoother the predictors in U,. For instance, in subset selection in linear
regression, s takes on non-negative integer values k, and UA is the set of all
linear regressions with at most k non-zero coefficients. In ridge regression,
U8 is the set of all linear predictions /3 * x such that 11311 < s.

In binary tree regression ala CART, s is integer valued, and Uk is the set of
all trees with k terminal nodes. Similarly, in MARS, Uk is the set of all p that
can be expressed as a sum of k or fewer basis functions (linear splines and
products of linear splines). The current trend in neural networks is similar
to ridge regression: minimize RSS using a constraint on the parameters of
the form 11011 < s.
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When it is not computationally feasible to find the it E U, minimizing
RSS(p), suboptimal methods are used. If Uk is the set of all linear predictors
with k or fewer non-zero coefficients, and x is M dimenlsional, then finding the
minimizing y is slow if M > 40, and stepwise methods are used. Finding the
k-terminal node tree p which minimizes RSS(y) is an NP-complete problem.
The algorithm used in CART finds a suboptimal tree by stepwise splits.

The primary question we study is:

Let s* be the crystal ball estimate of the best s, i.e. s* = argminPE(s).
Given an estimate PE(s) with s = argminPE(s), how much do
we lose by not having a crystal ball? That is, how big is the
predictive loss

PL = PE(s) - PE(s*)?

Obviously, the answer depends on how PE is estimated. But what we
are trying to uncover is how the prediction loss is connected to the {fU}.
A characteristic strongly related to predictive loss is the instability of the
sequence A( s,1C)}. The intuitive definition of instability is that if the data
1 is changed slightly, then drastic changes can occur in {js(., s, L:)}.

Subset selection. is unstable. Changing just one data case in L can cause
a large change in the minimizer of RSS(1) over Uk. But ridge regression is
stable. Eliminate one or a few cases and the minimizer of RSS(Y) over U. is
close to the original minimizer. Here is a list of well-known methods:

Unstable
CART
MARS

Neural Nets
Subset regression

Stable
k-nearest neighbors
ridge regression

On the surface, neural nets seem stable, since a gradient search is done
to minimize IIY - ps(.,G) I2 under IeI01 < 8, where It.,6) is a sum of sigmoid
functions of linear functions. But the surface of Iy I- (_,,) 12 + AuG11 2 gen-
erally has so many local minima that a small change in 1 may switch the
minimizer from one local min to another some distance away.
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The more unstable the procedure, the noisier PE(s) is, and the larger the
predictive loss whatever method of PE estimation is used. With unstable
procedures, we are less able to locate the best model, and the size of the
predictive loss may be a substantial fraction of the prediction error.

Figures 1.1, 1.2 give illustrations of this. Figure 1.1 consists of PE(k)
plots for 3 runs of subset on 30-dimensional simulated data where the subsets
are selected by forward stepwise addition. Figure 1.2 gives the plots of PE(k)
for ridge regression on the same data where k is the equivalent dimensionality.
(See Section 5 for details of how the data were generated).

There are other consequences of instability. One is that the estimates
of the prediction error for the selected predictor Pj(-, s') have large negative
bias. Another is that "infinitesimal" methods for estimating PE do not work
very well. An example of this latter is the discovery in Breiman and Spector
[1992] that leave-one-out cross-validation is less accurate than leave-many-
out in selecting the best subset dimension.

Given that instability has undesirable consequences, what can be done?
Unstable procedures can be stabilized! Consider all data sets £' such that
d(L,,C') < 6 in some (unspecified) metric d. Define

PST(,S=)=AVd(zzz)<6(- ,

Then the averaged predictors {IIST(.,s)} are a more stable sequence with
lower predictive loss, and less biased PE estimates.

2. Plan for Paper
Instead of trying to give rigorous definitions of instability, distance £ to

L', etc, we proceed by example. Linear regression is used as a paradigm.
Four different methods with varying degrees of instability are studied. The
most unstable is subset regression, the most stable is ridge regression. In a
simple situation, analytical results can be derived. In more complex settings,
we rely on simulations. The plan is:

Section 3 gives definitions of prediction error for X random and X controlled
data. The test set, cross-validation and little bootstrap methods for estimat-
ing PE are detailed. The four regression methods are defined.

Section 4. Analytic results are gotten in the X'X = I case for PE estimated
either by test set or little bootstrap. These illustrate the effects of instability
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Figure 1.1

PE vs. No. Vanrables for Subset Selection
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as the number of variables increases. The results of stabilization are made
clear.

Section 5. Simulation results are given for X controlled using more complex
X'X designs. These again illustrate instability effects and the results of
stabilization.

Section 6 gives results of a simulation study in the X-random case where
PE is estimated either by test set or by cross-validation. Some perplexing
aspects of stabilization are described.

Section 7. We look more closely at cross-validation estimates to see why
leave-one-out cross-validation behaves poorly in selection from an unstable
sequence.

Section 8 compares the performance of the stabilized subset predictors to the
other prediction methods on a spectrum of simulated data.

Section 9 has concluding remarks. We summarize the various threads in the
preceding sections, and give some future research directions.

Appendix give details of the X'X = I computations, little bootstrap proof,
and the tiny bootstrap formula.

Although our main emphasis is on the effects of instability on predictive
loss, some other new ground covered. The two garrote regression methods
and stabilization promise greater predictive accuracy than either subset selec-
tion on one extreme or ridge on the other. The limitations of ridge regression
are seen. The little bootstrap (Breiman [1992a]) and its infinitesimal version,
the tiny bootstrap (Breiman [1993]) are extended and strengthened as PE
estimation methods.

The effects of instability first came up in connection with the study of
one of the garrote methods compared to subset selection and ridge (Breiman
[1993]). The simulations showed that although subset selection often had
a crystal ball model with lower PE than the best ridge model, it lost out
because of higher predictive loss. The effort to understand this phenomenon
better resulted in the present work.
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3. Definitions

3.1 PE Definitions
Two definitions of prediction error are common and useful. Sometimes,

the values of {xn} are fixed in a controlled experiment. If the responses Yn
are assumed iid selected from a distribution Y(xn),

PE(ps) = E(Z(Y(Xn) - P(Xn))
n

If Y(Xn) =!*(xn) + C, with Ee* = 0, then PE(p&) = Ncr2 + 11 _ p*112. We
refer to * as the "true" model and to lip _ P*112 as the model error.

In the X-Random situation, the data is assumed iid from Y, X. If the
sample size is N, then the prediction error is

PE(p) = N - E(Y -P(X))2
Then N multiplier is used to get the PE measure for X-Random on the same
scale as for X-Controlled. Defining p*(x) = E(YIX = x), then

PE(p) = Na2 + NE(p*(X) - (X))2
where a2 = E(Y - E(YIX))2. The model error is defined as the 2nd term.

3.2 PE Estimates
a) Test Sets.

The simplest way to estimate PE is use of a test set. In the X-Random
case this is data {(y', x'), n = 1, . . . , N'} iid from the same distribution as
L and independent of C. Then

PE(#) N I(y _ P(X' ))2.PE(t') = N E n n

n

In the X-Controlled situation, test sets are generated by replicating the
experiment K times using the same set {xn} of x-values. Let the replicated
outcomes at xn be y',n.a**K Then

PE(p) = 1 (Yk,n -
Kk,n&

(,In practice, large test sets are usually not available and other PE esti-
mation methods are used.
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b) Cross- Validation.
In the X-Random situation, cross-validation reuses the data to get a PE

estimate. Let F C L contain Ncv cases and Ccv = C - F. Suppose that j
is the minimizer of IIY-_Ip2 under the constraint p E U.. Construct j4~s)
from Ccv to be the minimizer of IIY - pII2 under the constraint p E U. Put
PE(-F) =E(ynXn)EY(Yn "-4)(X))2X Do this for sets, F1, F2,... .FK and
define

PE(s) = K * PE(Fk).

The selection of the {Fk} is usually structured so that they cover C more
or less evenly. In leave-one-out cross-validation, there are K = N left out
sets JFk, each one consisting of the single case (Yk, Xk). Another selection is
leave-many-out. Here the sizes of the JFk are fixed - usually some fraction
of N, and the JFk selected at random. Another version of leave-many-out
structures the {Fk} selection so that each (Yn,Xn) appears in exactly L of
the {Fk}. This is an extension of the V-Fold cross-validation used in CART.

c) Little Bootstrap.
In X-Controlled context, cross-validation is not appropriate. Consider

RSS(p) =lp* + *-pil2
- IIe*112 + 2(E2, - p) + II8 - 1

So
PE(p) -RSS(p) + N&2 - lII*112 - 2(*, p* - )

The term N2_- Ik*112-2(c*, p*) has mean zero. If p , s) is the minimizer
of IIY - Ill2, p E U,, with RSS(s) denoting RSS(jt), then j is dependent on
the {fn} and (E*, jt does not usually have mean zero.

What we would like to do is to find an estimate B(s) of E* ( )*,)
e(p*,s) and put

PE(s) = RSS(A(s) + 2B(s).
Write i(., s)=j(., p* + e.*, s). Suppose the {6n} are iid N(O, a2). Take t > 0
and generate {l} as iid N(O,t2o2). Define new Yn} as {Yn+ n}, recalculate
2'(.s) using the data {y', xn}, and consider the expression

Bi(s) = t2Ee(E,it) (1.1)
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Then

Theorem 3.1. Suppose there is a U.s, such that p E U8 XEi E Ust.
Then

EBt(s) =e( St)

Proof: In Appendix, Part II). One version was proved in Breiman [1992].

For subset selection, s = S. For ridge s' = s/vfl/7. In practice, u2
is estimated from the full variable OLS as -2 RSS/(N - M). The {6n}
are generated from N(0,02t2) using a rn generator, so taken such that the
corresponding st = s, and ft is the minimizer in U.. of IIY + e - ,1I2. Then
(e, f)/t2 is computed. This is repeated a number of times (usually 25 is
enough) and the results averaged to give Bt(so).

For unstable sequences, values of t in the range [.6,1.0] seem to work
best. The theorem states that for small t, Bt is an almost unbiased estimate
of (e*, fi). But we will see that for unstable sequences, as t -O 0 the variance
of Bt - oo. If the limit Bt as t - 0 exists in some nice way, this limit is
called the tiny bootstrap, denoted by TB(s), and is an unbiased estimate of
(e, p)

For moderately unstable sequences, TB(s) may exist, but be so noisy
that more accurate estimates of PE(s) are gotten by using Bt with t > 0.
For nicely stable procedures, using PE(s) = RSS(s) +2TB(s) gives accurate
estimates.

d) Others.
The literature and popular usage contain other (and simpler) methods

for PE estimation. For instance, in subset selection, if Uk conlsists of all
regressions with k or fewer non-zero coefficients then the Cp estimate

PE(k) = RSS(k) + 2a2k
is often used in the X-controlled case. For X-random, the corresponding
estimate is

PE(k) = RSS(k)/(l - N)2
None of these Akaike type PE estimates work very well in model selection
where the sample size is moderate compared to the number of variables. See
Breiman [1992], Breiman and Spector [1992].
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3.3 Four Linear Regression Methods
a) Best Subsets or Stepwise.

Here Uk is the set of all linear t = j3 x where 13 has at most k non-
vanishing coordinates. Miniimizing IIY - over Uk is called the best subsets
method, and may be computationally expensive. In our simulations the
suboptimal stepwise forward addition of variables is used.

b) Ridge.
Ridge regression minimizes IIY p.xj12 under the constraint 11D11 < s.

Usually, the x-coordinates are prenormalized, since ridge is not scale invari-
ant.

c) Non-negative Garotte.
Let {,B} be the full model OLS coefficients. Take the (cl, ...,CM) to be

the nonnegative minimizers of

E(Yn-ECZn1mAXmn)2 (3.1)
m

under constraint E cm < s. Then let j(x, s) =Z m/mXM.

d) Garotte.
Let {,B} be the full model OLS coefficients and take (cl, .. , CM) to min-

imize (3.1) under the constraint Ilcil < s.

These methods cover an instability range, with subset selection the most
unstable to the very stable ridge procedure.

4. The X'X = I Case
The case X'X = I is simple enough to provide some analytic insights

into the instability problem. Assume that

y =*X+*
where the {en} are iid N(O, 1). The OLS coefficients are pm = (xm, y)
Am + Zm where the {Zm} are iid N(O, 1).

The best subset of k variables consists of those variables {xm} correspond-
ing to the k largest values of I/mI. Thus, the family of best subset regressions
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is given by coefficients of the form

Pm(A) = I(l/ml . A)pm-

The ridge coefficients are of the form

/3 (A)
The nn-garotte coefficients are

A 2
a tm(g) (1 gat) am

Pm

and the garotte w8ae

Pm(A) P:R2*8M.

Thus, all methods do a shrinkage on the OLS ,3, and are of the form

f,,m(A) = 0(13m, A). The best subsets 9 is discontinuous. The nn-garotte 9 is
continuous but has discontinuous first partial derivatives. The 9 for garotte
and ridge are C(°) in A,/3.

The PE(t) for j -3 x is

PE=N+III3*_/lI2

(4.1)

(4.2)

(4.3)

(4.4)

and we put
ME(A) = 1#* - A)112.

To simplify further, take M large and the {fl;} iid
P(dp*). Then the {flm} are also iid and

ME(A) = 7(i3 4- O(flm, A))2
m

is a sum of iid terms. The best crystal ball model in
i3(A)x corresponds to the A that minimizes ME(A).

Set A(A) = E(P* 9(;3, A))2 so that

ME(A) = M * A(A) + V¶W(A).

from a distribution

the family p(-,A) =

(4.5)
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The M-A(A) term is the dominant deterministic part of ME(A). The {W(A)}
is a zero-mean, approximately Gaussian stochastic process with 0(1) variance.
Efforts to locate the minimum of ME(A) will depend on the smoothness of
W(A). (Note: A(A) is smooth and C(°) in A for all O(fl, A) used).

In the following subsections, we see how accurately the minimum ME(A)
can be located and how good the PE estimates are for the selected models.
Two PE estimation methods are used. One is based on a single replicate test
set. The other on little and tiny bootstrap. Many calculations are necessary
and most are relegated to the Appendix.

4.1 Using a Test Set
The test set consists of {(y',xn), n = 1, ... ,N} with the same values of

the {xn} as in the original data. Then y' Em I3iXmn + 4n, {En} iid N(0, 1)
and the {4' } are independent of the {En}. For estimates ,8(A) of the j3, the
test set PE estimate is

PE(A) = (yn- (A)Xn)
n

= 'li2 + ME(A) + 2 ijE (X, 3 -3(A))

lik2 + ME(A) + 2 E Zm ( - (A))
m

where the {Z'} are iid N(O, 1) independent of the {,I(A)}. Therefore, PE(A)
can be written as

PE(A) = V + ME(A) + v/MAZ(A), (4.6)
where {Z(A)} is an approximately Gaussian mean-zero process, and V is a
fixed r.v. not depending on A.

The model selected using the test set PE estimate is

A = axg min PE(A).

The crystal ball model corresponds to

=*= argminPE(A).

We want to estimate the expected size of the predictive loss

E(PL) = E[PE(A) - PE(A*)].
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Now A* is the minimum of M - A(A) + VMW(A) and A is the minimizer of
MA(A) + \/M(W(A) + Z(A)). Let A0 = argminA(A). Then if W(A), Z(A)
are differentiable at A0 simple calculations (see Appendix) gives the result
that for M large

E(PL) K1. (4.7)
where K1 is a constant depending on the distribution P(d,8*) of the {li}
and 0.

Furthermore, the bias is

E(PE(A) - PE(A)) - K2 (4.8)

where K2 > 0 also depends on P, 0 and

Var(PE(A) - PE(A)). 2N + 4ME(Ao). (4-9)

If 0(,fl, A) is differentiable in A, then {Z(A)} {W(A)} are differentiable pro-
cesses and (4.7), (4.8), (4.9) hold. That is, the expected predictive loss and
bias are bounded as M - oo.

For subset regression 0 is not differentiable. The {W(A)}, {Z(A)} pro-
cesses are approximately Brownian motions in a neighborhood of AO. More
complicated computations gives (see Appendix).

E(PL) M113 (4.10)

E(PE(A) - PE(A)) ,,/ (4.11)
with the same dominant variance terms as in (4.9). Thus, there is a sharp
increase in predictive loss and bias for large M.
4.2 Little and Tiny Bootstrap

Using little and tiny bootstrap to approximate E(E*,) introduces an-
other stochastic element into the PE estimate, i.e.

PE(A) =IE*112 + 2(E*,tu*) + ME(A) + 2(Bt(A) -

where
Bt(A) = 2 E(e' fX(, y + e', At)
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and At = AvltT for all except ridge, where At = A. Let tUm (E',xm),
then

Bt(A) = -Eu[Z UmO(/3m + tUm At)]
m

where the {U.} are i.i.d. N(O, 1).
Whether Bt -+ TB is equivalent to the existence of

iilm u [p + t' At) - (f A)] f(u)du (4.12)

If 0(f3, A) is differentiable in ,@, then (4.12) limit exists and equals 01i(f, A).
Then TB(A) = 01(3m,A) and (e,)- TB(A) is a mean-zero process. If
01(3, A) is differentiable in A, then the process is differentiable near A0 and
(4.6), (4.7), (4.8) hold. Thus, E(PL) and E(Bias) are bounded for ridge
and garotte. But an O(M) term is added to the variance.

A change occurs in nn-garotte. The limit in (4.12) exists but 01Q(,)A)
is discontinuous. In this case (f*,) - TB(A) is a zero mean process, but
resembles a Brownian motion near A0. The resulting E(PL) is in the M13
range. Smaller values of E(PL) can be gotten by taking t to decrease as
M115. Then E(PL) Ml/I5.

For subset regression the integral in (4.12) converges weakly (in ,B) to
i3(6(3 - A) -6(/ + A)) where 6 is the Dirac delta. In fact, if P(d#) has mass
in vicinity at ±A, then the expected square of the integral in (4.11) goes to
oo as t l. 0. Thus, Bt -- TB is not possible. Taking t to go to zero as M-1/7
gives

E(PL) M3/7.
The bias in nn-garotte goes up like M315 and in subset selection like M5/7.

Nn-garotte adds both an O(M) and an O(M4/5) term to the variance and
subset selection adds an O(M) and O(M8/7) term.

4.3 Stabilization
Consider generating new data y' = y + 6 where Var(6) = r22. Form

j(., y + 6, s) and now repeat and average. This gives a new estimate sequence

&ST(', y, s) = E,6i(., y + 6, s) (4.13)

which we call the stabilized sequence
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For 3(A) = 0(3,B A), the stabilized coefficients are GST(/, A) = EvO(fl +
V, A) where V E N(0, r2a2). Thus stablization smooths 0. For 0 discontinu-
OUS, OST is nicely differentiable. The limit of the integral (4.12) is

2EvVO(/3 + VI A). (4.13)
This is differentiable in A, so tiny bootstrap works and gives bounded E(PL)
and E(Bias).

5. Simulation Results for X-Controlled
To see how the results carry over to more complex situations, we con-

structed a simulation that used a variety of design matrices and coefficients.
Sample size was 60 with 30 variables. The {xj} data was sampled from the
covariance matrix rink =Pim-kI where p was selected from a uniform [0,1]
distribution in each repetition and the coefficients occurred in random clus-
ters with random sizes. The response values {y} generated as y = 3*x + e*
with Var(E*) = 1. On the average R2 c .83 and about 20 of the coefficients
were non-zero.

Two runs of 500 repetitions each were done. One used a PE estimate
based on a single replicate test set. The other used little or tiny bootstrap.
Five procedures were compared. Four are the original regression methods.
The fifth is stepwise forward stablized by 40 repetitions of adding N(0, 1)
noise to the {Yn} and averaging the results. In each repetition of the sim-
ulation, PL, Bias, and some other characteristics were computed, and then
averaged over all repetitions.

5.1 Test Set Results
Figure (5.1) is a bar graph showing the average crystal ball MEs and the

average PL's for the five procedures. The crystal ball ME's are in black, the
PL's in white. The total bar height is the ME for the models selected by the
test set PE. Figure (5.2) shows two baxs for each procedure. The upper bar
is the average Bias as a percent of the average Prediction Error. The lower
bar is the average of the percent error in PE as an estimate of PE.

5.2 The Little and Tiny Bootstrap Results
Little bootstrap with t = .6 was used for stepwise and nn-garotte, with

25 iterations averaged to get Bt. With ridge, garotte and stablized stepwise,
tiny bootstrap was used.
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Ridge turns the constraints minimization problem into the problem of
locating the stationary points of the Lagrangian

IlY -p . X12 + AII,3 J2_
The solution is

13(A) (X'X + AI)-1X'Y.
An easy computation (Breiman [1994]) yields

TB(A) = a2Tr((X'X + AI)-1X'X).
For garotte, the restricted minimization over (cl,... , CM) 'S converted into

Lagrangian form as

IlY C-o . X112 + AIICI12
where (c3x)n= Zm Cm/3mxmn* Let Wmk = /m(X'X)mkl3k and W\ = W+AI.
Then (see Apppendix).

TB(A) = E2(M+ > WT'(m, k)W(m, k)(1 - Ck) - AZ W;71(k, k)(1 - Ck))
m,k k

With the stablized stepwise procedures, if the {6} are the noise added in
stablization, then

TB(k) = AV6(Sj, j(-, y + 6, k)).
Thus, TB(k) can be computed at the same time as the stabilized predictor
is computed.

The simulation results are summarized in Figures (5.3) and (5.4). Figure
(5.3) uses the Figure (5.1) format. Figure (5.4) uses the Figure (5.2) format.

6. The X-Random Simulation Results
The X-Random case differs from the X-Controlled in two aspects. First,

the definition of prediction error. Second, the methods for getting PE es-
timates. PE estimates can be gotten using a test set. The other common
method is cross-validation. Somewhat to our surprise, Breiman and Spector
[1992] found that for selecting the best dimension in a stepwise procedure,
leave-one-out did not work nearly as well as leave-many-out. We now un-
derstand this as a consequence of instability. Thus, with the cross-validation
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run, we used leave-one-out for ridge and garotte, and leave-many-out for the
others.

In leaving-many-out, 30 left out sets were constructed as follows: the data
was randomly permuted. The first left-out set was the first (1/6)th of the
data (10 cases). Then the 2nd (1/6)th was left out, etc. This was repeated
five times.

Otherwise, the simulation has the same structure as in the X-Controlled
case, i.e. 60 cases, 30 variables, some covariance and coefficients, etc. In the
test set run, a test set of the same size (60) as the learning set was used. The
results are summarized in figures 6.1 and 6.2 using that same display format
as in the X-Controlled figures. The output of the cross-validation run is in
figures 6.3 and 6.4.

The symptoms of instability are that both PE(s) and PE(s) are noisy
and that PE(s) does not track PE(s) accurately. In subset selection and
stabilization PE and PE were computed for k = 1,... ,30 where k is the
dimensionality. In the Ridge and garotte regressions, PE and PE were
also computed at integer values k = 1,... , 30 where k is the dimensionality
equivalent to the s parameter value. The values of Tk =lAk Ak, where
A= PE(k + 1) - PE(k) and Ak = PE(k + 1) - PE(k) were averaged over
the 500 repetitions of the cross-validation simulation.

These are plotted vs k in Figure 6.5. The crucial parts of these curves are
at the values of k of which PE(k) is a minimum. The average value of the
minimizing k is about 5 for subset selection, stabilization, and nn-garotte; 9
for garotte; and 18 for ridge.

6.1 Stabilization
The stabilization story for X-random is somewhat perplexing. Our first

idea was to perturb the data by a mechanism similar to that used in cross-
validation. That is, leave out a set JF of cases. Run the procedure on the
remaining L-F cases getting s,, £-Y). Now repeat this K times leaving
out the subsets 1,... , FK and define

jsT(-,s) = X Fk)-

We implemented this using 10 cases in each JFK, K = 30, with the random
selection of the .FK structured so that each case occurred in exactly 5 of
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Figure 6.5
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the FK. The optimal value of s is selected using cross-validation. Another
collection of sets {.F}, j 1, ... , J is defined, set

IST(C,,I -.F)-K( -sL -

PE(5na = (Yn UST(Xni SiLJF
(Yn ,X)EJCi

and
PE(s) = N. PE(F)

where Nj = 1'F. Two definitions of the {Fj} were used. One was F.i
{(yj, xj)}, i.e. leave-one-out cross-validation was applied. In the second,
{Yj'} = {Fk}, so leave-out-ten CV was used.

In applying stabilization to subset selection, the leave-out-ten estimate
did better. It gave AV(PL) of 7.1. Subset selection itself had AV(PL)
10.5, so stabilization did give a 32% reduction in average PL. However, since
AV(PL) for the two garottes and ridge were 4.3, 3.1 and 3.6, we questioned
whether the results could be improved.

Two avenues seemed open. One was to increase the amount of averaging
in the stabilization. We went from 30 sets to averaging over 60 sets. The
same sets were used for averaging and cross-validation PE estimates. The
results improved a little, with AV(PL) = 6.7.

The other possibility was to change the method of stabilization. One
candidate was the method used in the X-controlled situation, i.e. generate
new y-values as y' = y + e, rerun the procedure using the new y-values,
repeat fifty times and average. This was combined with the use of leave-ten-
out cross-validation to do PE estimation. AV(PL) dropped to 4.9

Thus, perturbing the y-values and averaging does better at stabilization
than perturbing by leaving out some portion of the data and averaging. This
also suggests that we don't know yet what the best stabilization method is.
Our intuition is that some method which perturbs both the y and x values
will probably do better than a perturbation of the y-values only.
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7. Leave-Out-One vs Leave-Out-Many
Recall that in cross-validation, a set F of Ncv cases is left out, and ftVs)

defined as minimizer in U, of IIY ljj2 for the data £ - F. Then repeating
this for sets F1,... ,FK,

N 2PE(s) K= N (Yn a )(X)) .
K-NCV k (yn,Xn)EYkh

The relevant question is: what is PE(s) an estimate for? In particular, let
f be the minimizer of IIY- lI2 in U.. How is PE(s) connected to PEct)?

If NCV is small and the procedure stable, then ftVp)a and PE(s)
resembles a test set estimate of PE(^). But if the procedure is unstable,
then even for Ncv small, fi(r) may be considerably different than f. The
pi, f() are chosen to be minimum RSS predictors in U,. Then, usually,
RSS(J) c RSS(t(--n), but PE(') may differ considerably from PE('(--)).

Figure 7.1 illustrates the last point. In the data generated in the first
repetition of the cross-validation simulation, one case at a time was left out
and the forward stepwise procedure applied to get a 6-variable predictor.
This gave 60 predictors. The RSS and ME were computed for each one.
Figure 7.1 is a plot of RSS vs ME. The spread in ME is about ten times
that in RSS. Figure 7.2 is a similar plot for the same data.using the garotte
method. Here the ME spread is about equal to the RSS spread.

The cross-validation PE(s) is estimating some average of the values of
PE(f(-'r)). For an unstable procedure, there is no guarantee that this aver-
age is close to PE(^).

In Breiman and Spector [1992], simulation results showed that leave-one-
out cross-validatioon was inferior to 10-fold cross-validation in subset selection.
The simulation structure here is different, but the results are similar. When
leave-one-out cross-validation is used on the same data as the leave-out-ten
cross-validation, the average prediction loss increases from 10.5 to 11.6. The
average downward bias goes from 6.5 to 19.2 .

The large downward bias is an indicator of the problem. Figure 7.3 com-
pares the average differences JAI for leave-one-out and for leave-ten-out. Fig-
ure 7.4 compares the average values of the tracking differences T. The average
dimenlsion of the minimum PE subset is k c 5, and this is in the vicinity
where leave-one-out PE estimate is noisier and tracks more poorly than the
leave-ten-out estimate.
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We also computed the following value: in each repetition, let k arg min PE(k).
Then the hole size in that repetition is defined as

2(PE(k-1) + PE(k + 1)) -P^E(k)-

The average hole size in leave-one-out is 18.1 compared to 6.7 in leave-ten-
out. Thus, in leave-one-out PE(s) the minimums occur a place where there
are deep local downward excursions.

The root of the problem is that while the leave-one-out estimate PE(k)
has lower bias for fixed k, it is degraded by its higher variance. This illus-
trated more concretely by the fact that the variance of the Little Bootstrap
estimate in subset selection went to infinity as t decreased to zero.

8. Comparing Predictors
We were curious to see how stabilization of subset selection would com-

pare with the other prediction methods across a spectrum of simulated data.
Its fairly well known that if there are only a few non-zero coefficients, then
subset selection gives good prediction. With many non-zero coefficients, ridge
does better.

To compare methods, we generated five sets of simulated data that ranged
from a few non-zero coefficients to many non-zero coefficients. The X-
distribution was mean-zero 30 variable multivariate normal with rij'. -pIt
In each repetition, p was chosen from the uniform distribution on [-1, 1].

The non-zero coefficients were in three clusters of adjacent variables with
clusters centered at the 5th, 15th and 25th variables. For the variables clus-
tered around the 5th variable, the initial coefficient values were given by

O+j= (h j)2, Iii < h.

The clusters at 15 and 25 had the same shape. All other coefficients were
zero. The coefficients were then multiplied by a common constant to give an
R .75 when N(O, 1) noise was added to EjI3x,,m*to give y.

The h-values 1,2,3,4,5 were used. This gave 3,9,15,21,27 non-zero coeffi-
cients. For h = 1 there were three strong, virtually independent variables.
At the other extreme, for h = 5 each cluster contained 9 weak variables. This
simulation structure is almost identical to that used in Breiman and Spector

19



Figure 7.3

Differences in Successive PE Estimates

20

15

10

5

0

0 5 10 15 20
Variable

Figure 7.4

Tracking Deviations

20

15

c

0

.fi 10

Is

5

0

25 30

0 5 10 15
Variable

20 25 30

a
c

aa-



[1992]. Two PE estimation methods were used. Six-fold cross-validation re-
peated five times was used in subset selection stabilization, and nn-garotte.
Leave-one-out cross-validation was used in garotte and ridge.

Figure 8.1 is a graph of the average ME's vs h for the various prediction
methods. Figure 8.2 is a graph of the average crystal ball ME's vs h, and
Figure 8.3 is a plot vs h of the differences. The conclusions are clear and
interesting.

All methods except ridge have similar crystal ball MEs. Ridge has high
ME except when there are many small non-zero coefficients. This reflects
its inability to fit equations with a mixture of large and small underlying
coefficients.

Predictive loss separates the methods. Subset regression's predictive loss
is large. Stabilization and nn-garotte have lower and similar losses. Lowest
are garotte and ridge. In total ME, subset regression is a loser due to its high
predictive loss. Ridge loses due to its high crystal ball ME. The garottes and
stabilization do well.

9. Concluding Remarks
We have studied the effects of instability on predictive loss and on the

bias of PE estimates. Stabilization works, but within limits. In our imple-
mentation (altered y's) it reduces the level of instability sharply, but not to
the level of garotte and ridge. This may be because our stabilization method
is not sufficiently optimized.

Stabilized predictors lack simplicity. For instance, stabilizing 6-variable
subset predictor generally gives a predictor with many more than 6 non-zero
coefficients. Stabilization is computationally intensive and in our context,
does no better than the garotte methods. Why use it then?

The answer lies outside of the domain of linear regression predictors.
When using nonlinear predictors there are usually no simple and effective
stable alternatives. There are no known stable versions of CART, MARS
or Neural Networks. Stabilizing these methods can give nonlinear predictors
with improved accuracy.

In the interesting linear regression sideshow the garotte methods show
up as uniformly better than subset selection or ridge. Subset selection loses
because of its large predictive loss. Ridge loses because its best models cannot
fit the data as well as the other methods when there is a mix of large and
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small coefficients. The best methods combine stability with a better range
of fits.

While stable procedures have desirable properties, stabilization by aver-
aging is not a panacea. An area that needs exploration is the possibility of
stabilization of procedures by changing their structure instead of averaging.
For instance, the nn-garotte is a more stable alternative to subset selection
(Breiman [1993]). An interesting research issue we are exploring is whether
there is a more stable version of CART.

A possible alternative is the idea of stacking predictors (Wolpert [1990],
Breiman [1994]). In a collection {Pk} of predictors are combined to form a
predictor

IL kA=k
where the {ak} (constrained to be non-negative) are determined by a linear
regression of the y-values on the {AJk} using the cross-validated values of the
{Pk}-

While averaging trees produces a muddy predictor, stacking a sequence
of nested subtrees produces a single tree. Limited experiments showed ap-
preciable decreases in PE over use of Mk single best tree. Simulations on
linear regressions similar to those in this paper show that stacking subset re-
gressions produces significant PE decreases. A question left for future work
is whether stacking can produce as universal a stabilization as averaging.
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Appendix
Part I. Computations in the X'X = I Results

From (4.5)
ME(A) = M * A(A) + VM-W(A).

Let A0 = argminA(A), and A = A - A0, so

ME(Ao+A) = M.A(Ao)+V'KiW(Ao)+MA2A"(Ao)/2+v/K(W(Ao+A)-W(Ao)).
If W(A) is differentiable at A0 then W(Ao + A) - W(Ao) ^ AW'(Ao) and

ME(A*) = minME(A) cMM A(Ao) + W(Ao) 2AW(Ao)

i) Test Set
Using a replicate test set gives (see (4.6))

PE(A) = V + ME(A) + V/iZ(A)

where V is a r.v. not depending on A and v"iAJZ(A) =-2 m Z'm/Im(A). Put
A = argminPE(A) = A0 + A, where

= arg min(2MA2A"(Ao)+v/(W(Ao+A)-W(Ao))+JKJ(Z(Ao+A)-Z(Ao))
(A.1)

If both W and Z are differentiable

A (W'(Ao) + Z'(Ao)) (A.2)
VMA"'(Ao) A2

and

ME(A) = M * A(Ao) + VAW(Ao) + ZMA2AII(Ao) + AV/MW'(Ao).
resulting in

1 EZ'(Ao)2E(ME(A) - ME(A*)) 2 A"(Ao) (A.3)

which verifies our assertion that E(PL) is bounded in M.
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Consider a process

Y(A)= 1 E>Xm(A)
Ii m

where the {Xm(A)} are iid mean zero. Then Y(A) is mean-square differen-
tiable if limE[X(A +,A) - X(A))/A]2 exists as A --+ 0. Its straightforward to
verify that all methods except subset regression are ms differentiable which
is enough to justify (A.3).

In subset selection #(A) =I(tlfl > A)#, so (p3* - )2 = I(/l3 < A)(/*2
Z2) + Z2 where /3-=/3 + Z and Z, /* are independent, Z E N(O, 1). Let
Xm(A) = I(I/3mI < A)(Pm32 - Zm2) SO

W(A) = Z(Xm(A) - EXm(A)) + Z(Zm-1)
s/M m m

Let H(A) = W(Ao + A) - W(Ao), and D(A) = X(Ao + A) - X(Ao). Then

EH(A1)H(A2) = ED(A1)D(A2) - ED(Aj)ED(Ao).
The second term is O(A1A2)- Write X(A) = I(,/ < A)Y, Y = (/3*2 - Z2).
For A > 0, X(Ao + A) -X(Ao) = YI(Ao < /< A0 +A) and for A1, A2 > 0

EH(A1 )H(A2) e E(Y2 l = Ao)P(Ao . I/8I < Ao + min(Al, A2))-

Denoting the density of 1j/1 by f

EH(A1)H(A2) - E(Y2lI = Ao)f(Ao)min(A1,A2) + O(A1lA2)-

If A1,A2 < 0, the same result follows with min(Ai,A2) replaced by
min(IAl 1, A21). If A1,A2 have opposite signs, then EH(A1)H(A2) = O(A1A2)-
Thus

H(A) I% c(Ao)BI(A)
where B1(A) is a two sided Brownian motion.

We can write ME(A) as

ME(Ao + A) = V + 2MA2A" + 2cB (A)
=V + Q(A)
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where V is an r.v. not depending on A. Put A = at where a is determined
by

b=V _C 1 a2MA".
2

Use the fact that for fixed a, B(t)= Bi(at)/,a_ is a two-sided B-motion to
get

Q(A) = b[t2 + B(t)],
and

minME(A) - V + bmin[t2 + B(t)]A

The processes {Z(A)}, {W(A)} are independent, and for
G(A) = Z(Ao + A) - Z(Ao) another straightforward computation give

E(G(A1)G(A2)) = 4Af(AO)min(IAI, 1\A21)

if A1, A2 have the same sign and O(A1A2) if not. Put d(Ao) - 4A2f(Ao).
Then G(A) = d(Ao)B2(A) where {B2(A)} is a two-sided B-motion indepen-
dent of {B1(A)}.

Thus,

A ~~~12A = arg min[-2 MA" + VM-(cB1(A) + dB2(A))].2

Since
Bo(A) = cB,(A) + dB2(A)

is also a two-sided B-motion, then

A = argmin{ A2MA" + rVA_JBo(A)]

where r -- 7Td. Put A =t where y is determined by

e= =MA" r/i7

So,
A = argmin[t2 + Bo(t)].
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The resulting approximation is

IA~~~~~~~~
ME(Ao + A) = v + -MA2A" + ciBlB(A).

2

Because A is measurable on {cBi(A) + dB2(A), -00 < A < 00, another
argument gives

E(cBi(A)I{cBi(A) + dB2(A), -00 < A < oo)

c + d2 (cB, (A) + dB2(A)).

The conditional expectation of ME(A) given {cBi(A)+dB2(A), -oo<A<oo}
is 11S

MA2A + 2+ &VK(cBi(A) + dB2(A))

1M *_ 2Al ++ (!MA2AAl+VM(cBi(A^) + dB2(A)).2 C2+M1c2+d2A + 2+

The last term equals ec2y/(c2 + d2) where y min[t2 + Bo(t)] < 0. Thus

1 d2 ec2
E(ME(A) - ME(,*)) 2 2 + d2MA"EA2 + ( 2 + d2 -b)Ey (A.4)

To see how big (A.4) is, note that

b = c(2cM),)3, e = r(2rM)1/3 7 = M-1/3( 2)2/3

Put t = argmin(t2 + Bo(t)), then

E(PL) - M1I3(Z2)13[d2r 23Ei'P + (1 -R2/3)C/3lEyl]

where R2- c2/c2 + d2. Thus E(PL) , M113.

ii) Errors in PE-Estimates Using a Test Set
Here we look at the mean and variance of PE(A) -PE(A). This difference

equals
l'i112 - N + v'MZ(Ao) + VM(Z(9o + A)-Z(Ao)).
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In the -differentiable case, the last term equals +JtAAZ'(Ao). From (A.2)
we get that

E(PE(A) - PE(A)) = A_(Ao)
so that PE(A) has an 0(1) downward bias.

To get the variance, note that hlle'l2 - N is X.v independent of Z(Ao) and
that EZ2(Ao) =4 Em(frm- /m(Ao))2 4ME(Ao). Thus

Var(PE(A) - PE(A)) r 2N + 4ME(Ao).

A more memorable version of this result is that the SE of PE(A) is the range
/2PE(Av) to 4PE(A).
In subset selection,

V (Z((o + A) - Z(Ao)) d(Ao)B2(A).
Using calculations similar to those in the E(PL) calculations gives

E(PE(A) - PE(A)) KeM-K3

and

Var(PE(A) - PE(A)) ^ 2N + 4ME(Ao) + K4M213.
iii) Little Bootstrap

For O(,3, A) differentiable in ,B, Bt(A) -+ TB(A) as t 0,

TB(A) = (#m A)
m

and

PE(A) RSS(A) + 2TB(A)
= l*Ie+ 2+ Zmf9m + ME(A)- 2E(ZmO(Pm A) -O(1m, A))
V+ ME(A) +s/Z(A)

where V is a r.v. not depending on A and Z(A) is a zero-mean, approximately
Gaussian process. If both W(A) and Z(A) are differentiable, then as in the
test set case

E(ME().AE(A,*)) 1 EZ'(Ao)2E(ME(A) - ME(A*)) =2 A"(Ao)
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For Z(A) to be differentiable, the existence of a20/O8#aA is necessary. This
is violated both by subset selection and nn-garotte, but holds for garotte
and ridge. In the nn-garotte case, TB(A) is not differentiable in A. Now
TB(Ao + A) - TB(Ao) can be approximated by a Brownian motion, leading
to E(PL) Mll3. However, there is an alternative strategy leading to lower
E(PL), i.e. take t> 0 going to zero as M - oo.

For t > 0, Bt(A) is smooth and differentiable in A. The problem is that
EBt(A) # E(e*, ). Trade off by taking t small enough so that EBt(A) is not
far from E(E*, ), but positive enough so that Bt(A) is nicely differentiable.

Let
rn&73 A) = EUO(3 + tU, As/17VO), U E N(O, 1)

so
Bt(A) = 71t(m A).

m

Put
2

Yt(A) = Z(ZmA(1mA) - At(1m,A))
and Zt(A) Yt(A) - EYt(A). Then

PE(A) = V + ME(A) + V/-7Zt(A) + V§AEYt(A).
Define h(fl, A) = EZZO(/3 + Z, A). A conditional expectation computation
gives

Ez7lt(,8 + Z, A) =h( A)

= h(3, A) - -ph1(fl, A) + o(t2)(
Therefore

x/I7EYt(A) = _Mt2EI3h (f*, A) + o(t2)
- _Mt2D(A) + o(t2).

In consequence,

A = arg min[-MA2A"(Ao) + Mt2AD'(Ao) + AV/1[Zt(Ao) + W'(Ao))]2
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so
A ,Z;(Al) + W'(Ao) _ t2D'(Ao)

A=M'JA"(Ao) A(A0o)
resulting in

E(PL) = -[E(Zt,12 + Mt4D'2] (A.5)2A"
Now t is selected to minimize (A.5). The dominant term in E(Z)2 is

4E[TAtlt (#I A)]A=Ao- (A.6)

Put a = Av/l7. Then

lt(/A)-V= «t (e-2(ti e2)t

For small t, (A.6) is given by

2 .f(AO)

Then, the minimizing t in (A.5) is M-1/5 and E(PL) - M'I5.
In subset selection, the rates are different. (A.5) holds and we need to

evaluate E( i(',B A))2 for small t. Direct integration leads to the expression

A2 f(Ao)0

3 + 0(t ).

Minimizing (A.5) leads to t ^ M-1/7 and

E(PL) M3/7.

In simulations (Breiman [1993], [1994]) we found that in subset selection
and nn-garrote, using t E [.6, 1.0] gave better results than smaller t values.
Now we can begin to understand the reason.

iv) Errors in PE Estimates Using Little Bootstrap
If the second mixed partial derivative of 0(fl, A) exists, then the bias is
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Ignoring the 0(1) bias term, the variance of PE(A) equals

2N + 4ME[/3*Z - ZO(A3, Ao) + Oi(i3, A0)]2.

With some integration by parts, the expectation term equals

E(P-_(3,7AO))2 + EO*P, AO),

giving the variance approximation

2N + 4ME(Ao) + 4ME90(2, Ao).

Thus, use of Tiny Bootstrap adds an O(M) term to the PE variance as
compared to the test set PE.

The situation differs for nn-garrote and subset selection. In both of these,
the dominant term in E(PE(A) - PE(A)) is VMEYt(Ao) ~Mt2D(Ao). The
resulting bias in nn-garrote is - M315 and in subset selection '.- M5/7. Be-
sides an additional O(M) term in the variance of PE(A), more computations
show another additional o(M4/t) term in nn-garrote and an 0(M8/7) term
in subset selection.
Part II. Proof of Theorem 3.1

Using the identity

E(ek|I{e* + en, n-=1,.* * N}) 1 2(6* + Ck)1+t2 k

gives

EBt(s) E(=* + e, y* + e* + c, s)).

Let 5* e* + e. Now j(., fr* + E*, 8) is the minimizer in U, of

~~P118*+wl2= (1 + t2)11P +I
-

l2

Since 6*/vJi7t7 has the same distribution as c*, denote it so. Now z E
U8,# p/ E Ut.,. Thus pvx/i7FP is the minimizer in U., of

It*II= *
L 1V/JI~ t 2
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SOo(.,A + 6*, S) VF I(, + -*, st). Putting things together

EBt(s) = E(E*,(.,( , 5

which is equivalent to the statement of the theorem.
Part III. Tiny Bootstrap Formula for Garotte

The garotte coefficients are determined by minimizing IIYPEmCmf3mXmII2
where the {,3m} are the full model OLS coefficients and the {c,m} are restricted
by EC2 < S2.

Take {En} to be iid N(O, a2), and put yn = Yn + ten. Denote S = X'X.
The new OLS,B(t) = S1X'y'. Put Z = (E,X), so3(5) 3 + tS-'Z. The
altered {cm(t)} minimize

IIY + te -ECjC(t)/3m(t)Xm 112
m

under E c2 (t) < s2.
Little bootstrap equals

1~~~~~~~
-EE Zmcn(t)/lm(t)

m

so

TB(s) = El Zm/m(O)cm (0) + E PZmm(0)cm(0) (A.7)
m m

where - above is d/dt. Note that 3(0) = S-1Z so the first term in (A.7)
isCT2 cmC. Let Wm& = 13m(t)Smkf3k(t). Then the Lagrangian equation for
determining C(t) is

Wc + Ac = p(t)(Xy + tZ).

Differentiating gives

(W+AI]i+(W+AI)c= 13Xy+Z®/.

After some numerical experiments, we concluded that the A term was negli-
gible. Thus, putting t = 0 and letting WA= W + Al,

c= W 1[-Wc+(Xy)®fl+ZZ3].
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Using EZm/Jk(O) = a26_k and EZmZk = a2Smk gives

E(, Zm/m4n (O)) = a2(Z W,n(A)Wmk(1 - Cm) +E W,m(A)Wmk(1 - Ck).
m m,k m,k

Finally, use ZkW (A))Wmk =1-AWm (A) to get the result stated in section
3.
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with {e?(m)}l given by (6.1 1). This measures the error squared (averaged over the
responses) of each method relative to the corresponding minimum over all of the
methods. For each replication (7.12) will have the value 1.0 for the best (minimum
average error squared) method and larger values for the other two methods. The
results of this simulation study are summarized by the average of (7.12) over the
100 replications for each of the 144 situations.

Figure 10 shows box plots for each method of the distribution of the 144
averages of (7.12) over all situations. C&W is seen to produce the best average
error (squared), or within a few percent of the best, in every situation. The
corresponding quantity for separate ridge regressions is typically 22% larger than
the best, and that for two-block PLS is 30% larger. However, the dispersion of
values for two-block PLS about its median is somewhat less than that for separate
ridge regressions.

Figure 11 divides the 144 situations into three subsets corresponding to each
of the three levels of population predictor variable collinearity: low (r = 0.0),
medium (r = 0.90), and high (r = 0.99), in (6.1) (6.2). The three box plots shown
for each method summarize the 48 averages of (7.12) over the situations in each
if the three respective subsets. One can see that for low (population) collinearity
all three methods perform comparably, C&W holding a slight edge. This is due
to the fact that for p -< N and low collinearity none of the three methods is able
to produce predictions that are much more accurate than simply the response
means. In higher (population) collinearity settings more accurate prediction is
possible and the C&W procedure is seen to be much more dominant over the
other two. This is especially the case for the highest collinearity (r = 0.99) where
it is typically 42% better than two-block PLS and 75% better than separate ridge
regressions. It is also interesting to note that this is the only setting in which
two-block PLS appears to perform better than separate ridge regressions.

8. Conclusion

The results presented in this paper strongly suggest that the conventional (statis-
tical) wisdom, that one should avoid combining multiple responses and treating
them in a multivariate manner, may not be the best advice. Our simulation
studies indicate that the best of the multiple response procedures considered here
can provide large gains in expected prediction accuracy (for each response), over
separate single response regressions, with surprisingly little risk of making things
worse. In the fields of neural networks and chemometrics, by contrast, the conven-
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tional wisdom has always been in favor of multivariate multiple regression. The
results of this paper generally validate that intuition, but it is not clear that the
respective recommended approaches in each of those fields best serve that purpose.
For example, the two-block PLS approach commonly used in chemometrics was
seen in our simulation studies to prov'ide generally lower accuracy than separate
ridge regressions.

Our results suggest the intriguing prospect that even when there is only a sin-
gle response of interest, if there are variables available that are correlated with it,
then the prediction for the response of interest may be improved by introducing
the other variables as additional responses and using the C&W procedure. Of
course, if the values of these variables will also be available for (future) predic-
tion, they should be regarded as predictors (rather than responses) and included
in the regression equation. In some circumstances however, the (training) data
may include measurements of variables whose values will not be available in the
prediction setting.

In the neural network literature such variables are known as "hints". These
are variables whose values are available for use during training but not available
for future prediction. Examples might be expensive or difficult to obtain medical
measurements that were available at the hospital where the training data were
collected, but not available in the field or at smaller hospitals where the predictions
are made. In financial forecasting, "future" values of other quantities, thought to
be correlated with the resp'onse, might be included as hints. The results presented
in this paper suggest that the inclusion of such hint variables as extra responses
during training using C&W can indeed improve prediction accuracy.
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10. Figure captions.

Figure 1: Population canonical coordinate shrinkage factors (2.26) as a function
of squared (population) canonical correlation, for various ratios of parameter
to observation count.

Figure 2: Sample based canonical coordinate shrinkage factors (3.12) (3.13) as
a function of squared (sample) canonical correlation, for the same ratios of
parameter to observation count as in Fig. 1.

Figure 3: Distribution over all 120 situations (p -< N) of the overall average
response mean-squared error relative to OLS (6.12) for each biased method.

Figure 4: Distribution over all 120 situations (p -< N) of the average individual
response mean-squared error relative to OLS (6.13) for each biased method.

Figure 5: Distribution over all 120 situations (p -< N) of the ratio of overall
average response mean-squared error for each method, to that of the best
method (6.15).

Figure 6: Distribution over all 120 situations (p -< N) of the ratio of average
individual response mean-squared error (relative to OLS) for each method,
to that of the best method (6.16).

Figure 7: Distributions over all the 30000 replications (p -< N) of the fraction of
responses in each, for which the respective biased methods were less accurate
than the corresponding OLS estimate.

Figure 8: Distribution (p -< N) of the worst individual response mean-squared
error relative to OLS (6.14) of each of the six biased methods, for each of
the two error covariance matrix structures (6.5) (ERRVAR1, ERRVAR2,
respectively).

Figure 9: Distribution of the overall average response mean-squared error rela-
tive to that of OLS (6.12) of C&W-CV for various subsets of the 120 (p -< N)
situations ( RESP = number of responses, SS = sample size, S/N = signal
to noise ratio).

Figure .10: Distribution over all 144 (p >- N) situations of the ratio of the
overall average response mean-squared error for each method, to that of the
best method (7.12).
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Figure 11: Distribution (p >- N) of the ratio of the overall average response
mean-squared error for each method, to that of the best method (7.12), sepa-
rately for each of the three levels of predictor variable collinearity ("XCORR")
(6.1) (6.2) (LOW: r = 0.0, MED: r = 0.9, HIGH: r = 0.99).
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Figure 6
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Figure 7
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Figure 8
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Figure 9
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Figure 10
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