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PAPER

A Pseudo-Hilbert Scan for Arbitrarily-Sized Arrays

Jian ZHANG†a), Student Member, Sei-ichiro KAMATA†b), and Yoshifumi UESHIGE††c), Members

SUMMARY The 2-dimensional (2-D) Hilbert curve is a one-to-one
mapping between 2-D space and one-dimensional (1-D) space. It is studied
actively in the area of digital image processing as a scan technique (Hilbert
scan) because of its property of preserving the spacial relationship of the
2-D patterns. Currently there exist several Hilbert scan algorithms. How-
ever, these algorithms have two strict restrictions in implementation. First,
recursive functions are used to generate a Hilbert curve, which makes the
algorithms complex and computationally expensive. Second, both sides of
the scanned rectangle must have same size and each size must be a power
of two, which limits the application of the Hilbert scan greatly. In this
paper, a Pseudo-Hilbert scan algorithm based on two look-up tables is pro-
posed. The proposed method improves the Hilbert scan to be suitable for
real-time processing and general application. The simulation indicates that
the Pseudo-Hilbert scan can preserve point neighborhoods as much as pos-
sible and take advantage of the high correlation between neighboring lattice
points. It also shows competitive performance of the Pseudo-Hilbert scan
in comparison with other scan techniques.
key words: space-filling curve, Hilbert curve, Euclidean distance, look-up
tables, Pseudo-Hilbert scan

1. Introduction

A space-filling curve is a one-to-one mapping between N-
dimensional (N-D) space and 1-D space [14], [15]. By map-
ping each point in a multidimensional space into a 1-D
space, the complex multidimensional access method can be
transformed into a simple 1-D one. Hence a lot of research
has been done and there exist many space-filling curves [8].
Among them, the Hilbert curve preserves point neighbor-
hoods as much as possible [10], so it is applied widely in
digital image processing, such as image compression [1],
[9], [12], clustering an image [2], [13] and pattern recog-
nition [11], [12], [16]. Currently there exist several algo-
rithms [3]–[5] proposed for the 2-D Hilbert scan, such as
the Kamata algorithm [3], [4], the Agui algorithm [5] and
the Quinqueton algorithm [6]. However, these algorithms
have more or less restrictions on their applications, and this
makes them very difficult to be put in practice. For example,
Agui and Quinqueton used the recursive functions to gener-
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ate the scanning curve, and their algorithms were complex
and took time to compute the one-to-one mapping corre-
spondence. So the algorithms were very difficult to apply
in real-time systems. In 1999 Kamata [4] proposed a fast
method using look-up tables instead of the original recur-
sive methods. However, the algorithm also had strict restric-
tions. It required the scanned region must be a square and
the length of each side must equal the power of two. The ap-
plication of the Kamata algorithm was limited. So these re-
strictions should be removed in order to improve the Hilbert
scan for general application. This generalized Hilbert scan
is called 2-D Pseudo-Hilbert scan.

In this paper, a non-recursive Pseudo-Hilbert scan al-
gorithm based on the look-up tables [3], [4] is proposed for
an arbitrarily-sized rectangle. It requires little memory for
representing 2-D space data using the terminal and induc-
tion tables. And these two look-up tables are given a priori,
this makes the algorithm keep the computational cost low.
Therefore the proposed algorithm is suitable for real-time
processing and easy to implement in hardware. Moreover,
since the size of a scanned rectangle is arbitrary, the new
scan technique has wider application than the original one.
Note that although the scan is Pseudo-Hilbert, it holds the
neighborhoods property as well. That is to say, the Pseudo-
Hilbert scan can also preserve point neighborhoods as much
as possible. This is demonstrated by the simulation at the
end of the paper. The rest of paper is organized as follows.
Section 2 gives the expression of the address assignment
in the Hilbert scan. Then Sect. 3 presents a Pseudo-Hilbert
scan algorithm for arbitrary-sized rectangles. In Sect. 4, we
provide experimental evidence to demonstrate the property
of preserving spacial locality for the Pseudo-Hilbert scan.
Finally, in Sect. 5, we discuss the contributions of this paper
and suggest future work.

2. A Hilbert Scan Curve and the Address Assignment

In 1891 Hilbert [7] drew a curve having the space-filling
curve property in 2-D space. He demonstrated that the sub-
squares can be arranged so that the inclusion relationships
are preserved, that is, if a square corresponds to an interval,
then its subsquares correspond to subintervals of that inter-
val. Figure 1 describes how this process is to be carried out
and shows 2-D Hilbert curves with different resolutions. In
the figure, the binary number expresses the address align-
ment which will be discussed in the following paragraph.

In this section, we define the expression of the points in

Copyright c© 2007 The Institute of Electronics, Information and Communication Engineers



ZHANG et al.: A PSEUDO-HILBERT SCAN FOR ARBITRARILY-SIZED ARRAYS
683

(a) 2 × 2 (b) 4 × 4

(c) 8 × 8

Fig. 1 2-D Hilbert scan.

a rectangle with the size Lx × Ly, where Lx and Ly mean the
length of horizontal and vertical side, respectively. In order
to discuss expediently, we assume Lx ≥ Ly in this study.
The coordinates of a point in 2-D space are denoted as (X,
Y). The rectangle can be represented as a set of points

R(Lx, Ly) = {(X, Y)|0 ≤ X < Lx, 0 ≤ Y < Ly}, (1)

where X, Y , Lx and Ly are integer numbers.

Definition 2.1: For any integer number l (l ≥ 2), we can
always represent it as 2 · 2m ≤ l < 4 · 2m. We denote m
as the binary division times of l. And it can be calculated

by the equation �log2(
l
2

)�, where the operator �z� means the

integer part of a real number z.

Thus the binary division times of both sides of R(Lx, Ly) can
be obtained by

Mx =

⌊
log2

(Lx

2

)⌋
, (2)

My =

⌊
log2

(
Ly
2

)⌋
. (3)

Because the previous assumption Lx ≥ Ly, it is easy to get
Mx ≥ My. Thus, the address of a point in R(Lx, Ly) can be
expressed as a 2(Mx + 2)-bit binary number,

2bits︷�������︸︸�������︷
xMx+1yMx+1

2bits︷��︸︸��︷
xMx
yMx
· · · · · ·

2bits︷︸︸︷
x0y0︸�����������������������������������︷︷�����������������������������������︸

2(Mx+2)bits

. (4)

And the coordinates of a point (X, Y) can be expressed as
two (Mx + 2)-bit binary numbers,

X = xMx+1xMx
· · · · · · x1x0 (5)

Y = yMx+1yMx
· · · · · · y1y0 (6)

where xm and ym (0 ≤ m ≤ Mx + 1) are 0 or 1. We can

use these two binary sequences for representing the address
of each point in a rectangle. In fact an (My + 2)-bit binary
number is enough to express the address of Y because ly has
only My division times. We denote �M = Mx − My. So
in the binary sequences yMx+1yMx

· · · · · · y1y0, �M-bit binary
number y3+�M−2y3+�M−3 · · · y2 always equals to 0. And the
memory can be saved effectively by eliminating these bits.
However, for simplicity, we use an (Mx +2)-bit binary num-
ber to represent address in this study.

3. A Pseudo-Hilbert Scan Algorithm

In this section, we generalize the 2-D Hilbert scan to be suit-
able for an arbitrary-sized rectangle R(Lx, Ly), namely the
Pseudo-Hilbert scan. The Pseudo-Hilbert scan algorithm in-
cludes two steps. At first, a division method is proposed to
divide a rectangle into blocks. Then we summarize a com-
putation method for the addresses in each block based on
the look-up tables method [3], [4].

3.1 Division of a Rectangle

Since the size of a rectangle is arbitrary and not always the
power of two, we make a rule to divide each side of the
rectangle. This rule is represented as the following function
division(l, l0, l1), which expresses how to divide a side with
the length l into two edges with the length: l0 and l1.

diuision(l, l0, l1)

begin

m =

⌊
log2

(
l
2

)⌋
;

If 2 · 2m ≤ l < 3 · 2m, then l0 ←− l − 2m and l1 ←− 2m;
If l = 3 · 2m, then l0 ←− 2 · 2m and l1 ←− 2m;
If 3·2m < l < 4·2m, then l0 ←− l−2·2m and l1 ←− 2·2m;
end

Perform above procedure repeatedly, the side can be
divided into 2m edges finally. The following program shows
the case of the vertical side with the length Ly, where l(q)

p

means the p-th edge after the q-th division.

0) Initialize l(0)
0 ← Ly;

1) division(l(0)
0 ,l(1)

0 ,l(1)
1 );

2) division(l(1)
0 ,l(2)

0 ,l(2)
1 ) and division(l(1)

1 ,l(2)
2 ,l(2)

3 );
...

...
...

k) division(l(k−1)
0 , l(k)

0 , l(k)
1 ), division(l(k−1)

1 , l(k)
2 , l(k)

3 ), · · · ,
division(l(k−1)

2k−1−1
, l(k)

2k−2
, l(k)

2k−1
);

...
...

...

My) division(l
(My−1)
0 ,l

(My)
0 ,l

(My)
1 ), division(l

(My−1)
1 ,l

(My)
2 ,

l
(My)
3 ), · · ·, division(l

(My−1)

2My−1−1
,l

(My)

2My−2
,l

(My)

2My−1
);
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Fig. 2 Division process.

Fig. 3 Four basic patterns of 2-D Hilbert curves (the number 1–4 is curve
type).

Similarly, the horizontal side of R(Lx, Ly) can be di-
vided Mx times. However, in order to make the scan comply
to the Hilbert scan (mapping the square) in global sense,
that is, the scanning of blocks submits to the Hilbert scan,
we should divide the vertical side and horizontal side for
the same times. So the number of its division times equals
My (My ≤ Mx). Figure 2 explains how to use the division
method to split a rectangle R(11, 9). After twice divisions
(My = 2), each side is divided into four edges (l(2)

x,0 · · · l(2)
x,3 or

l(2)
y,0 · · · l(2)

y,3). So the rectangle is divided into sixteen blocks.

3.2 The Hilbert Scan of Blocks

R(Lx, Ly) can be divided into 2My × 2My blocks based on the
above discussion. So we can utilize the Hilbert curve to
arrange these blocks. In this section, we introduce a fast
Hilbert scan algorithm in a square R(2My , 2My). The algo-
rithm traverses oct-tree with a depth of My using a depth
first search. The scan from the k-th depth nodes to the
(k+1)-th depth nodes is ordered by the look-up tables, where
k = 1, 2, · · · ,My. We describe the look-up tables for the
Hilbert scan in 2-D space in the following paragraph.

A Hilbert curve (parent region) R(2My , 2My) includes
four subsquare regions (child region) which are congruent
with R(2My−1, 2My−1). As shown in Fig. 3, we use four 2-D
Hilbert curves to connect these four congruent subsquare re-
gions. Each curve type is identified by a number from 1 to
4.

Figures 1(a) and (b) show addresses and curve types
in four child regions, in the case where the curve type of a
parent region is “1.” When we arrange the four addresses
and curve types in the order of scanning child regions, we
obtain the address sequence as follows (see Fig. 1(a)):

00 −→ 01 −→ 11 −→ 10 (7)

(a) Group A (1-4)

(b) Group B (5-8)

Fig. 4 Two group of scanning manners (the number 1–8 means the type).

and the curve type sequence as follows (see Fig. 1(b))

2 −→ 1 −→ 1 −→ 4. (8)

To create these sequences, we prepare two look-up tables.
One is a terminal table Ttrm for the address sequences and
the other is an induction table Tind for the curve type se-
quences. We use two matrices — Ttrm[γ][i] and Tind[γ][i] —
to represent the elements of the two tables, where 1 ≤ γ ≤ 4
is the curve type of parent region and 1 ≤ i ≤ 4 is an order
in each sequence. Thus, they can be expressed as follows,

Ttrm = (Ttrm[γ][i]) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
00 01 11 10
00 10 11 01
11 10 00 01
11 01 00 10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

Tind = (Tind[γ][i]) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2 1 1 4
1 2 2 3
4 3 3 2
3 4 4 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
Figure 1(a) is the case of γ = 1, the address is the first

row of the terminal table Ttrm and the order of the child re-
gion is the first row of the table Tind shown in Fig. 1(b).

3.3 Address Assignment in Each Block

In the 2My × 2My blocks, each corner point of any block has
always two scanning manners,

1. Scanning along the x direction and then along the y
direction;

2. It is the reverse of the first one, scanning along y direc-
tion then along x direction.

Figure 4 shows all the scanning manners of a block. In the
figure, they are classified into two different groups (A and
B) in accordance with the location of entry point. Group A
includes the scanning manners starting from point 1© or 3©,
and Group B includes the ones starting from 2© or 4©.

In a block, the length of each side is either an odd num-
ber or an even number. Thus the blocks are generally classi-
fied into four types which are shown in Fig. 5. In Fig. 5(b),
TB(O, E) means a block has the odd and even length cor-
responding to the horizontal and vertical side respectively,
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(a) TB(E, E) (b) TB(O, E) (c) TB(E,O) (d) TB(O,O)

Fig. 5 The scanning manners of four block types, when the entry is point
1.

Table 1 Inclusion relationship between rectangle and block.

Rectangle type Block type

TR(E, E) TB(E, E)
TR(E,O) TB(E,O), TB(E, E)
TR(O, E) TB(O, E), TB(E, E)
TR(O,O) TB(O,O), TB(E,O), TB(O, E), TB(E, E)

such as a block with the size 5 × 4. Utilizing the first and
second scanning manners in these four block types, we can
obtain the exit points of them. In each figure, the signs ◦ and
• denote the entry and the exit respectively. In fact, Fig. 3 is
a special case when Group A is used in the block with size
2 × 2.

Since Lx (or Ly) is an even number or odd number
in R(Lx, Ly), we can classify rectangles into four types —
TR(E, E), TR(E,O), TR(O, E) and TR(O,O), where E or O
represents the even length or odd length of a correspond-
ing side (Lx or Ly). Then based the division method dis-
cussed in Subsection 3.1, it can be inferred that which block
type should be included in each rectangle type. For exam-
ple, a rectangle R(7, 5) which belongs to the type TR(O,O)
includes four blocks with the size 3 × 3 (TB(O,O)), 3 × 2
(TB(O, E)), 4 × 3 (TB(E,O)) and 4 × 2 (TB(E, E)). Table 1
expresses this inclusion relationship. Therefore, we define
the scanning manner in each block as follows in the light of
the type of a rectangle (The validity is proved in appendix).

1. TR(E, E) rectangle region

After My times division, a square R(2My+1, 2My+1)
includes 2My × 2My blocks, and the size of each
block is 2 × 2. An appropriate pattern of Hilbert
curve (Fig. 3) is selected to scan each block ac-
cording to the table Ttrm. Now as to an arbitrary
TR(E, E) rectangle, since the size of block is not
always 2 × 2, we use four scanning manners of
Group A shown in Fig. 4(a) instead of the basic
patterns of Hilbert curve to scan each block. The
scanning manner of each block is also decided by
the table Ttrm.

2. TR(O, E) rectangle region

For the first block (TB(O, E)), we define that the
scanning curve enters from point 1© and exits from
point 3© (the first scanning manner). For the other
TB(O, E) blocks, entry is the point 2© and exit is
the point 3© (the eighth scanning manner). And
the scanning manners of TB(E, E) blocks are se-
lected from 5-8, which is decided by the entry
point and the table Ttrm.

3. TR(E,O) rectangle region

For the first block (TB(E,O)), we also define that
the scanning curve enters from point 1© and ex-
its from point 3© (the second scanning manner).
For the scanning of other TB(E,O) blocks, entry
is the point 4© and exit is the point 3© (the seventh
scanning manner). And the scanning manners of
TB(E, E) blocks are selected from 5-8, which is
decided by the entry point and the table Ttrm.

4. TR(O,O) rectangle region

The scanning manner of the first block (TB(O,O))
starts from point 1© and ends in point 3© (the first
scanning manner). The scanning of TB(E,O) and
TB(O, E) blocks is the same as that mentioned in
item 2 and 3. The scanning manners of TB(E, E)
blocks are also selected from 5-8, which are de-
cided by the entry point and the table Ttrm.

In the 2nd, 3rd and 4th circumstances, because we define
the scanning manner of the first block and the scanning or-
der of blocks (the Hilbert scan), we always know the entry
point of the current scanned block (TB(E, E)) and the loca-
tion (left, right, up or down) of the next block. Then we can
decide the scanning manner of this TB(E, E) block. For ex-
ample, assuming the entry is point 1© shown in Fig. 5(a), we
choose the first (second) scanning manner if the next block
is located to the left or up (right or down).

In order to explain the algorithm, we give an example.
Given a rectangle R(5, 5), it can be divided into four blocks
according to the division rule method — {B(lx, ly)|(lx, ly) =
(3, 3), (3, 2), (2, 2), (2, 3)}, where B(lx, ly) represents a block
with the size lx × ly. Each block is identified by the number
(from 1 to 4), which is the order of the block scan. Figure 6
shows the address for lattice point “P” which is located at
(X, Y) = (4, 0). Since My = 1, the address of “P” needs
6(= 2My + 4)-bit binary number to represent. We compute
its address by the following steps:

1. i(k), γ(k) and α(k) mean a scanning order, a curve type
and an address, respectively, where k means k-th split-
ting. γ(0) = 1 is given.

2. This step is the computation of the upper 2 bits in the
address to “P.” Both sides of R(5, 5) are divided into
the same form — 3 + 2. Thus, we obtained four blocks
shown in Fig. 6. Figure 6 also shows that “P” is the
shade region, the forth block in the order of the Hilbert
scan. So we get i(0) = 4, and we know γ(0) = 1. Then,
we obtain α1 = Ttrm[γ(0)][i(0)] = Ttrm[1][4] = 10.

3. This step is the computation of the lower 4 bits of the
address. The block with α1 = 10 is congruent with
B(2, 3) which belongs to the TB(E,O), and its entry
point is (3, 2). The order of the point “P” is the forth
one among the six lattice points in the forth block. Ac-
cordingly we obtained α2 = 0100.

4. Hence, the address of “P” is α = α1α2 = 100100.

To make a summary, the whole Pseudo-Hilbert scan



686
IEICE TRANS. FUNDAMENTALS, VOL.E90–A, NO.3 MARCH 2007

Fig. 6 An example of the address assignment to the lattice point “P” us-
ing Pseudo-Hilbert scan.

algorithm is shown as follows. It shows the Pseudo-Hilbert
scan algorithm for generating all addresses ((2Mx + 2)-bit
binary number) in a rectangle region R(Lx, Ly). In initial
condition, the value of γ(0) equals one.

Pseudo-Hilbert scan

1. Address assignment of the blocks

f or i0 = 1, 2, · · · , 4
α0 = xMy−1yMy−1 = Ttrm[γ(0)][i0]
γ(1) = Tind[γ(0)][i0]

...
...

f or im = 1, 2, · · · , 4
αm = xMy−m−1yMy−m−1 = Ttrm[γ(m)][im]
γ(m + 1) = Tind[γ(m)][im]

...
...

f or iMy−1 = 1, 2, · · · , 4
αMy−1 = x0y0 = Ttrm[γ(My − 1)][iMy−1]

2. Computation of address in each block

lx = l
(My)
xMy−1 xMy−2···x0

, ly = l
(My)
yMy−1yMy−2···y0

b = block type(lx, ly)
i f b = TB(O, E) or TB(O,O)

i f it is the f irst block
go to scanning 1

else
go to scanning 8

else i f b = TB(E,O)
i f it is the f irst block
go to scanning 2

else
go to scanning 7

else
s = scanning type(α, γ(My − 1))
go to scanning s

scanning 1:
f or i = 0, 1, · · · , lx − 1

f or j = 0, 1, · · · , ly − 1
αMy = i j
α = α0 · · ·αMy−1αMy
output < α >

scanning 2:
f or i = 0, 1, · · · , ly − 1

f or j = 0, 1, · · · , lx − 1
αMy = ji

Table 2 Comparison of computation complexity and storage memory.

Method Computation complexity Storage(bits)

Our method O(4My lxly) 64

Kamata method O(22My ) 64

Recursive method O(24My+My2
My+1

) 10My

α = α0 · · ·αMy−1αMy
output < α >
...

...
scanning 8:

f or i = 0, 1, · · · , ly − 1
f or j = lx − 1, · · · , 1, 0
αMy = ji
α = α0 · · ·αMy−1αMy
output < α >

From the algorithm, it is easy to see that at the m-th
splitting, we obtain a two-bit binary number αm from the ter-
minal table Ttrm and the curve type γ(m+1) from the induc-
tion table Tind. Here, m(0 ≤ m ≤ My) is the number of splits.
The procedures above are performed until m = My, and we
obtain the upper 2My bits (α0α1 · · ·αMy−1) in each address.
In the following steps, we compute the lower 2(Mx−My+2)
bits αMy . Firstly, we use the function “block type( )” to ob-
tain the type of the scanned block B(lx, ly). Then we select
the scanning manner of the block based on the four circum-
stances mentioned above. The function “scanning type( )”
is used to make a choice from scanning 1 to scanning 8
when the scanned block is the type TB(E, E). Finally we
can obtain the remnant binary number αMy .

This algorithm is performed through referring to the
look-up tables with lower complexity. Table 2 shows a com-
parison of storage memory and computation complexity be-
tween our method, the Kamata method and the recursive
method. Only 64 bits are reserved for the look-up tables
in our method, which is same as the Kamata method. While
the recursive method requires 10My-bits storage. When My
increases, the recursive method requires much more stor-
age memory. In the computation complexity, the recursive
method takes considerably more time to compute all ad-
dresses. Although our method takes a little more expense
than the Kamata method, this doesn’t have any effect on its
implementation in real-time processing and this cost is wor-
thy for the general application of the Hilbert scan. There-
fore, the proposed method is easy to implement and suitable
for real-time systems.

4. Experimental Results

Four examples of the Pseudo-Hilbert scan are shown in
Fig. 7. Figure 7(a) is the case of the Pseudo-Hilbert scan
with the size 64 × 64. From this figure, it is easy to see
that when the both sides of the region are power of two and
equal, the structures and properties of the Pseudo-Hilbert
scan are the same as that of the Hilbert scan. In other words,
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(a) 64 × 64 (b) 100 × 100

(c) 125 × 88 (d) 123 × 97

Fig. 7 Examples of Pseudo-Hilbert scan for different sized rectangles.

the Pseudo-Hilbert scan is the Hilbert scan. Figures 7(b)–
(d) show the cases of the Pseudo-Hilbert scan with the size
100× 100, 88× 125 and 97× 123, respectively. In these fig-
ures, it is easy to find that the Pseudo-Hilbert scan submits
to the Hilbert scan on the level of blocks, and the most parts
of the Pseudo-Hilbert scan are same as the Hilbert scan. So
we can conclude that the Pseudo-Hilbert scan has the similar
property of the Hilbert scan preserving point neighborhoods
as much as possible.

In order to demonstrate this property, we compared the
proposed algorithm with some common scan methods using
a statistical method [5], [10]. This statistical simulation has
the following three steps,

1. Initialize two vectors N = 0 and L = 0;
2. Take two points a(X1, Y1), b(X2, Y2) randomly in a rect-

angle region R(Lx, Ly), where 1 ≤ X1, X2 ≤ Lx and
1 ≤ Y1, Y2 ≤ Ly.

3. Then, calculate the square Euclidean distance d (d ∈
[0, (Lx − 1)2 + (Ly − 1)2]) and the scanning length l
(l ∈ [0, Lx · Ly]) between these two points.

d = (X2 − X1)2 + (Y2 − Y1)2; (9)

N(d) = N(d) + 1; (10)

L(d) = L(d) + l. (11)

Every iterating time N(d) stores the number of pairs of
points whose square Euclidean distance equals d and L(d)
stores the scanning length which is added to previous ones.
After enough recursive trials (Step 2 and 3), we can compute
the mean scanning length by the following equation.

L̃(d) = L(d)/N(d) (12)

Figure 8 shows the relation between L̃(d) and d. Fig-
ure 8(a) is the case of the Hilbert scan with the size 64× 64.
Figure 8(b) shows the one of the Pseudo-Hilbert scan with
the size 100× 64. Here, the correlation coefficient is used to
evaluate similarity between these two scans, and it is equal
to 0.9674. So the trends of both curves are similar, which
illustrates that the Pseudo-Hilbert scan has similar proper-
ties as the Hilbert scan. In these two figures, in a range
[d, d + ∆d] where ∆d is small enough, the corresponding L̃
fluctuates in a very small scope. We can say that L̃(d) and
d are almost proportional, which proves that the Pseudo-
Hilbert scan and Hilbert scan can preserve the high corre-
lation of 2-D data. For a comparison the case of a Raster
scan shown in Fig. 8(c), it is indicated that its trends is very
different from the case of the Hilbert scan (the correlation
coefficients is 0.6494) and L̃ fluctuates in a big range. For
example, when d is about 2000, L̃ fluctuates from 1800 to
3400 in the case of the Raster scan, while it fluctuates in
a much smaller scope from 2100 to 2300 in the case of the
Pseudo-Hilbert scan. So the Pseudo-Hilbert scan has a much
better proportional property between L̃(d) and d. When d
increases, this performance of the Raster scan deteriorates
significantly, while the proposed method still holds the good
performance. Figures 8(d) and (e) are the ones of two dif-
ferent kinds of mixing scans in a rectangle R(100, 64). The
combination of the Hilbert scan and the Raster scan is shown
in Fig. 8(d). First the rectangle is divided into two parts — a
subsquare of 64 × 64 and a subrectangle of 36 × 64, then
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(a) Hilbert scan, 64 × 64 (b) Pseudo-Hilbert scan, 100 × 64

(c) Raster scan, 100 × 64 (d) Mixing of Hilbert scan and Raster
scan, 100 × 64

(e) Mixing of Hilbert scan and Diagonal
scan, 100 × 64

Fig. 8 Relation between square Euclidean distance d and the statistical scanning length L̃(d) between
two points.

the Hilbert scan is used in the square and the Raster scan
is used in the subrectangle. Figure 8(e) is the case that use
the Diagonal scan instead of the Raster scan in the subrect-
angle. Comparing with the Raster scan, the performance
is improved greatly in these two cases. However, they still
don’t solve the problem that the proportional property be-
comes bad intensely when d increases (d ≥ 3000). The
Pseudo-Hilbert scan shows its robustness and gives compet-
itive performance in this aspect.

5. Conclusions

In this paper, a Pseudo-Hilbert scan algorithm is proposed
for any arbitrarily-sized rectangle region. The proposed al-
gorithm based on the look-up table method has low com-
putational complexity and fast scan, which makes it suit-
able for real-time processing. Furthermore, our algorithm
doesn’t have any restriction on the size of the scanned rect-
angle. Thus the constraint of the Hilbert scan is significantly
relaxed, which undoubtedly leads to many new applications
in those areas can benefit from reducing the dimensionality
of the problem, such as heuristics in computation (the trav-
eling salesman problem). At the end of paper, we show the
simulation. Through the results, it is demonstrated that the
neighborhood property of the Hilbert scan is also preserved
in the Pseudo-Hilbert scan. However, generalization of our
algorithm for three and N-dimensional Pseudo-Hilbert scan
is also faced with lots of problems, and how to overcome
these problems will be our principle research in future.
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Appendix

Firstly, we consider the scanning manner Group A (1-4) in
Fig. 4(a). Figures A· 1(a) and (b) show how the TB(E, E)
block connects with four adjacent TB(E, E) blocks (◦ de-
notes the entry and • denotes the exit). The dashed line be-
tween ◦ and • means that the two points are adjacent. From
the figure, it is easy to see that for any TB(E, E) block in a
scanned TR(E, E) rectangle region, the location of the en-
try point must be point 1© or 3©, and the location of the exit
must be point 2© or 4©. While for the group B (5-8), we can
obtain the opposite results in same analytic way — the en-
try locates in point 2© or 4©, the exit locates in point 1© or
3©. Thus both groups of scanning manners can complete the
scanning of TR(E, E) independently, the difference between
them is only the location of entry and exit.

According to the look-up table method discussed in
Sect. 3, the scanning order of the first column blocks must
belong to the Ttrm[1][:], Ttrm[2][:] and Ttrm[3][:], and the
scanning order of the first row blocks must belong to the
Ttrm[1][:], Ttrm[2][:] and Ttrm[4][:], where Ttrm[m][:] means
the m-th row of Ttrm. Thus, for the first column blocks and
the first row blocks, the scanning order is always from down
to up or left to right. In group B, these blocks have fixed
scanning manners, that is, entry is point 2© and exit is point
3© for the 1st column blocks, and entry is point 4© and exit

(a) The entry is point one (b) The entry is point three

Fig. A· 1 As to the scanning manners of Group A, the connection be-
tween adjacent blocks in a TR(E, E) rectangle.

is point 3© for the 1st row blocks.
Based on the discussion of Sect. 3, the TR(O,O) rect-

angle contains all the block types. And the TR(E,O) and
TR(O, E) ones can be considered to be a specific form of
TR(O,O). Therefore, if only the Pseudo-Hilbert scan is right
for the TR(O,O) rectangle, it is correct for other three types
of rectangles. So here we only prove the case of TR(O,O).

Firstly, according to the division method, we know all
the TB(O, E) and TB(E,O) blocks allocate in the first col-
umn blocks and the first row blocks, respectively. Secondly,
according to the scanning order of the first column and row
blocks discussed above, we know that the scanning order
of the TB(O, E) and TB(E,O) blocks are always from down
to up or left to right. Thirdly, in the Fig. 5(d), we defined
the entry of the first block is point 1©, and exit is point 3©.
The entry of the next block (the right adjacent block or the
up adjacent block) is point 2© or 4©, that is, the entry of the
TB(O, E) block is point 2© and that of the TB(E,O) block
is point 4©. According to the scanning manner 7 and 8, we
choose the exit point of the TB(E,O) and TB(O, E) blocks
as point 3©. Thus, the effect of the TB(E,O) and TB(O, E)
blocks in the scanning is same as that of the TB(E, E) blocks
in Group B. So the TR(O,O) rectangle region can be scanned
continuously and the curve is also the one-to-one mapping.
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